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PREFACE TO VOLUME III

THE present volume continues the theory of series begun in Volume II,
and then proceeds to the theory of measurement. Geometry we have
found it necessary to reserve for a separate final volume.

In the theory of well-ordered series and compact series, we have followed
Cantor closely, except in dealing with Zermelo’s theorem (%¥257—8), and in
cases where Cantor’s work tacitly assumes the multiplicative axiom. Thus
what novelty there is, is in the main negative. In particular, the multi-
plicative axiom is required in all known proofs of the fundamental proposition
that the limit of a progression of ordinals of the second class (z.e. applicable
to series whose fields have N, terms) is an ordinal of the second class (cf. ¥265).
In consequence of this fact, a very large part of the recognized theory of
transfinite ordinals must be considered doubtful.

Part VI, on vhe theory of ratio and measurement, on the other hand,
is new, though it is a development of the method initiated in Euclid Book V
and continued by Burali-Forti* Among other points 1n our treatment of
quantity to which we wish to draw attention we may mention the following.
(1) We regard our quantities as in a generalized sense “vectors,” and
therefore we regard ratios as holding between relations. (2) The hypothesis
that the vectors concerned in any context form a group, which has generally
been made prominent in such investigations, sinks with us into a very
subordinate position, being sometimes not verified at all, and at other times
a consequence of other more fruitful hypotheses. (3) We have developed
a theory of ratios and real numbers which is prior to our theory of measure-
ment, and yet is not purely arithmetical, 7.e. does not treat ratios as mere
couples of integers, but as relations between actual quantities such as two
distances or two periods of time. (4) In our theory of “vector families,”
which are families of the kind to which some form of measurement Is

* Cf. Peano’s Formulaire, 1. (1895), pp. 28-—57.
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applicable, we have been able to develop a very large part of their properties
before introducing numbers; thus the theory of measurement results from
the combination of two other theories, one a pure arithmetic of ratios and
real numbers without reference to vectors, the other a pure theory of vectors
without reference to ratios or real numbers, (5) With a view to geometrical
applications, we have devoted a special Section to cyclic families, such as the
angles about a given point in a given plane.

The theory of measurement developed in Part VI will be required in the
next volume for the introduction of coordinates in Geometry.

We have to thank various friends for their kindness in bringing to our
notice mistakes and misprints noted in the Errata, both in this and in
previous volumes.

A N W
B. R

15 February 1913
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SECTION D.

WELL-ORDERED SERIES.

Summary of Section D.

A *“well-ordered ” series is one which is such that every existent class
contained in 1t has a first term, or, what comes to the same thing, one which
is such that every class which has successors has a sequent. We will call a
relation in general well-ordered if every existent class contained in its .eld
has one or more minima. Then a well-ordered series is a series which is a
well-ordered relation.

Well-ordered series have many important properties not possessed by
series in general. A well-ordered series is Dedekindian, except for the fact
that it may have no last term; e every section having a last term is
Dedekindian. A well-ordered series which is not null has a first term, and
every term of the series (except the last, if there is one) has an immediate
successor. A very important property of well-ordered series is that they
obey an extended form of mathematical induction, which we shall call
“transfinite induction,” namely the following: If & is a class such that the
sequent (if any) of any class contained in o and in the series is a member of
o, then the whole series is contained in o. (It will be observed that A is
contained in o, and therefore, by %206'14, B‘P is a member of o.) This
differs from ordinary mathematical induction by the fact that, instead of
dealing with the successors of single terms, it deals with the successors
of classes. A closely analogous property, which holds for all well-ordered
relations, whether serial or not, is the following. If o is a class such that,

whenever I—?‘x C o, where z is any member of CP, z itself belongs to o, then
C¢PCoq. If P is well-ordered, this property holds for all o’s ; and conversely,
if this property holds for all ¢’s, P 1s well-ordered. Hence this property
ig equivalent to well-orderedness.

If P is a well-ordered series, minp selects one term out of each member
of Clex‘C‘P. Hence C‘P, which is minp*“Clex‘C“P, is a member of the
multiplicative class of Clex‘C*P ; hence the multiplicative class of Cl ex‘C‘P
exists, and therefore the multiplicative class of any class contained in
Cl ex‘C*P exists (by %8822). It follows that if s‘¢ can be well-ordered, and
A ~ ek, the multiplicative class of « exists; and that, if every class can be

R &W. IIL
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well-ordered, the multiplicative axiom holds. The converse of this latter
proposition also holds, as has been proved by Zermelo (cf. %258).

Another important set of properties of well-ordered series results from
%20841 ff.  Two ordinally similar well-ordered series can only be correlated
in one way; and no proper section of a well-ordered series is ordinally
gimilar to the whole series. (A *proper” section is a section not the

whole.)

From the uniqueness of the correlator of two similar well-ordered series,
it follows that all the uses of the multiplicative axiom in %164 can be avoided
if the fields of the relations concerned consist of wall-ordered series. I.e.
taking #164-45, which is the fundamental proposition in this subject, we
have, without assuming the multiplicative axiom,

P, QeReliexel . D :q t Psmor @ n Rl‘smor . = . P smor smor @,

whenever O°P and C*Q consist of well-ordered series. Hence, under this
hypothesis, the multiplicative axiom disappears from the hypotheses of all
the consequences of #164:45.

Ordinal numbers (%251) are defined as the relation-numbers of well-
ordered series. (This definition is in accordance with usage: stherwise, there
would be no special reason against defining “ordinal numbers” as the
relation-numbers of series in general. The relation-numbers of series will
be called serial numbers.) Suws of an ordinal number of ordinal numbers
are ordinal numbers, but products of an ordinal number of ordinal numbers
are not in general ordinal numbers. The product of an ordinal number of
serial numbers is a serial number, and the product of an ordinal number (not
zero) of ordinal numbers other than zero is not zero, 7.e. a product of ordinal
numbers, in which the number of factors is an ordinal number, does not
vanish unless one of the factors vanishes. (For relations in general, the
corresponding proposition requires the multiplicative axiom.) If » is an
ordinal number, and w is any serial number, uexp,v (te. p* as it would
naturally be called) is a serial number; but if w>1, pexp, v is not an
ordinal number unless v is finite.

The theory of sections aud segments (%252, ¥253) is much simplified for
well-ordered series, owing to the fact that every proper section has a sequent.
Proper sections are identical with proper segments, and both are identical

with ;”“C"P. The series of sections, §‘Py, is I;;P-HC"P. The series of
segments, §°P, is ?;P or ?;P+> C¢P according as there is or is not a last
term of C‘P: The series of sectional relations, Py, is Pti?;Pt aAPp P,
its domain is PL“PC“C'P, and its field is PL“BUCPuiP. If

—
ze C°P, P Pz is never similar to P.
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The theory of greater and less among well-ordered series and ordinal
numbers is dealt with in %254 and %255. Cantor has proved, by means of
segments, that of any two different ordinal numbers one must be the greater.
This is proved by showing that of any two well-ordered series which are not
similar, one must be similar to a segment of the other. We define an
ordinal number a as less than another 8 if series P and @ can be found such
that P is an a and Q is a 8 and P is similar to some relation contained in Q,
but not to Q. It can be proved that all the ordinals less than Nr¢Q belong,
one each, to the proper segments of Q. Hence to say that the ordinal
number of P is less than that of @ is equivalent to saying that there is a
proper segment of @ to which P is similar.

When two series have the same ordinal, they also have the same cardinal,
in virtue of %151-18, but the converse does not hold. When the cardinal
number of one series is greater than that of the other, so is the ordinal
number. When two classes can be well-ordered, any well-ordering will make
the one class similar to a part of the other, or the other similar to a part of
the one, in virtue of the properties of segments of well-ordered series. Hence
of two different cardinals each of which is applicable to classes which can be
well-ordered, one must be the greater—a property which cannot be proved
concerning cardinals in general.

In %256 we deal with the series of ordinals in order of magnitude. We
show that this is a well-ordered series. and that the series of all ordinals of
a given type has an ordinal number which is greater than any of the ordinals
of the given type. This constitutes the solution of Burali-Forti’s paradox
concerning the greatest ordinal : there is no greatest ordinal in any one
type, and all the ordinals of a given type are surpassed by ordinals of higher
types.

%257, %258 and %259 deal with “transfinite induction” and its appli-
cations, of which the most important is Zermelo’s theorem, namely,
#26834. F:iu~el.D:SeesClexfu.=.

FP). PeQ.CP=p.S=minp [ Cl ex‘p
where ( is the class of well-ordered series. This proposition leads to the
following :
%26836. F:peC“Qul.=.glea’Clex'u

Le. a class can be well-ordered or is a unit class when, and enly when, a
selection can be made from its existent sub-classes. Hence we arrive at
%256837. F:Multax.=.0“Quv1=Cls

Le. the multiplicative axiom is equivalent to the assumption that every class
can be well-ordered or consists of a single member.

The proof of Zermelo’s theorem uses an extension to transfinite induction
of the ideas of %90 and %91, which is explained in %257.



#250. ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES.

Summary of %250.

A relation is called “ well-ordered ” when every existent sub-class of its
field has one or more miniina. A well-ordered series is defined as a well-
ordered relation which is a series. We shall denote the class of well-ordered
relations by “ Bord,” which is an abbreviation for “ bene ordinata” or * bien
ordonnée.” The class of well-ordered series will be denoted by . Thus
our definitions are

Bord = P (Cl ex‘C*P C U*minp) D¥,
) =Ser n Bord Df.
Well-ordered relations other than series will be seldom referred to after the
present number.

By aprlying the definition of “ Bord” to unit classes, it appears that a
well-ordered relation must be contained in diversity (%250'104). A well-
ordered relation is one whose existent upper sections all have minima
(%250°102). Hence by %211'17,

%260103. +: Pe Bord.=. P, ¢ Bord

Hence by %250'104,

%260'106. F: PeBord.DJ.P,,CJ

By considering couples, it can be shown (¥250'111) that a well-ordered
relation in which no class has more than one minimum is connected ; hence
by %204-16 and %250°105, it is a series. Thus we have
#250125. F: Pe).=.E ! minpCl ex‘C* P,

ILe. a well-ordered series is a relation such that every existent sub-class
of the field has a unique minimum. This might have been taken as the
definition of Q.

By the definition of Q we have
%260'121. F:. PeQl.=:PeSer:aCCP.g!a.D,. E!minpa:

=:PeSer:qlanC‘P.D,.E!minga

Applying this to C¢P we have
*26013. F:PeQ—‘A.D.E!BP

il
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We have also
#2601141. F: PeQ.D.PlacQ)
#¥25017. F:P,QeQ—1'A.D:PsmorQ.=.P[ dPsmor Q} AQ

This proposition justifies the subtraction of 1 from the beginning, and is
useful in the theory of segments of well-ordered series.

We have next (#250:2—243) an important set of propositions on P, when
Pef). The most useful of these is

%26021. +:PeQ.D.D‘P=D'P,

Le. in a well-ordered series every term except the last (if any) has an
immediate successor. (It is not in general the case that every term except
the first has an immediate predecessor.) Another useful proposition is
%260242. +: PeQ.D.P=P,wP,|P

The next set of propositions (#250:3—362) is concerned with “trans-
finite induction.” We have

~ -
%25033. +.Q=connexA P{aCCPnrc.D,.seqpaCa:I,.C0‘PCoq}
I.e. a well-ordered series is a connected relation P such that the whole field

of P is contained in every class ¢ which is such that the sequent (if any) of
every sub-class of C“P A ¢ is a member of o.

*250'35. +.Bord= P {ce("P.PwCq.d.ze0:D,.CPCol

Le. a well-ordered relation is a relation P whose field is contained in every
class ¢ which contains every member of C“P whose predecessors are all
contained in &. We may say that a property is “ transfinitely hereditary”
in P if it belongs to the sequents of all classes composed of members of C*P
which possess the property. In virtue of #250:38, if P is well-ordered;
every transfinitely hereditary property belongs to every member of C“P, and
conversely.

Our next set of propositions (#250:4—44) is concerned with A and
couples. We prove that AeQ (#2504) and that z+y.D.xlyel
(%250-41).

#250'5—54 are concerned with selections. We have
*2505. F:Pe0.D.

minp [ Cl ex‘C*P ¢ e4Cl ex‘C*P . 1*C*P = Prod*Cl ex*C*P
whence

#25051. F:aeC0.D.q! e Clex‘a

Observe that C*‘€) is the class of those classes that can be well-ordered.
From #%250-51 we deduce

#25054. F:0“0Qvw1=Cls.D.Mult ax
The converse, which is Zermelo’s theorem, is proved in %258,
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#250'6—67 are concerned with consequences of #208. We show that
two well-ordered series cannot have more than one correlator (#250'6) ; that
if P is a well-ordered series, and B is contained in a proper section of P,
PL B is not similar to P (%25063); and that if P is any well-ordered
relation, and a is any class such that there are terms in C*P which are later
than any member of a n C“P, then P is not similar to P a (#250°67).

¥25001. Bord =P (Clex‘C*P Cd*minp) Df

¥25002. Q= Ser n Bord Df

%250'1. F:PeBord.=.Clex‘C*PC U minp [(%250°01)]
—>

#250101. F:. PeBord.=:glan C*P.D,.q ! minp‘a [#250'1.%20515]
¥250102. F: PeBord . = . sect‘P — 1A € Wminp

Dem.
F.%2507. Dt:PeBord.D.sect'P — ‘A € Jminp 1)
F.%20519. D k. min (P,))a = min (P,) Py“a
[%205°68] = minp‘Pytta @)
F.%90331.%21113. D Frqlan OP.D. Pyfaesect:P — 1A 3)
F.(3).3 bz sectP — 'A C Alminp. D:glan OP. D, . g ! minpi(Pya).
[2n J..q! m_i; (Ppo)a.
[%20526] S..q! minpa:
[%250°101] D: PeBord ©)
F.(1).(4).DF. Prop

#250'103. F: PeBord.=.P,,eBord [#250'102.%211'17)]
*250'104. . Bord CRI‘J

Dem.,
—
F.%250'1.DF:PeBord.xe C°P.D.xeminp‘is.
[%205-194] Jd.~(xPx):DF . Prop

*250105. +: PeBord.D.P,,CJ [%250:108104]

#25011. F:: Peconnex.D: PeBord.=:glanC‘P.D,.E! minpa:
:aCCP.qla.d,.E! minp‘a

i m

[#250:1°101 . 20532
#260'111, +:. PeBord.D: Peconnex.=.minpel —» Cls
Dem.
F.%250'1.%71°1.D

F::PeBord.minpel —»Cls.D:. i, ye CP.D: 1z v 1“y) —Ig“(t‘wv t‘y)el:
[%54-4] ditfzvily— i’l“(t‘w vifyy=tz.v.
tzv ity — Pz v ify) =ty (1)
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F.(1).DF:.PeBord.minpel 5 Cls.2,yeC‘P.x%y.D:

ye Pz v iy) . v.ze Ptz v t'y)
[%250°104] d:xPy.v.yPx 2
.(2).%202:108.DF: Pe Bord . minpel - Cls.D. P econnex 3)
F.(3).%20531.2 . Prop

%250'112. +: Peconnex n Bord . =. E ! minp“Clex‘C*P
Dem.
F.%250'1°111.D

F:Peconnex n Bord.=.minpel = Cls . Cl ex*C*P C {*minp.

it

[*71-16] = . ENming“Uminp.Clex‘C*P C I*minp.
[%205°15'16] =.E ! minp“Cl ex‘C*P: D }. Prop
%250'113. . connex n Bord = Q)
Dem.

F . %2041 . (#250-02) . D +. Q Cconnex n Bord 0]
F.%250'105.D F: Peconnex n Bord.D. Peconnex . P, CJ.
[#20416] >.PeSer @)
F.(2). (%25002). D F: P econnexnBord.D.Pel) 3

Fo(1).(3).DF.Prop
%25012. F:PeQl.=.PeSernBord [(%25002)]

#250121. F:.PeQ.=:PeSer:aCC'P.qta.d,.E! minpa:
:PeSer:qlanC‘P.D,.E! minpa [#25012'11]

i

%250122. F:. PeQ.=: PeSer:q! P n p'P(an CP). 2, . E!seqa
Dem.
b.%20613. %250'121 . D
FeoPeQ.: PeSer: gl CPapPéanCP).d, . Elseqpa (1)

il

F.%20462.D N
‘——
F:PeSer.qlan CP.D.q! CPnp‘Pp P“(an C“P).
— —
[%4062] D.q1CPnp P Pnap PYanlP) (2)

F.(2).%101.D

b1 PeSeriq!CP np PYan C<P). >e.Etseqsia: 3
qlanCP.I,.E!seqp{CPnpPan CP).

{#206'131°54] J..E ! minpa:

[#250:121]1D: Pe (3)

F.(1).(3).2F.Prop
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, «—

#250123. F:. PeQ —t‘A.=: PeSer: g p'P“(an CP).D,.Elseqp‘a
Dem.
F.%250122.2D

F :.PeSer:g!p‘(F“(an C'P).d,.Elseqpa:D. Pe (1)
F.%d06.%2432.0

g !p“lj“(a nCP).D,.E!seqpa:D. ElseqrA.

[#206°18) 3.4!P (2)
F.%250-122 . %4062 .2
P-:.Peﬂ.D:PeSer:Q[!anC‘P.3[!p‘?“(anO‘P).DG.E!seqP‘a 3)
F.%206'14.2D F:anC‘P:A.D.sE?p‘a:E’P

[%205°12] = n?np‘C"P (4)
F. %3324, %250121 . DF: PeQ— ‘A .D. E ' minpCP (3)
Fo(4).(3).9F:PeQ—t'A.anCP=A.D.E!seqpa (6)
F.(3).(6).2

1":.PeQ-—t‘A.D:PeSel‘:g!p‘('];“(an C‘P).D, . E!seqpa (7

F.(1).(2). (7). D . Prop
%260124. F: Pe().=.PeSer.sect‘P—1:C*P CU‘seqp

Dem.
F.%250122 . %211'703.DF: PeQ.D.PeSer.sect'P —1C*P Cdeqp (1)
kL2117, Dt PeSer.sect'P — t°C*PCfseqp. D
Besect'P—1*A . D5 E 5eqp(C°P = ) -
[%211723] ;. B! miny8:
[%250102-12] D:Ped (2)

F.(D).(2).DF. Prop

#250125. F: Pe Q). =. ENlminp*“Clex‘C*P [%250'112:113]

The above proposition might be demonstrated, independently of
%250'112'113, as follows:

(n) If EUminpClex‘C¢P, it follows that zeC‘P.D.E! minpfiz,
whence z ¢ C*P.D .~ (zPz), whence P GCJ.
by If E ! minptClexC¢P, it follows that
2,yeCP.z4y.d.E!minp(t'z v t'y),
whence it follows that
aPy .~ (yPz).v.yPz.~(zPy).
Hence Peconnex. PG .J.
(¢) If EN'minp“Clex‘C‘P it follows that
zPy .yPz.d.Elminp‘(tw vi‘y v t‘z),
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whence zPy.yPz.D .~ (2Px),
and by P2 CJ (which has just been proved)
zPy.yPz.D .z %2

Hence, since, by (), P € connex, we must have

Py .yPz.D . xzPz e Petrans.
Hence E ' minp““Cl ex*C¢P.D. Pe Ser.
Hence the above proposition is obvious.

2501126, +: P e Q. Emaxpa.~Elseqpa.d. BPea. BP=maxsa
Dem.

-~
F.%250'123. Transp . DF:Hp . D ~q ! p* P(a n C°P).
—

[%20565] 3.~ ! Pmaxpia.
[%334] D.maxpa~eDP,
[%93:103) 5. maxpfac BiD .
[%202'52] . maxpa= BP:Dt. Prop
#25013, F:Pel—¢f s .D.E'BP
Dem.
F.%3324. OF:Hp.D.q! CP.
[%250°121] . J.E!minp‘C‘P,
[%205°12] D.E!BP:DF.Prop
#250131. F:. PeQ.D:q!P.=.E! B‘P
Dem.
F.%93102.%3324.0F: EtBP.D.qq! P (1)

F.(1).%25013. 2 F. Prop

*250'14. F: Pe Bord.D.RI*P CBord

Dem.
=, %230°1 . %20526 . D
F:PeBord . QG P.D.Clex*C‘PC{*minp. minp [ Clex‘C*Q Cming. (1)
[%60:42.%35°64]D . Clex*C*Q C Clex*C*P . Iminp A Clex‘C*Q C T ming (2)
Fo(1).(2).%2244621.DF: PeBord. QG P.D. Clex*C*Q C T*ming -
[%2501] J.QeBord: Dt . Prop

¥250141. F:PeQ.D. PlacQ [#250'14. #2044

%250142. F: PeBord.D. RI*P A connexC )
Dem.
F.%25014 .2 +: Hp.D.RI‘P A connex C Bord a connex
[%250-113] CQO:DF. Prop
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#2505, F:PeQ.E1BP.D.PcDed
Dem.
F.%250101.0F s Hp.diqlan CP.D,.q minsa (1)
b.#20614. dF:nHp.D:anCP=A.J, .5 ! precsa  (2)
F.(D).(2). DI-:Hp.).(a).Q[!(rx;'np‘avp;:ch‘a).
(%2141 >.PeDed.
[%21414] >.PeDed:dF. Prop

e 2
#%200151. F: PeQ.zedP.D.P[ Py‘zeDed

Dem.
F.%250-141.0F: Hp.D. PtP*a:eﬂ 1)
F.%20541. DF:Hp.D. B‘Cnv‘(PtP*‘w) maxP‘P*‘w
[%205197] =i
[#533] 5.E! BCov{(P} Py'a) @)

F.(1).(2). 25015 . D . Prop
¥250-152. . O CsemiDed [%2147 . x250'124]

¥25016. F:PecQ.gqlanC*P.D. Pminga=p P a n (*P)
[¥20565 . x250121]

#25017. F:. PQeQ—-t'A.D:PsmorQ.=. P dPsmor QU@
[%20447 . %250-13]

This proposition is useful in connection with the series of segmental
relations in a well-ordered series, for the series of proper segmental relations
in a well-ordered series is (as will be proved later)

—
PLiPsP[ AP,
and this is ordinally similar to P[ d‘P. Hence, by the above proposition,

two well-ordered series which are not null are ordinally similar when, and
only when, the series of their segmental relations are ordinally similar.

%2602. F:PeBord.D.DP=DP.~P?

Dem.
-
F.%334. dtizeDP.=.q! Px (1)
« - «
F.%250'1.%20516.DF:. PeBord . D:q ! Pix.=.q ! miny*Pz.
[%205251 ] =.zeD{P=~P) (2)

F.(1).(2).DF. Prop
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%25021. F:PeQ.D.DP=DP, [%20163.%2502]

In virtue of this proposition, every term of a well-ordered series (except
the last, 1f any) has an immediate successor.

%25022. +F:PeSernDed.DP=DP,.D. PeQ— ‘A

Dem.
F.%214101 . D+ : Hp.~ E! maxpfa.D. E ! seqpa 1)
F.%206'45. DF:Hp.maxpaeDP.D.E! seqp‘n;;xp‘a .
[%20646] J. Elseqpa (2)
F.(1).(2). 9F:i Hp.D:~(maxpa =B‘I§) .D,.Elseqpa:
[%93-118] J: ~(B‘]V’ ea). D, . Elseqpfa:
[%202511.42145]  D:g!p P%an C*P).D,. E1seqpia:
[%250123] D:PeQ—t‘A . D} . Prop

%25023. F:PeQ.E1BP.=.PeSern Ded.DP =DP,
Dem.

F.%25022. %2145 . F: P eSer n Ded . D‘P=DP,.D. PeQ.E1BP (1)
F.%2501521. DF:PeQ.E!BP.D.PeSernDed. DP=DP, (2)
Fo(1).(2).DF.Prop

¥25024. F:PeQ.d.P1|P,= P} DP

Dem.
F.%2011.%1312.DOF:. Hp.2P%.D:yPz.d.yPz:y=2.d.yP%:
[Transp] Di~(yP%).d .~ (yPr). y+a:
[%201-63.%202:103) d:yPyz.D.xPy 1
F.(1).%20163. DF:Hp rP%.zPy.D.2Py.z,yeDP (2)
k.o %250°21. OF:Up.x,yeD'P.2Py.D.(q2).yPz.
[%201°63] >.(g2).yPz.zPy.
[34°1] >.z(P' Py (3)

F.(2).(8).DF.Prop

¥250241. F:PeQ.D. P, Pr=(A‘P)1P [Proof as in %250:24]
¥250242. F: PeQ.D.P=P,uP,| P

Dem.
F.%20163.DF:: Hp.D:.aPy.=:aPy.v.2P%:
[%250-21] =:zPy.v.(q2). 2P2. xP%y:
[%250-241] =:2Py.v.(q2) . 2Pz, 2Py : D F . Prop
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%250243. F: PeQ.D. Pl A‘P,=(A‘P,)1(P,v P|P))
[Proof as in %250-242]

The following propositions deal with the extended form of mathematical
induction which is characteristic of well-ordered series.

—
%2603 F:iPeBord:aCCPnro.D,.seqpalo:D.0PCo
Dem,
.—)
F.%250'101.DF: PeBord. ! CP—a.D.q ! minp(CP —0a).

[%205°14] _'3 (gz).ze€ C"]_’_’—- a. ;:x Co.
[%206°4.%250'104] D . () . ww e C‘I_J)— c.PzCo.z seqP_(_f‘w) .

[*13195] Jd.(gz,a).a=Pz.aC C"I:'n g.Teseqpa—a.
[#10-24] d.(ga).aCCPnaoc.qlseqpa—c (1)

F.(1). Transp.dF. Prop

- - -
%250:301. F: Peconnex.~5 minptr.c =CP-Pr.aCo.D.seqpaCo
Dem.
—
F.%205122.%202:501 . DF: Hp.D .o CpfPr.

[4067] >.7¢ p“ﬁz (1)
F.%206'134.DF:Hp.xseqpa.Dd . PeC— pPa

[%4016] C - pPo

[(1)] C—r.

[%37462) S.z~e Pir .

[%206:18.Hp] Jd.zea:IDt.Prop

—
%250:31. F::Peconnex:.aCC'Pno.D,.seqpaC0:D,.C°PCa:.D.Pel)
Dem.
F.%250301.D
— v
F: Peconnex.jf! C°Par.~q ! minp‘tr.o=CP~ Pt .D:
aCog.D,.seqpaCo:q!CP—0 (1)
F.(1).%1028.D
-—)
Fi Peconnex: (7). ! C°Par.~q ! minpr:D:
—
(do):aCa. D, .seqpaCo:tg! C‘P -0 (2)
F.(2).Transp.d
_)
ki Peconnex:.aCo.Ds.8eqpaCo:D,. *PCo:. D
—
HqICPAT.D,.5q minp‘r:
[*2501011 D : Pe Bord (3)
F.(3).%250'113. D F. Prop
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%250'32. F::. Peconnex.D:: PeBord.=
-—)
aCCPna.J,.seqpaCa:I,. (“PCo [%250:331]

#250'33. F.Q=connex n P {@CCPnrg.D,. S_e'qp‘a Ca:3,.0PCy}
[%250:32113]
#250'34. I-:.PeBord:weC"P.T;‘xCa.Dz.wea: D.CPCo
Dem.
b.%25011.0F: PeBord.q 1 CP—g.D.q L ming(CP — o).
[¥20514] D.(qz).ze CP —c. PlaCa (1)
F.(1). Transp.JF. Prop

—
%250341. FiizxeCP.P2Co0.D,.2€0:9,.0PCqa:.D.PeBord
Dem.
F.%205°122 . %37°462 . 3

FeqlCPar. ~§1'm1np~r ¢=CP— Pr.z¢CP. P‘xCa J.
a:~eP“'r.§[!0‘P—a.

[Hp] d.zea.gq!C*P—-0c 1)

I-.(1).*10‘28.DF:.(Q[T).E[!C"Pnf.~§[!r;i'np‘~r.3:
(ga):weC"P.?‘wCa.)z.xeo’:g!C"P—-a 2)

F.(2).Transp.3F:.Hp.D:E{!C"Pnf.D,.Q[!nTl)nP‘T:

[%250°101] D:PeBord:. Dt Prop

A -
%250:35. +.Bord=P{zeC‘P.P2Co.D;.2¢0:D,.C“PCoq}
[%250°34-341)

e 2 ~
%25036. F:® Pe:ACo.GIANCP.I,.8eqpACo:D.P¥ Co
Dem.

F.#250121.0F: Pe Q. q! P — .. E! miny* (P — o) 1)
F.o%20514.%3746.D

I'-:a::minp‘(l\g“a—a). D.L;{!anl_;a:.];:xn (F’“a—a): A

[%24-311] >.q'lonPa. Bio— o C— P 2)
F.(2).%202:501. D

F:PeSer.z= mmp‘(P“ —0).D.qlon P‘a: P‘a: -0 Cp‘P“(a n O‘P)
[%40-16] 2. H lon P‘x P‘x g Cp‘P“(a n P‘a;)
[%4061] P‘a: -aC P“(a n P‘x) 3)
F.(3).2F:Hp(3).D. P‘wC(anP‘x)UP“(a'nP‘x)
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—
[%206°171) D.z=seqp‘(d n Pa).
- - - -
[(2)] d.qlonPx.cnPxCo.~iseqp(s n PzyCoj.
—
[%1024] D.(gN) ACo.qiAnCP.~(seqpACoa) (4)
F.(4). Transp. D F:Hp. D.~E!lminp(P“c ~ 7).
{(1).Transp] D. ;“a —a=A:DF.Prop

v -
%250361. F:1. PeQ.P¢cCao:ACa.q!(AnCP).D,.limaxpA Co:D.

;’“aCa
Den.
- «
F.%2064643.DF: Hp A Co . E!lmaxpA.D.seqph = P ‘maxp‘r.
-—
[Hp] J.seqpACo 1)
- -
F.%2074.0F:Hp. ACoa.q! (A n C°P). ~ E! maxpA.D.seqpA = limaxp‘A.
—
[Hp] J.seqpA Co 2)
_)
F.(1).(2). 2+ Hp.D:ACoa.gG!(AnCP).D,.s5eqpACo:
[%250°36] 3: P“s CaiDF. Prop

v -
%250362. F:. PeQ.P“cCo:ACo.q!AnCP.I, . liminp'ACo:D.

PsaCo
P
%250°361 — . %121-26
P
%2604 F.AeQ
Dem. . .
k. %6033 . DF.ClexC*A Cd*min(A) 1)
F.(1).%2501.D F. A ¢ Bord (2)

F.(2).%20424 .2 +. Prop

%26041. F:z4y.D.xlyeld
Dem.
k. %6039. IdE.Clex‘Cx § y)=tt'z v ity v 1If(t°z v 1Y) 1)
F.%20518. Dt:Hp.P=2}|y.d.minp‘t'z=z. minpty=y (2)

F.%205181. DF:Hp(2).D.minp(tz v iy) == 3)
Fo(1).(2).(3).2F:Hp(2).d.Clex‘Cz | y) C *min,.
[%250°1] J.z ) yeBord (4)

F.(4).%20425.DF, Prop
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v — -
%26042. F:PeQ—1A.D.E12,.2p=P*BP.P2,=1B‘P.P} P‘2p=A
Dem.

F.¥12113.0F1a=2p. = . 0= PyBD 1)
F.%25013.DO+:Hp.J.E1 BP,

(%250:21.42047]  D.E!PSBP )
F.(1).(2).dF:Hp.d.E12,.2,=PBP 3)
[%204°71] B .73"2}, =1'B‘P (4)
[#200-35] D.PL F’(?P =A (5)

F.(8).(4).(5). DF.Prop

¥260-43. F.0,=0n 00

Dem. .
F.%56104.DF: Pc0,.=. P=A.
[#250-4.%33:241] =.PeQ.CP=A.
[#7137.%54'1] =.PeQnC“0:D+. Prop
¥26044. F.2,=0n 02
Dem.
F.%5611.0F: Pe2,.=:(gu,y) .2y . P=1y:
[%25041) =:PeQ:(qa,y).2+y.P=2a}y:
[%5611°38] =:PeQAC“2. PAP=A:
[¥20414] =:PeQn 021D+, Prop

%2606. F:PeQ.D.minp[Clex‘C*Pees*Clex‘CP.
‘0P =Prod‘Clex‘C'P [%20533.%250'1.%11517]

This proposition is of great importance, since it gives the existence-
theorem for selections from any class of existent classes whose sum can be
well-ordered (cf. %250'53, below). Observe that “ae(C*“Q)” mecans “a is a
class which can be well-ordered.”
*26081. F:aeC“Q.D.q'ea*Clex‘a [%250°5]
%26052. F:aeC“Q.B8Ca.d.qleaClex‘8 [%8822:2.%25051]
¥250'53. FiskeCUQ.A~ex.D. qleas

Dem.
F.%602357.0F: Hp.D .« CClex‘s‘s.
[%88:22.%250°51] D qlea,k:DF. Prop
%250'54. F:0“Quwl=Cls.D.Multax
Dem.

F.%25053.%834.0F:.Hp.D:iA~ex.du.fleas:
[%8837] D:Multax:. DF.Prop
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The above proposition states that if every clags which is not a unit class
is the field of some well-ordered series, then the multiplicative axiom holds.
The converse of this proposition has been proved by Zermelo (cf. #25847).

#2506. +:P,QeQ.Psmor@.D:.Psmor@Qel [#20841.%250121]

This proposition is very useful, since it enables us, when two similar
series of similar well-ordered series are given, to pick out the correlators of
all the pairs without assuming the multiplicative axiom. Ze. given
P, Q eRel*excl . S¢ Psmor @.8 Csmor, if NeC“Q, the correlator of S'N

and N will be :‘(S‘N)s_nﬁ'N if 8N,NeQ. This enables us to dispense
with the multiplicative axiom in the hypotheses of %164-44 and its con-
sequences, whenever the relations concerned have fields whose members are
well-ordered series.

%26061. t:Pe.D.Psmor P=1(I| C‘P) [%20842]
%26062. +:PeBord.Secror'P.J.~(qz). (S¢) Pz [%20843]
%26063. F:PeQnCnviQ.D.RI'PANI'P=1t'P  [%20845]

This proposition will be useful in showing that a finite series is not
similar to any proper part of itself, and is a series which is well-ordered and
has a converse which is also well-ordered.

—
%25064. F:PeBord.Secror'P.J.CPnapP“D‘S=A [%20846)]

In virtue of this proposition, a part of a well-ordered series can only be
similar to the whole if the part extends to the end of the series. Thus e.g.
no proper section of a well-ordered series can be similar to the whole.

%26065. F:PeQ.aesect'P—t*C‘P.BCa.D.~{Psmor P[] B}
Dem.

F.o%4016. DF:Hp.D.pPeC(PL a)CpPeCPL B) )
F.%211133.3F: Hp.a~el.D.a= C(PLa).

[%211703] 3. g1 pPUCYP L a).

[(1)] >.q1pPeO{PL B) @)
F.(2) %40662. D F : Hp.ame 1.1 P.D. 1 CP a p'PUCYP | 8).
[#208:47] .~ {Psmor (P B)} 3)
F.%2111 . %2413.DF: P=A.D.sect' P~ 1’C*P= A (4)
F.(4).Transp. DF:Hp.D.q!P (5)

F.%200:35.%250104 . D+ : Hp. (it P.ael.d.~[Psmor (PLR)] (6)
F.(3).(5).(6)-dF. Prop

¥260651. F:PeQ.D.Nr‘P n Pl*(sect'P — !C*P)= A [%250:65]
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250662, +:PeBord. QG P. ! CP n p PUCQ. D . w (P smor Q)
[%208:47]

(—
%250663. +: P eBord. ! C‘P A p‘P“(an C‘P).d.~(Psmor Pl a)

Dem.
F.x3741.0F. C(PLa)CanCP.
(-—

[%4016] D F.p Pan C*P)C pPUC(PT a) (1)
F.(1). D|-:Hp.D.Q{!C‘Pnp‘(I_)“C‘(P[a).
[%250652] D.~{Psmor(P[a):DF.Prop

%25066. F:PeQ.aesect’P.Psmor (Pla).d.a=CP [%250°G5. Transp]

$26067. F:iPeQ.2eCP.> ~(Psmor(PL L)

Dem.
—
F.%211302.DF:Hp. D, P‘zesect‘P 1)
—
r.%20052, DF:Hp.D.Px4CP (2)

F.(1).(2).%25065. D . Prop

e 4
#2607, F:i®PeQ.=:2¢CP.J,. Pl Py'weQ: PeSer
Dem.

e 4
F.%250141.0F:. PeQ.D:2eC*P.J,. P Py‘ze Q) (1)
F.%250121.D

—_
FioeCP.D,. Pl PyweQiz:ae OP.glanC(PL Py). dua-
E!min(P[ ?*‘x)‘a :
—_
[%20255]) J:ze P ra.d,a. Elmin (P Py‘z)a:

[%205-27] Oza - Elminpa:
[%1023]) JD:g!U‘PAa.d,.E!minya (2)
F.%20518.%202:52 .D F : Pe Ser .‘a=-]_3)‘P . D . Elminp‘a (3)
F.(2).03). Di—:.weC"P.DI.Pt?*‘er:PeSer:D:

¥ gqlanC‘P.D,. E! minpa:
[%250121] D:Pel (%)

F.(1).(4).OF.Prop

This proposition is used in proving that the series of ordinals in order of
magnitude is well-ordered (%256:3). We prove first that if Pe(), the
ordinals up to and including Nr¢P are well-ordered ; thence, by the above
proposition, it follows that the whole series of ordinals is well-ordered.

R. & W. IIL



%251, ORDINAL NUMBERS.

Summary of *251.

The name “ordinal numbers” is commonly confined to the relation-
numbers of well-ordered series, and will be so confined in what follows. The
relation-numbers of series in general are commonly called “order-types*.”
Thus a is an order-type if ae NréSer, and a is an ordinal number if a e Nr¢¢Q.
In the present number we shall be concerned with a few of the simpler
properties of ordinal numbers and of the sums, products, and powers of well-
ordered series.

We put NO =Ny Df,
where “ NO” stands for “ordinal number.”

We prove in this number that any relation similar to a well-ordered
relation is well-ordered (%251'11), and therefore any relation similar to a
well-ordered series is a well-ordered series (%231'111). We prove

%251132142. F:aeNO.=.a41eNO.=.14+aeNO
*2511516.  +.0,,2,¢NO
%251-24. F:a,8¢NO.D.a4+8eNO

We prove that if P is a well-ordered series of mutually exclusive well-
ordered series, 3P is a well-ordered series (%¥231:21); that if P is a well-
ordered series of series, (1P is a series (¥251°3) ; that if P is a series and @
is a well-ordered series, P? and P exp () are series (%251'42); that if P, ) are
well-ordered series, so is P x @ (#¥251°55), and therefore the product of two
ordinal numbers is an ordinal number (%251°56).

In virtue of the uniqueness of the correlator of two well-ordered series,
we have

%25161. F: P, QeRel2excl .C°PC.D:

o V(P smort Q) n Rlsmor. = . Psmor smor @

whence, without assuming the multiplicative axiom,

* We shall also speak of them as *‘ serial numbers,”
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%2061621. F:C'PCQ . q! (P snor @) a Rlfsmor. D
INrfP=3INr‘Q . IINrP =11 NxQ
%26165. F:aeNO -'A.BeNR.Peg.CPCa.D.
EINrP=8Xxa.l[INr‘P=aexp,

Finally, we have propositions (¥251'7°71) showing that the existence of an
existent () in any type is equivalent to the existence of 2, in that type, and
therefore holds for every type of homogeneous relations, except (possibly, so
far as our primitive propositions can show) in the type of relations of
individuals to individuals,

%25101. NO=Nr“Q Df
%2611 F:aeNO.=.(qP). PeQ.a=Nr‘P [(%251'01)]

%251'11. F:PeBord. Psmor.D.QeBord
Dem.
F.%2058. %2501 .%37-431.D

biPeBord. Se PSior Q.3 1aC P g la. J. g ! ming S s
[%37°63431] 3:8eSClexsCP .51 8. 5. anQ 3
[%71°491] BeCl ex SCP, J;. E{ ! me‘B
[#151°11°131.%37-25] BeClex‘C“Q.Dg.7! me‘B

[%2501] D:QeBord:i. DF . Prop

o:
o:

%2511111. F: Pe Q. Psmor@.D. Qe Q [#25111.%204-21]
%251'12. F:PeBord.D. Nr‘P CBord [#25111]
%2511121. F: PeQ.D.NrfPCQ [%251111]
#251-122. F:ae¢eNO.D.aCQ [%251:121°1]
%251'13. F:PeBord.z~eCP.=, PP zeBord
Dem.

-—)
F.%20583 . %2501 D b1 Hp. g1 0P na Dt min (P 2)‘a (1)
F.%2053831. DF:iHp.CPh2)na=tz.D.qtmm(PPp2)a (2)
Fosl6l 14, Dt Hp.q!CPP2)yna.D:

qlOCPAa.v.CPrna=A.qlitsna:
[*161°14] D:qtCiPaa.v.C{PPr)na=t'z 3
F (1) (2).(3).D
-—)

FooHp.D:qp! C(PP2)na.d,. [ min(P+ 2)a (4)
F.(4).%230101. DF:PeBord,z~eCP.D. P ze Bord (5)

F.%250'14104. %20031 . DF: P 2zeBord . D. PeBord.z~eCP (6)
F.(3).(6).DF . Prop
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%201131. F: PeQ.z~e¢C'P.=.PpzeQ) [%20451 . %251°13]
251132 F:aeNO.=.a+1eNO

[PART V

Dem.
F.%251'111.%181'12.D+: PeQ.=. | AjiPel).
[%181°11.(%18101).%251131] =.PhreQ.
[%1813.%2511] =.Nr'P+1eNO (1)
F.(1).%251'1.DF. Prop
%261'14 F:Pe¢Bord.z~e¢C*P.=.z¢ PeBord
Dem.
F.%205832.%161:12.D
- -
F:.Hp.D:z~ea.D.min(z ¢ P)a=minp‘a:
[*250:101] D: g (anCP).z~vea. D . ! n:_i’n (2 ¢+ P)‘a (1)
F.%205833.%161'12.D
}-:Hp.zea.j!P.D.'L;{!r;l_i’n(z(-{-P)‘a (2)
F.o(1).(2).D
F:.Hp.[;[!P.D:g{!anC‘(z(-{-P).Du.g{!n_l_i)n(z(-{-P)‘a:
[%250°101] J:z¢ PeBord (3)
F.%161:201.%2504. DF:P=A.D.z¢ PeBord (4)
F.(3).(4). Dt:PeBord.z~eCFP.D.2¢ PeBord (5)

F.%250'14°104. %20041 .DF:2¢ PecBord . D.PeBord. 2~ e C'P (6)

F.(5).(6).2F.Prop

%261'141. F:PecQ.2~eCP.=.2¢+ Pec Q) [%20451 . %251°14]
%261142. F:aeNO.=.14+aeNO [Proof as 1n %251°132]
¥26115. +.0,¢NO [%250'4 . %153'11]
%26116. +.2,¢NO [%250°41 , %153°211]
*261'17. tizdy.zfz.y$2.D.xlyPred [#251'131.%25041]
*261°171. F.2,41e¢NO [%251-16:132]
%2612,  F: PeRel?excla Bord . C*P CBord . D . 3P ¢ Bord
Dem.

F.%162:25. Db:glanCZP.D.qlanFeCP.

[¥37:264] >.q10Pn Fa )

F.%3746.%335.0F: Qe Fa. D .oy lan CQ @)

F.(1).(2).%250101.D

F:.Hp.D :g{!an_C‘E‘P.D.(gQ).Qminp;"‘a.g{!rr_l_i)nQ‘a.

[¥205°85] 5. gt min (S4P)a 3)

F.(3).%250:101. D+ . Prop
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%25121. F:PeRel?excl nQ.CPCQ.I.35Pe Q) [%20452.%251°2)

#251-211. F: Nr‘PeNO . NrC‘*PCNO.D.ZN:+*PeNO
Dem.

~ ~

F.%18216:162. DF:Hp.D.Nrf|iPeNO.} PeRel?excl (1)
) s
k. %182:0511 . %15165. D F: Hp. D . Nr#“(* | ;P C NO @)

*
F.(1).(2). %251122.0F 1 Hp.D. [ iPeRel?excl n Q. C< [ 3PC Q.

[¥251-21] 3.3¢|iPeQ.

.

[%251°1.(%18301)] D.ENr'PeNO:DF.Prop
%25122. +:P,QeBord .C‘PnaCQ=A.D.P%(QeBord
Dem.

b.o%1623.%16342.0F: Hp.~(P=A.Q=4).D.
PlQeBord.CYP | @) CBord. P} QeRel*exel.
(Pl Q=P2Q.

[%251:2] D.P2QeBord 1)

F.%16021.%2504.DF:P=A.Q=A.D.P2QeBord (2)

F.(1).(2).DF.Prop

%251:23. F:P,QeQ.CPaCQ=A.D.PAQeQ [%2045.%25122)

%25124. F:a,8eNO.D.a+Be¢NO

Dem.
F.%251°'111.%1801211.D

F:PQeQ.D.J(AnCQYisPeD.(AnCP)}51iQe .
CL(AnCQYLPAC(ANCP) Q= A.

[%251.23.(%18101)] D. P+ Qe Q..

[¥1803.42511] O .Nr‘P 4 NréQ e NO 1)

F.(1).%2511.DF . Prop

%25125. F:P2QcQ.=.P,QeQ.C‘PnCQ=A

Dem.

F.%204°5 . DF:P2QeQ.D.P,QeSer. C"PalQ=A H
—y

F.o(1).%20584. DF:. P2QReQ.D:q!'0Pna.d,.q ! minpa:

[%250-11] J:PeBord 2

F.(1).%205841 .DF:. P2QeQ.D:
—_
qla—CPnC(PLQ).D..H ! ming‘(a—CP):
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[%¥160°14.(1)] Diplan Q. . n! xr-;i’nQ‘(a—— cpP).

[%20515.(1)] S, .5 ! mingac

[¥250101] 5 :0Q¢Bord (3)
Fo(1)e(2).(3).0F 1 PAQeQ.D.PQeN. (P nlCQ=A (4)

F.(4).%25123.D F. Prop
%25126. Fia, BeNO — ‘A .=.a+B8eNO — ‘A [%25125]

%2513, F:PeQ.CPCSer.D.1*PeSer [#204°57 . %250°1]
%25131. F:ENBYCP.D.B[CPeFsCP
Dem.,
F.%71571.0F:Hp.D. B} CPel 5 Cls.AYBTCPY=CP (1)
F.%93103.D+F.BCF (2)

F.(1).(2).%8014.DF. Prop

%261'32. F:ENDB“CP.q!P.D.B[(“P=BII‘P
Dem,
-—)

F.%172162.DF: Hp.D. BUI‘P = B,‘C*P

[%8221] =BT CP): dF.Prop
%251:33. F:CPCQ—-t*A.j(!'P.D.;q!TI*P.B}C*P=BlI‘P

[%250'13 . %251:32]

#251'34. F:PeReltexcl.C'PCO—t*A.D. g eaC“CP

Dem.
F.%251:33.%17316 . OF:Hp.q ! P.D. 5y ! Prod‘P.

[*173:161] D .5 ! Prod‘C“C*P
[%1151] D.5q!eafCeCP 1)
F.%8315.D0F: P=A.D.qeaC“CP (2)

F.(1).(2).Dr.Prop
%2561'35. F::PeQ.D:.
- -
aP,B.=:4,8eClC*P:(qz).zea—B.an P'z=8n Pz
Dem.
F.%1702.D
- —
bFia,BeCliC'P:(qgz).zea—B.an Pz2=8nPz:D.aP, (1)
F.%170-23-1. %250-121.D
-—)
Fa:Hp.D:wnaPyB. D:a,BeCl‘C"P:(Hz).zea—-B.anP‘z:Bn?‘z (2)
Fo(1).(2).DF. Prop
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¥251361 F::PeQ.DnaP, B.=:
— —
0, BeClCP:(g2).2eB—a.an Piz=Fn Pz [#251:35.%170'101]
%251:36. F:PeQ.D. P, eSer
Dem.
*17017 .0 . P CJ 1)
b.%25185.2F«:Hp.D:wnaP, 8. BPc,fy D:
(qz,w).zea—B.weB —r. anP‘zﬂﬁnP‘z BnP‘w fynP‘w (2)
F.%20114.D
e — - —
nHp.zea—B.weB—y.an Pz=8nPz.8n Pu=yn Pw.D:
— —
z2Pw.Dd.zea—y.an Po=vym Pz (3)
— —

-

0

F.%201'14.0F:. Hp(3).D:wPz. D . wea—y.an Pw=gnPuw (4)
Fo(2).(3) - (4) . %202:104.%251'35. D F 1. Hp. D:aPyB. BP,y. D . alyy (5)
F.%250:121.D

F:Hp.a,BeCl'C*P.a+B.D.(q2). z=minp*{(a—B) v (B——a)}

[%205°14] J.(q2). ze{(1—B)U(B—a)5 anP‘z ,BnP‘z
[*25135] . a(PclUPcl)B (6)

F.(1).(5).(6). D F. Prop

¥261361. F: PeQ.D. P eSer [#251:36.%170:101]
¥26137. F:PeQ.D.P =Py [¥25135.%1712]
¥251871 F:PeQ.D. P =P, [%251:37.%170:101 . %171'101]

%251'4.  F: PeRel*arithm n Bord. C*P CBord . C3fP CBord. D.

3¢3¢P ¢ Bord
Dem.

F.%251'2.D: Hp.D.2‘Pe Rel?excl n Bord . C*5¢P C Bord .
[%251-2] D.3¢%fPeBord: Dt . Prop

%251'41. F:PeRelfarithmn Q. C'PCQ.0TPCQ.D. 35PN
[%204-54 . ¥2514]

%256142. F:PeSer.QeQ.D.P% (Pexp@)eSer [%20459.%2501]

%25143. F:aeNR.aCSer.BeNO.D.(aexp,B)eNR.(aexp,B)CSer
[%186:13 . %25142)

%25144. F:4eNO—10,.8e NO—-(°0,.D.aexp,8%0,

Dem.
F.%16527.D
F:Hp.Pea.QeR. D.P:],;QGQ—L‘A.C‘P:L;QCQ—L‘A.
[%251-33.%176°1] D.5!(Pexp @) 1)

F.(1).%186'13.DF. Prop



24 SERIES [PART V
%2515, bL:glP. QeBord.D.P_l’ iQeBord [%16525.%25111]

*25151. F:q!P.QeQ.D .P_l’;QeQ [*165:25 . 204-21 . %251°5]
%25152. F:PeBord.D.CP l’ () C Bord [%165°26 . %231'12]

*25153. F:PeQ.D.CP l’ Qe [%165°26 . %204-22 . %251°52]

%251'54. F:P,QeBord.D.P x @ eBord
Dem.
F.%16521 . %251°552. D
F:Hp.511Q.D.Q )P ¢cRel*excl n Bord. C‘Q | 5P CBord .
b "

[%251'2.%166'1]D . P x @ ¢ Bord (1)
F.%16613.%2504.2F:Q=A.D.P x(eBord (2)
F.(1).(2).DF. Prop

%25165. F:P,QeN.D.PxQeQ) [%251:54 . %204:55]

%251'56. F:a,8eNO.D.axBeNO [#18413.x251'551]

#%2616. F:P,QeRelPexcl. C*PCQ.Se¢Psmor @ n Rl‘smor.

p=N{EN). N eCQ.n=(8N)simor N}.D.

~
L[ peea‘u . §4°y e P smor smor @

Dem.
F.%250'6 . %251111. D F: Hp.D . uC1.
[%83'43] Dt peesn. 1)
[%16443] D.§“pe P Smor smor @ (2)

F.(1).(2).2F.Prop

*25161. F: P.QeRel’excel.C*PCQ.D:

i ! (P smor @) A Rl*smor . = . P smor smor
Dem.,

F.%2516.DF:Hp.q! (P smor Q) ~ Rlfsmor.D . PsmorsmorQ (1)
F.(1).%16417.DF . Prop
%251:62. F:Hp%25161 .4 ! P snior ¢ A Rl‘smor.D.
3P smor Z¢Q) . TI*P smor I1¢Q .
INrfP=3Nr‘Q. IINr‘P = [INrQ

Dem.
F.%164-151 .%251'61 . O F: Hp. . 2Psmor 3¢Q (1)
F.%172:44. %251:61. DF:Hp.D. 1P smorI1‘Q 2
F.(1).%18313. SF:Hp.D.SNr‘P=3Nr¢Q (3)
F.(2).%1851. DF:Hp.D.IINrP=TINr‘Q 4)
F.(1).(2).(3).(4). DF.Prop
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In the above proposition, the hypothesis « I, @ e Rel* uxel 7 is unueeessary
for SNy P =23XNr‘Q) and [IN1*P=TINr*Q, as appears from *183'14 and
*185'12. Thus we have

%261'621. F: C‘PCQ., g ! (P smor Q)m Rl‘smor.D.
SN P =2 Nr( IIN1P =TINy4()

Dem.
F.#15065 . %18205162. DF. I PODPe( i i Pysiior P~ Rlfsuior (1)
b pA
Fo(1).%131'162. Dk:Hp.O. g ’i 3 2)sunor ( I () aRIsmor (2)
% b4

Fo(1) 4251111 %18216 .3 F Hp. 3. 0 [5P €. [31,] 30 e Relexel (3)

"3

Fo(2).(3). #25162. ¥183:14 . ¥18512. D . Prop

#26163. F:aeNO—t‘A.BeNR.PeRelexcl.PeB.CPCa.D.
SPefBXa. SN =p3Xa
Dem.
F.%16447 .%1652721.D
F:Hp.Qea.a#O,..D.Q:L,;PEB.C"Q_l,;PCa.I’,Q_l,;I’eReI'-'excl.

[%164-47] 2.q! (Ql, i Pysmior P ~ Rlsmor. P, Ql’ 3P e RelPexel .
[%25161] J. (Q-'L; 5 P) smor smor P

[#164:151.%166°1]  J.(L x Q)smor 2P

[%18413] D.3PefBXa (1)
F.(1).OF:Hp.a%0,.2.2PeBXa (2)
F.%16242. Transp. D F:Hp.a=0,.3.3P=4.

[%18416] D.3PefXa (3)
F.(2).3).DF:Hp.D.3PefB Xa ()
[%18313] 3. 3NrP =B Xa ()

Fo(4).(5).2F. Prop

%2561'64. F:Hp#25163.D.11°Pe(acxp,B). INr‘P=aexp, 3
[Proof as in %251'63)

%25165. F:aeNO-t‘N.8:NR.PeB.0CICa.D.
SNrP=8xa.lINAL=acxp, 3

Dem.
F.%18216.%183:231.D
FiHp.Qea.d.|5PeRelrexc. | iPe NP, CC]5PCNr Q. ()
" *y *
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~

[%25163]  D.3Nrf|iP=Nr'PXxNrqQ.

*

[%183:14] J.ENr‘P=NrPXNr¢

[%¥152:45] =8Xa (2
F.(2).%1025. DF:Hp.D . ENr‘P=8Xa (3)
bo(1). 25164 D F: Hp. Qea. D TINI* | P = (NrQ) exp, (Nr*P).
[¥185112) . IINrP = (NrQ) exp, (Nr‘P)

[%152:45] =aexp, B (4)
F.(4).%1023. J+:Hp.D.IINr'P =aexp,fB (5)
F.(3)-(5).DF.Prop

In virtue of the above proposition, the usual relations of addition to
multiplication, and of multiplication to exponentiation, when the summands
or the factors are all equal, can be established without the multiplicative
axiom, provided the summands, or the factors, are ordinal numbers.

x2617. F:qlO-tAntyfa.=.q!2% nta.=.q!12nta.=. 12
Dem.

F.#%6455. Dh:glQ—tAntya.=.(gP) . PeQ—t*h.CPCtfa (1)

F.%20012.0F: PeQ—t'A.D. (4o, y) .2,y O‘P.z+y.

[#153:201.%55°3) D.q!2,nRI‘P (2)
Fo(1).(2).OF:qtQ —t‘Anty'a.D.(gP).C*PCtfa.q! 2, nRI‘P.
[¥33:265] .M. Qe2,.0QCt1a.

[#64°55] .92 ntya (3)
F.%251'16122.DF:q! 2, ntpfa.D.q! Q- t‘A nitya 4)
F.(3).(4). Dbl —tAnty‘a. =. 912, niya (5)
F.%64:55. db:q!2ntfa.=.(qz,y) .-z F Y.z, yela.

[%63-62] =.(qz,y).z+y. 'z i‘yetia.

[%54-26] =.q!2nt% (6)

F.(5).(6).(%6501).D F. Prop

*x25171. F. gt Q —1Ant Cls. 7! Q ~ t‘A n £, Rel
[#251°7 . ¥101-42:43]



%2b62. SEGMENTS OF WELL-ORDERED SERIES.

Summary of *252.
The properties of sections and segments are greatly simplified in the case
of series which are well-ordered, owing to the fact that every proper section

has a sequent, whence it follows that the class of proper sections is P“C‘P;
and this is also the class of proper segments. Hence also the series of proper

—y
sections or of proper segments is the series P5P (#252:37). The series of all
_-)
sections is P3P 0P (%252:38) ; hence (%252:381)
Nrés*Py=Nr‘P+1.
The most useful propositions in this number are (apart from the above)
%262'12. F:PeQ.D.
- -
sect'P — 1*C*P =D Pe — 1°CP = P“C*P . sect'P = P<“C*P v +*C"P

. -
#262:17. F:PeQ —1°A.D.sectP— 1A= P“q‘Pu‘CP
¥252171. F:Pe(.D. sectsP — ‘A — (40P = P(I‘P
¥252372. F:. PeQ.D:sPeQ:E!BP.D.Nrtg'P=Nr‘P;
~E!BP.D. Nr's'P=NrP i1
%2524, F:PeQ.ACsect‘P.q!N.D.pAer

%2621, F:PeQ.aesect'P—1‘C‘P.D.E!seqpa [%250124]

%25211. F:PeQ).D.sect‘P — 1‘C“P =sect‘P n U‘seqp

Dem.
F.%206-182.DF, CP~¢Useqp 1

F.(1).%2521.2F. Prop
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%25212. F:Pe0.D.
- -
seot P — 0P = D Pe — 10 = PECP L seet! P = PP v 'O P
Dem.

ELox21124 %2521, DF:Hp.aescet' > —1*CP.D.ae Dt (1)
FLox211°15. DF:iHp.aeD Ve~ t°CP. D acsect' P — 1* (I (2)
Fo1) (2). DF:Hp.d.scet' P — 1P = DPe— 1°CP (3)
_}
r.ox211°30%2.%252°11 . D F: Hp. D.sect P — 1fC* P> = P*“( P (4)

F.(3).(4).%21126 . D F. Prop
In dealing with sections and segments of well-ordered series, it 1s necessary
to distinguish series with a last term from such as have no last term. If
a scries has no last term, CF = P*CP, so that C'PeD‘P.. But if a
_-)
series has a last term, (P e~eDPe; 1n this case, D*Pe= P“C*P. Thus
_}
D¢Pe is ecither P“C‘P or sect‘P, according as there is or is not a last
*erm.  In elther case,
.__)
sect‘P = P“CP v 1‘CD,
as has been already proved in %252:12.
v -
%26213. F:PeQ.E'BP.D.sectP—t‘CP=DPe=P“CP.
_}
sect!P=DPe v ‘(P = PHCP v 1! CP

Dem.
F.%25021,%21136.DF: Hp. D .sect'P = DPe= 1P .
[%24:492.%211°15] D.sect‘P —1‘C“P =DP. ey
-
[*23212] = P (2)

F.(1).(2).%21126.DF. Prop

- -
x26214. F:PeQ.~EIBP.D sect'P =D Pe= PUCPuiCP
[%25021 . %211°361 . %252:12]

—
#25215. F:PeQ.D.DPe=PDP v DD

Dem.
w - —> )
Fox25213.0F:Hp . EVBP.D.DPe=P“DPu i PBP
_}
[%202:324] = P“D‘P v i‘DP (1)
“ -
Fox23214. D e Hp.~E1BLP.D. DéPe = PUDP v ‘D P (2)

Fol)o(2). 2 F. Prop
x25216. F:PeQ—2,.D.D Le=scct!(P[ D)

liew,
FLoa204271 D0 Hp. D D P e 1.
[4202:35] D. 0P D)y =DEP.
[ 6250141 425212] Dot L D) = 17’['67’“1)‘1) v D
LT a2 DD o D

n
Pa252 15 =D Pe:DF. Prop
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¥25217. F:PeQ—(A.D.sectl — (N = DU o s(e
Dem.
_’
Fo#252:12.3F: Hp. D sect P — ¢“A = (Pl — Ny u(ep

-
[%3341] =[P PiDt, Prop
_}
*262:171. F: PP e Q. D sects P — (A — (‘U P = P«
Dem.
.—)
F.%25212. 0 F: Hp. DL (seet 2 — (C Py — N = v P — e\
_}
[#33-41] =PI PR Prop

_}
42523, F:Pe0.D.DisDy=PUCP [#212171. %25212]
425231, FiPeQ.qtP.D. (s Py DUCD u 04D
[%212172 . %252'12]
-
¥262311. F:Pc Q.1 P.D. UsPy = DAL v 0P
(212171 . %252:17]
_}
426232, F:Pe0.D.DisP = PUDP  [x212132. 425215

¥25233. F:PeO—1A.D.C%P = PUDPy (DL
[#212:133 . %252:15]

25234 F:PeQ.E1BDP.D. (%P DUgeD
Den,
F.%202524 .3 F: Hp.D. PARP =D,
[%252:33] >. 0 P = P4C<P:DF. Prop
¥25235. F:PeQ—tA.~E1BDP.D. (%P =DUCP v fCD
[¥212133 . %252'14]
425236, F:PeQ.E1BD.d.sP=DP
Dem.
B.%212:25.%252:34.DF:Hp.D. I—’EP =(s'DP)[ (s
[%36°33] =g¢'P:DF.Prop
%26287. F:PeQ.D.(sP)[ (- 1‘CP)= D3P
Den.
k. %363 Sk (s PV} (= tCP) = (sP) L (Cs P — (CH D)
[%212'133134] = (s*P)L (D Le— (CP) (1)
Fo(1).%25212. Dk : Hp. D (s‘P) [ (= t0°P) = (sP) [ (PC]
[%212-25] =?;I’: DF.Prop
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v -
%25237T1. +: PeQ.~E!BP.D.s'P=FiPpCP

Dem.
F.%212:25 . %252:32 . DF:Hp.D Bip= (s‘P) (Ds“P) Q)
k. %212133. St:Hp.g!P.D.CP=BCavis'P @)
b #252:32. St:Hp.D.DisP = PGP,
[%200-12.%20434] 3.DsPrel 3)
b (1).(2). (3). %204461 . D+ : Hp. i1 P.D> . BiP-pCP =P (4)

F.%212:134 ., %1612, Dt:Hp.P=A.D.sP=A.P;PpCP=A (5)
F.(4).(5).DF.Prop

252372 F 1. PeQ.D:sPcQ:E1BP.D . Nr'sP=Nr‘P:
~E!B‘F’.D.Nr‘g‘P=Nr‘Pﬁ'—i
Dem.
F.%25236.%20435 . D+ :Hp.E1 B*P . D.s‘Psmor P.
[%251-111.%152:321] D.¢PeQ.Nr'¢P=Nr‘P (1)
F.%252:371.%20485 . %200'52.D
F:Hp.~E!BP.D.Nr‘s*P=Nr‘P 1. 2)
[%251'132] 3.5PcQ (3)
Fo(1).(2).(3).DF.Prop
—_—)l
%25238. F:PeQ.D.sPy=PiPH (P
Dem.
F.%25212.%212:24.D
_-)
FiHp.D:a(s'Py)B.=:4,8e P“CPui‘C‘P.aCB.a%f:
[%37°6.%200'52]
=. (P g P Py P € Ply . Dy e
=:(qz,y) .2, yeC1 ._?)=Px./3=Py.PxCPy.Px+Py.v.
(qz).2e CP.a=Pz,.B=CP:
[%204-33'34]=: (Fz, y) . aPy . a =‘P?‘x .B =_13)‘3/ V.
—-*
(Az) .2 CP.a=Pz.B=CP:

-

[¥150522] =:a(PiP)B.v.acCDP.B=CP:
——,

[%16111] =:a(PiPHCP)B::DF. Prop

¥262381. F:Pe.D.5Pye . Nr‘s‘Py = NP 4 i
[%252°38 . ¥200'52 . ¥204-35 . ¥251°131]
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#2624. F:PeQ.ACsect‘’P.!IA.D.pAer

Dem.

%252:41.
#252:42.

#2062:43.

Dem.

F.%211441.DF:Hp. P=A.D. A=A,

[¥5301] D.prenr 1)
F.%212172. DF:Hp. ! P.D. A CC%SPy !N,
[%252'381.%250-121] 3. E!'min (s*Py)A .
[#210-222.4211-67-66] D.pher (2)

F.(1).(2).DF. Prop

F:PeQ . A CsectP.qIn.D.sheh [Proof as in ¥252'4]

FiPe.(Cavés‘Py)“oc Co:

ACo . GINNCSPy .00 .8AnC‘Pylec:D.
(Cnvés‘Py) o Co

[#250-361 . %252:381 . %212-322]

FPeQ. (s*Pyn*ocCo:

ACo . IMNACS Py . D). p(An O Pylec:D.(sPy)“a Co

Fox212181. Dk, (CuvésPy) smor (s*Py) (1)
F.(1).%252381.DF: Hp.D.Cnv's'PyeQ @)
F.(2).%212:34 . 4250362 . D F . Prop



%2563, SECTIONAL RELATIONS OF WELL-ORDERED SERIES.

Summary of %253,

In the present number we shall consider the properties of the relation
Ps (defined in %213) when Pe . The relation Ps has great importance in
this case, owing to the fact (to be proved later) that Nr¢“D¢P; is the class of
all ordinals less than Nr¢l?, and that, if P, @ are any two well-ordered scries,
cither P is similar to a member of C“Qs, or @ is similar to a member of
C“Ds, whenee it follows that of any two nnequal ordinals onc inust be the
greater,

The present number consists merely of the more elementary properties of
Ps when Pe. The interesting properties connected with greater and less
will be treated in the following number.

The most useful propositions of the present number are the following:
25313, F:PeQ.D. P = P[P = P «PeCsp
%x25318. +:PeQ.D.0P;CP P} ‘rﬁ“(I‘P vi‘P.CPCO

Instead of C“PsC P PP w P we shall have equality, unless
P=JA (%23315).
%2532 F:PeQ—2,.D.Nr'P;=Nr(PLUP)+ i

The case when Pe2, has to be excluded, becausc then P ‘P =A.
%256321. F:PeQ.D.14Nr‘Ps=Nr'P+1

This proposition involves NP5 =Nr‘P when P is finite, but when P is
infinite it involves Nr¢Ps = Nr¢P 4 1 (cf. ¥261°38).
%26322. +F:PeQ.D.P ;[ D‘Pssmor P (P
#%25324. F:Pe).D.Pse()
%2634  F:PeQ-1'A.D.

CPs=Q@R).P=Q3R.v.(g2). P=Qpa]

%253421. F: PeQ.QeDP.D . ~(Qsmor P)
#25344. F:a,8eNO—t'A.B%0¢,.D.a+B%a

T
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This proposition marks a difference between ordinals and cardinals.  Anq
ordinal is always increased by the addition of anything at the end, whereas
this is (often if not always) not the case with a cardinal it it is reflexive
and greater than the addendum. The above proposition ceases to be true
if we add B at the beginning instead of the end: 8 + a=a will be true if a is
infinite and @ X 8 is not greater than a. (For the definition of w, cf. %*263.)
*206345. F:aeNO - t‘A—10,.D. a4+ 14«

Similar remarks apply to this proposition as to #253-44.
¥26346. F:Pe.Q Re(CP;.QsmorR.D.Q=R

Le no two different sections of a well-ordered series are similar.

It follows from %253-46 that the series of the ordinals of proper sections
of a well-ordered series P is similar to the series of proper sections, nd
therefore, by 25322, to the s 1es P with its first term omitted (%255:463).

We have next a set of propositions (¥253'5—'574) on the circumstances
nnder which Nr‘Ps = Nr¢P and those under which Nir‘P;=Nr‘P +1. As
a matter of fact, the former holds when P is finite, the latter when P is
infinite. But the distinction of finite and infinite will not be introduced till
the next section. In the present number, we prove that (assuming P e (2)
Nr¢P,=Nr‘P if A‘P,=T‘P.E! B‘P, and if not, then Nr‘P;=Ni‘P 1
(#253'56). This is proved by using P, as a correlator. (P, as a correlator
moves every term one place down, except the first, which disuppears.) For,
if Pe(), we have Py P=P[ D‘P(%253'5); hence we prove P[ (I*P;smor P[ D‘P
(%253-502),and hence, if A P,=U¢P, we obtain PJ A Psmor P[ D‘P (%253-503).
Heuce by %2532 (with special consideration of the case when P €2,) we have
the two propositions
%25351. F:PeQ.(P,=W‘P.E!BP.>.Nr‘P;= Nr‘P

¥253511. F:PeQ.AP,=A‘P.~E1BP.D.
Niv‘Pi=Nr!P 4 1 . NtP[A‘P = Nr*P
But if there is a term, say , belonging to *P — (AP, use P, as a correlator
for the predecessors of «; we thus find that, in this case, P smor P[ J“P.
Hence, by %253'2, Nv¢Ps = Nr‘P 4 1.

The hypothesis ‘P, = ‘P . E! B*P means that there is a last term, and
every other term has an immediate successor. This, as we shall prove later,
and as is indeed obvious, is equivalent to the assumption that P is finite but
not null

From the above propositions it results immediately that
%263573. F:. PeQ.D: AP, =QP.E!BP.=.14Nr'P 4 Nr‘P

Hence it will follow that finite ordinals other than 0, are those which are
increased by the addition of 1 at the beginning. We have also

R. & W, 111
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%263574. F1. PeQ—tA.D:@P,=AP.E1BP.= .1+ NP =Nr¢P 41
Whence it will follow that finite ordinalg are those for which the addition
of 1 is commutative.

#2631. +:®PeQ.D:QPR.=.

(5e,8) .a, 8¢ B“Q‘P v 'C‘P . 1 f—a.Q=PLa. R=PL B
Dem.
Fo%2131.%25217 . OFe.Hp .l P.O: QPsR .=,

_)
(% 8) 4,8 PAUP v iCP. g1 6~a.Q=Pla. R~PL 8 (1)
-—y
F.%33241.0F:. P=A.D: P“Q‘Pui‘C*P=1°A:
_)
[%24°538} d:~(ga, B).a,Be PAPuC'P.yy1B—a:
[%213:3]D: QP:R.=.
-
(qa,8).a,Be PQPui‘C‘P.qq!1B—a.Q=Pla.R=P} B (2)
Fo(1).(2).dF.Prop
%26311. F::Pe.D:#@QPR.=:
- -
(g, y) .« e A‘P.aPy. =P P's.R=P[ Py.v.
e d
(qz) .2 e ‘P, Q=P P‘x.R=P

Dem.

F.%33152. Skia=(P.BePUOP V0P D mglf—a (1)
—)

F.%20082.(1). OF:Hp.aeP“dP.8=CP.d.q!0—a @)

F.(1).(2).%2531.DF::Hp.J:. QP:R.=:
(Ha,ﬁ)-a,ﬁel_b)“(l‘P.s{!B—a.Q:Pta.R=Pt/3.v.

(@,8).ae P“Q“P .8=C‘P.Q=PLa.R=PL 8:
[%37-6.%36-33]

- o - -
=:(4a,y) .2, ye AP.q! Ply— P'a. Q=P P'a. R=P[ P'y.v.
—
gz).z2eT*P.Q=P[ P'xa.R=P:
[%211'61.%210'1]
2> 9 o o - -
=:(qx,y) .2, ye AP . P'a CPy. P’a$ P'y.Q=P[ P’s. R=P[ Py.v.
_)
(@z).2eA‘P.Q=P} Pig.R=P:
[#204'33:34] = : (we, y) . 4,y « AP . 5Py . Q= P} Pw. R=P| Péy.v.
B d
(gz)-zed‘P.Q=P[ Pz.R=P (3)
F.(3).%3314.F. Prop
25312, F:PeQ.Pre2,.D.P=(PLi B3P] AP P

Dem.
F.%204272.DF:Hp.D.d*P~el.

[¥20255.4218151]  D.P«“Peq<P = (‘P[5 PsP [ AP o)



SECTION D] SECTIONAL RELATIONS OF WELL-ORDERED SERIES 35

F.(1).%25311.3F :: Hp. D1 QPR = :
-—)
QPLPPLAP)R.v.Qe (P BPL AP). R= P:
-—)
[%1611111 =:Q{(PiPiPLUd‘P)PP}R::JF.Prop

-—)
%253121. F:PeQ.D.P~eCPL;P3PL AP

Dem,
F.%20052.3 F: Hp.D. ‘P e PCOeP.
[%36:25] >.P~eCPL P PLAP: DF. Prop
25313, F:PeQ.d.D'P, = PL“P(‘P=PL“PUCeP
Dem.
F.#218141. 4252171 . D F : Hp. D . DP, = P}«BuP )
F.%3722.%25013. D
b:Hp.q1P.D.PL9BUCP = PLUP«d‘P u 'P BBP
[#33:41.Transp] =P t‘:;“C[‘P vi‘A 2
|-.*250-42.3|-:Hp.;;{zp.D.AePt“—ﬁ“({‘P 3
F.(2).(3). DF:Hp.g1 P.D. PL<PUCeP = PLePuCel 4)
b.%33241.0F: P=A.D.PL“P«C‘P=A.P[“BeQP=A (5)
b.(4).(5). Db : Hp.D . PL«P«(P = P[“Ped‘P (6)

F.(1).(6). OF.Prop

*203'14. F: Pe(.D.
—_ =g
A‘P; = (PL“P“Q‘Pvi‘P)— 1! A= (P [*“P“C‘Pui'P)~ 1A
Dem.

F.%213162.DF: Hp.D.dA“Ps = P [“‘sect‘P —t‘A
e 4
[%252:12.%8633] =(PLePH“C‘Pui‘P)~ ‘A )
e 4
[%253-13] =(PL“P“d‘Puvi‘P)—i'A ¢))
F.1).(2).9F. Prop
— -
%253'15, F:PeQ—1'A.D.CPs=P[“P*“QPui'P=P[“P“C‘PuviP

[%2531314]
%25316, F:PeQ—tA.D.BP,=A.BP;=P [%213155158.%25018]

-—.)
#25317. F:PeQ.D.P;[D‘P;=P[iP5PLUP
Dem.
F.%253:11.D

F:Hp.D:QPsR.=:Q(PLSBSPLAP)R.v.Qe PL«“PdP.R=P:.
—'
[¥253121] . Q(P:[ DPy) B.=.Q(PL3 B3 PL A‘P) R:: D . Prop
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%25318. F:PeQ.D.CPsC P[:“j)’“(I‘P vi‘P.opPsCQ
Den.
F.o%25311.D
FaHp.D:QeCls.Di(fu) . we P . Q= P[?‘w.v.Q:P:

_’
[%37°6) D:QePLHPHUdP il (1)
F.(1).%250:141.DF: Hp. 2. C“P,C Q (2)

Fo(1).(2).2F. Prop
%253181. F: PeQ.D.C*P; CDPsuiP [%2531813]
%2632, F:PeQ—-2,.0.Nr‘'Ps=Nr{(PLAP)+1

Dem.
b %25312:121. O F: Hp.D. Ne‘Py = Nr<P [5 B PL AP 4+ 1
[%213151.%252:171] —NeBiPLAP i
[%204:34) = Nr{(PL UP)4+1:DF. Prop

%26321. F:PeQ.D.14+Nr'Ps=NrPii

Dem.
F.%2532. DF:Hp.P~e2, .0 14 Nr'Pi=14Ne(PL AP) 41
[%204°46:272] =Nr‘P+1 (1)
F.%218382.0F:Pe2,.0. 14 Nr‘Py=1+42,
[%161-211] =241
[Hp] = NrP 41 @)
Fo(1).(2).DF. Prop

It would be an error to infer from the above proposition that
Nr¢P; = Nr‘P, since addition of ordinals is not in general commutative.
When Pe(), NrfPs= Nr‘P holds when C‘P is finite, but not otherwise.
When CP is not finite, 14 Nr¢Ps; = Nr¢Ps, so that Nr‘P;=Nr‘P+1; but
Nr‘P+ NP+ 1.

%25322. F:Pey.D.P;[ D'Pssmor P UP
[%253°17 . %213-151 . %252-171 . %204-34]

%25323. F:#. PeQ.D:Nr‘P=NrQ.=.Nr‘Ps= Nré@;:
P smor @ .= . Pssmor Qs
Dem. ]
F.%18133.0F:NrfP=NrQ.=.NrfP+1=Nr‘Q +1 1)
F.(1).%25321.D
F:iHp.D:Nr‘P=Nr‘Q.
[%18133]

Il

A4 NP =14 NregQs.
« NrfPs; = Nr‘@Qs :. D F . Prop

1]
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#206324. F:PecQ.D.P;eQ)

Dem.
F.#2532.%250141. %251°132. D F: Hp. P~e2,. D. Nr'P e NO (1)
F.%21332.%251'16 .0 F: Pe2,.D. Nr‘P; e NO (2)
Fo(1).(2). JDF:Hp.D.Nr'P; e NO.
[%251'122] 2.P;eQ2:2F.Prop

%256325. i@ P, QeQ—t*A.D: P DPssmor Q[ DQs. = . Psmor Q
[%253-22 . ¥250'17 |
— - —»
%2633, F:PeQ.D.PfP=P[“PqQ‘P=PL“P<“C'P=DPs
[%213:243 . x253:13]
— —
#2633l F:PeQ.D:QPR.=.Re PE“P“CPuit‘P.Qe¢R[“R“C‘R

Dem,
F.%213245.%253°13.D

—>
F#Hp.D:QPR.=.ReCPs. Qe RL“R“C‘R.

—
[%33-24.%2183] =.ReC‘Ps.q!P.QeRL“R“CR.

i

[%25315] = RePLYDUCPu P .1 P.Qe RIRCR (1)
Fo%3720 . %3324, D b1 Qe RL“R“CR.D. ! R 2)
[¥1312] St:Qe RI“BUCR.R=P.J.{1 P (3)
+.<2)g‘§. St:RePLOP«“CP .. i1 P #)
FL(3). (4). St:RePLUPUCP u1P.Qe RI“RUCR.D. 1P (5)

F.(1).(5).DF.Prop

— -
¥25332. F:PeQ.ReCPs.D.PsR=RL“R“C‘R=D*R,
[%213:246 . %25313]

—
25333, F:1.PeQ.d:Q(PLDPYR.=. Re PLeBC s Qe RLCR“CR
[%213:247 . %253-13]

If « is any ordinal number, and Pea, the ordinal numbers of the
sectional relations of P are all those ordinals which can be made equal
to a by being added to, e all ordinals 8 such that, for a suitable «,
a=R+rv. (Here y must be an ordinal or 1.) Further, in virtué of ¥250°67,
no member of D¢Ps is similar to P hence, if a is an ordinal, and a= B +v,
where v 4 0,, it follows that as 8. (Observe that a+y does not follow from
B+0,.0=8+q) These and kindred propositions, which are important in
the theory of ordinals, are now to be proved.

%2534 F:PeQ—1A.D.CP;=Q(qR). P=Q2LR.v.(qz). P=Q+ra)
[#213-41 . %250-13]
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4253401, F:Pe0.D.
PLePucPuiP=0((yR) . P=Q1 R.v.(g2). P= Q)
Dem.
F.%253415.0 F:Hp. 5! P.D.
PLeBecPuiP=0(gR).P=Q4R.v.(gs). P=Qpa} (1)

F.%87-29. 3|-:P=A.3.Pt“f>’“0‘1)u t'P=1A (2)
F.%160°14.%33:241 . DF:# P=A.DsP=Q2R.=.Q=A.R=A:
[#10-281) d>:(gR).P=Q4R.=.Q= (3)
F.x16113.%33241.0F:. P=A.D:P=Qbz.=.Q=A:

[¥10:24-23] Di(fa). P=Qbz.=.Q=A (4)
F.(3).(4).3f—::P=A.D:.(gR).P=Q$R.v.(g[x).P=Q+)x:"—;.Q=A.
[(2)] E.QePt“?“C‘PuuP (5)

F.(1).(5). D F.Prop

%253402. F: PcQ—1A.D.

DP,=Q{(@R).BR+A.P=Q2R.v.(q2). P= Q+ra}
Dem.

F.%253164.D

b:Hp.D>:.QeDPy.=:Q4P:(gR). P=Q2L R.v.(g2). P=Qpz (1)

F.%16114.%20041.0F:Hp. P=Qpz.D.2eCP.a~e(CQ.

[%1314] 2.Q+P 2

F.%16021.0F:Q+P.P=Q2R.J.4!R 3)

F.%160-14 . %200°4 . D

F:Hp.P=Q4R.j!R.D.q1CPnaCR.~g! CQn C‘R.

[%1314] 3.P4Q (4)

F.(3).(4).D

bF:Hp.3:Q+P:(gR).P=QAR:=.(gR).R+A.P=Q2R (5

F.(D).(2).(6).2F:Hp. D1 Qe D*Ps.=:
(§R).R+A.P=Q2R.v.(qz). P=Q+z:: Dt .Prop

%256341. F:. PeQ.QeC‘Ps.D:
(q2) . ae NO . Nr‘P=Nr‘Q +a.v.Nr‘P=Nr‘Q 4 1

Dem.
F.%2183.JF:.. Hp.D: P$A:
[%2534] d:(qR).P=Q2R.v.(qz). P=QPux:

[%211:283.%200:41]

2:(R).P=Q4+R.CQACR=A.v.(qz). P=QPz.2~e0Q:
[¥180'32.%181'32] D : (g B) . Nr‘P = Nr*Q 4+ Nr‘R.v . Ne*P = Nr¢Q 4 i :
[%25126]1 D :(ga). ae NO . Nr‘P=Nr‘Q+a.v.Nr'P=Nr‘Q+1:.DF. Prop
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¥25342. F:PeQ.D.Nr‘PaDPi=A [%250°651 . %213-141]
%253421. F:PeQ.QeDP;.D .~ (Qsmor P) [%25342]

—)
25343, k1 PeQ.zycdP.: P} Posmor Pl Py.=.o=y
Dem.

- -
F.%25311.D+:Hp.aPy.D.(P| P'z) Ps (P} P).

[%213-245] >.P} PweDYPL Py

[%253-421] 3. ~{(P} Big)smor (P Py)] @)
Similarly  +: Hp. yPs.D .~ (P} Pw)smor (P By)) 2)
F.(1).(2).D b1 Hp.D: (P} Pa)smor (P} Py). D .~ (2Py). ~(yPa).
[202:103] S.a=y 3)

F.(3).%15113.DF. Prop

%263431 F:P2QecQ.51Q.0. NP Nr(P 2 Q)
Dem.
F.%253402.DF:Hp.D.PeD(P2Q) (1)

F.(1).%253:421.D . Prop
¥253432. F:PhrueQ. g1 P.D . Nr'P4 Nr{(Pha) [%253402421]

*25344. F:0,8eNO—1‘A.B+0,.0.a+B+a
Dem.

F.%2511 . %15534.
F:Hp.D. (P, Q). P,QeQ.a=NrP.B8=NrQ.5!Q.
[%180-3]

2.(4P, Q). P,QeQ.a=NyP.B8=NuQ.51Q.a+B=Nr{(P+Q) (1)
F.%180-12 . %253:431 . (%180:01) . D
F:P,QeQ.q1Q.D. Nr{(P + Q)+ Nr‘P.
[*155:16] D.Nr{(P + Q) NP (2)
Fo(1).(2).D
F:Hp.D. (P, Q). P,QeQ.a=NyP.B=Nyr‘Q.a+ B+ Nyr‘P.
[%13-195]1D.a 4 BFa:DF.Prop

#256345. F:aeNO—t‘A—10,.D.a+ 140
[Proof as in %25344, using %253-432 instead of %253-431]

%25346. F:PeQ.Q ReCP;.QsmorR.D.Q=R
Dem.
F.%253421'16 . DF: Hp.Q=P.D.R=¢Q @
f-.*253'16.DF:Hp.Q+P.‘R+P.D.Q,Ri’D‘Ps. N
[%253:13] d.(qa,y).z,yeA‘P.Q=PrPz. R=P[ P%.
[%253-43.Hp] 2.Q=R- (2)
F.(1).(2).DF. Prop
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%253461. F: PeQ.D.Nr{(“Pselol

Dem,

F.%25546.DF:Hp.Q, Re CPs. N1*Q=Nr‘R.D.Q=R:DF . Prop
%253462. F: PeQ.D.

- -
Nr (P[) P (‘Pe1—=1.NriPL5P5PL AP smor P AP
[%253'43]
%253463. F: PeN.D.
Nri (Ps§ DPs) smor Ps[ DPs . Nri(Ps[ DP ) smor PLUP
[%253462:1722]
*25847. F:PeQ —1'A.D.
Nr“CPs=a{(gB) . a+B=Nr'P.v.a+1l=Nr‘P} [%2534]
*253471. F: PeQ.D.
Nr(D‘Ps v t*P)=a{(g8) . a+ 8 =Nr‘P.v.a+ 1 =Nr'P)
(%253:401°13]

The following propositions are concerned in proving that Nr¢Ps is either
Nr‘P or Nr‘P41. This is proved by using P, as a correlator. The
methods employed anticipate the discussion of finite and infinite series;
in fact, when P is finite, Nr‘P;= Nr‘P, and when P is infinite,
NréP; = Ni‘P £ 1. But it is importaut at this stage to know that Nr¢P; is
either equal to or greater than Nr¢P, and the propositions are therefore
inserted here.

%2535, F:PeQ.D.P3P=P[D‘P

Dem.

F.%20163.%25411.DF:: Hp.D:. P=Pw P
[#150:11]D e (P P)w.=:(qy, 2) :aPy:yPiz v.yPzrwPz:
[%204:7] =:1(ge) . aPyw.wPz.v . (qy, 2) . xPry . yP?z . wPz:
[%25021-24] taPow . weD'P.ov.(qy). 2P y.y,we DP . .yPw:
[*33'14.%34°1] tx(Piu P Pyw.weDP:
[%33'14.%250'242] =: 2. we D*P.xPw:: Dk . Prop

il

i}

¥253501. F:PeQ.D.PiP=P [P,

Dem.
b.%250242.0F: Hp.D.P, P=PB, P,o P, P, P
[%71101.%2047] =TT P, w(AP)] P.
[%150°1.%5065] 3. PP = (AP Pyw(dP)1P P,

[%250-243] =P AP, :DF. Prop



SECTION D] SECTIONAL RELATIONS GF WELL-ORDERED SFRIES 41

%2b63502. F:PeQ.D.P[ AP, smor Pl DP
Dem.
F.%2535.%15086.DF:Hp.D. P DP=Pi (P UP)) ¢))
F.%15121.%2047 . DO+ :Hp.D . P (P [ AP))smor P AP, (2)
Fo(1).(2).DF. Prop
#263603. t: PeQ.dP,=Q‘P.J. Pl d‘Psmor P[DP [%233:502]
This propocition shows that if P is a well-ordered series in which every
term except the first has an immediate predecessor, the scries obtained by
omitting the last term (if any) is similar to that obtained by omitting the
first term. The converse also holds, as will be shown later.  The hypothesis
PeQ.dP,=AP is equivalent to the hypothesis that P is finite or a pro-
gression, (Here a progression is not what was defined as “ Prog ” in 121, but
what Cauntor calls w; t.e.if R e Prog, R, is a progression in our present sensc.)

¥256351. F:PcQ.(P,=P.E!BP.D>.Nr‘P;= Nr‘P
Dem.
F.%2532. DF:Hp.P~e2,.D.Nr‘Ps=Nr{(PL d‘P) + i

[%253:503] =N(PLDP) 41
[%204-461-272] = Nr‘P (1)
F.%21332.0F: Pe2,.D.Nr‘P;=Nr'P (2)

F.(1).(2).DF. Prop

%253511. F: P Q. AP, =AP.~E1BD.D.
NpéPs= NrP 4 i . NrePL AP = NeP

Dem.
F.%93103.%202:52. D+ : Hp.D. P D‘P=P.
[%253503] D.NrPL d‘P=XNrP. (1)
[%253:2] D.NrfPs=Nr‘P 1 2

F.(1).(2).2F.Prop
%26362. F:PeQ.z=ming(ATP-UP).D.
- T -
‘P~ P'a CAP,, P Pég = Pz . PPz = P'o - 1*BP

Dem.
. -
F.%20514. DF:Hp.D. AP P2 CAP, (1)
T -
F.%250242.DF:Hp.D. Plo=Pfxv PPl
_)
[%33-41.Hp] =P“Px. (2)
v —> - .
[*72:501.%204°7] D.Pf“Pu=PxadP (3)
- —
F.o(1). DF:Hp.D.APaPa=TPalundl
_’
[%121-303] =P, n Pz €))
v 5 =
F.(3).(4). DF:Hp.d.P“Pa=ParndP
_)
[#3315.%202'52] = Péx —1‘B<P . (3)

Fo().(2)(53).9F.Prop
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—)
%253521. F: Pec.2eT*P-UP,.D. Piz,d'P~el

Dem.
k. %201-66 . DF:PeQ.?‘wel.D.we(I‘P, (1)
f-.(l).Tra.nsp.Dl-:Hp.D.?‘wr\»el 2
F.%201662. DF:Hp.D.U*P~el (3)

F.(2).(8).2F.Prop

“—
253522, F:Pe . o= ming(AP —A‘P,). S =P,} Pwul| Pyz.D.
S3(PLAP)=P
Dem.
& . %34°25'26 . %50'5'51 . D

F:Hp.D.85(PLAP)=(P,} BoypPL APy (I | Pya)iPu
(P,rPfx)(Pur‘F*wuzr‘ﬁ*x;PﬁJ’mP,
[%50°661.%150-36.%35°452] = (P [‘P‘w)iPuPt P* zwu P, [‘P‘w\P [‘P*‘wu
P*‘m P Pl P,
[%74:141.%253-52.%200:381]= (P, rP‘a:):P v P} P* zu P‘m P, ] P PP*.‘a:

[%250-242.Hp] =(P [‘P‘w):P wP} P* ou P‘w‘] P [‘P*‘w

[%150-36] =(PjP)[ P,“P‘a: vP| P* zw P‘w‘] P [‘P*‘a:
- “— > «

[%253:5°52] =P} P_‘:v Y] I:_E Py‘zw Pz P Py‘x

[¥35413.%200:381] =P} (Pav Pya)

[%202-101] =P:DF.Prop

%25363. F:Pe.z=miny(IP-AP).D

— «
P,[' Pioul] Py'ze {Psmor (P dP)}
Dem.

- “—
Fo%2047.%200381.DF: Hp.D. P, Plawl| Py'zel—1 (1)
F.%253'52 . %50'5:52. 3
— - - «
F:Hp.d.AYP, [ Pawl] Pyz)=(Pz — 1‘BP) v Py

[%202101] =P~ t‘B'P
[%93:103] =d<P
[%202:55.%253:521] = 0P A‘P) @)

— “—
F.%253522.0F: Hp.D. (P, P'awl] Pya)i( P} AP)=P (3)
F.(1).(2).(3).%15111.2 F. Prop
¥25364 F:PeQ.q!A‘P-Q‘P,.D.Psmor P[ JP

Dem.
F.%250121.DF: Hp.D.E! miny(dP - dA‘P,) (1)

F.(1).%25353.DF.Prop
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*¥25365. F:PeQ.q!@‘P—~AP,.D.Nr‘P;= Nr‘P {1
Dem.
F.%253:521 . %204272. 0 F: Hp.D. P~e2, (1)

F.(1).%253'542.JF . Prop

%25356. F:PeQ.d>:P,=U‘P.E!BP.D.Nr‘P,= Ni‘P:
~(@P, = A‘P.E1 BP).D. NP, = NrP § i
[%25851511'55]
%25357. F:PeQ.(P,=P.E!BP.D.
14 NrP=Nr'P+1.14+NrfPL NP

Dem.
F.%253561.0F:Hp.D.Nr‘Ps= NréP.
[%253-21] JD.14+Nr‘P=NrP+i. 1)
[%253:45] J.14Nr‘P#%Nr‘P 2)
F.(1).(2).9F.Prop
*25357L. F: Pe Q. ~(0‘P,=U‘P.E! B‘;) . D.14Nr‘P=Nr‘P
Dem.
F.%25356 .0 F:Hp.D.Nr‘P;= Nr‘P41.
[%2563:21] .14 Nr'P+1=Nr‘P+1.

[%181:33] D.14Nr‘P=Nr‘P:DF.Prop

#263572. F: PeQ— A . ~(AP,=A‘P.E1BP).> .14 NP $ NrP 41
[%253:57145]

%253573. F1. PeQ.D: AP, =A‘P.E!1BP.=.14 NP+ Nr‘P
[%258:57571]

¥253574 k1 PeQ—1A.D:AP,=A‘P.E! BP.=.1iNrP = Nr'P}1i
[%253:57:572]



%2564, GREATER AND LESS AMONG WELL-ORDERED SERIES.

Summary of %254,

In the present number we have to prove that of any two well-ordered
serics one must be similar to a sectional relation of the other. From this it
will follow that of any two uncqual ordinals one must be the greater. The
propositions of the present number are due to Cantor*,

Our procedure is as follows. We define a relation “ RP,,Q,” meaning

“R is a proper section of P, and is similar to ,” e
RP,,,Q.=.ReD‘F;. Rsmor Q.

In virtue of %25346, if P,Qec¢Q, P,el—Cls (%25422) and
P T D'Ys e 151 (%254:222). Thus if S is any proper section of @ which
is similar to some proper section of Ps, the proper section of P to which
it is similar is P, *S. It is easy to prove that Py 3Qs[ DQs is a section of
P; and it DPs CUQ,,, te if every proper section of P is similar to some
proper section of ¢, we shall have (%254:261)

P D'Ps= Pg,7 Q[ DQs.
Hence it follows (#254°27) that if, further, DQ; Cd“P,,, we shall have
Pl DfPssmor @s [ DQs,
te. by %25325, Psmor@Q (%254:31).

Thus (A) if every proper section of P is similar to some proper section of Q)
and vice versa, then P is similar to Q.

Consider next the case in which every proper section of P is similar
to a proper section of @ (r.e. D*P; CUQ,,), but not vice versa, so that
q LD - APy, It is easy to prove that, under this hypothesis, if
SeDQs — AP, then DP; CAS,, (%254:32). But if S is the minimum
(in the order ) of the class DQs — A“P,,, then D<S; CUP,,. Hence,
by (&),

Ssmor P (%254321).
Thus (B) if every proper section of P is similar to a proper section of @, but
not viee versa, then P s siilar to a proper section of ¢ (%25433),

* Math. Annalen, Vol. 49.



SECTION D] GREATER AND LESS AMONG WELL-ORDERED SERIES 15

From (B), by transposition, we find that if every proper section of P is
similar to a proper scction of @, but P itself is not similar to wny proper
seetion of €, then every proper section of § is sinular to a proper seetion
of P, whence, by (A), P is similar to @ (%2543%).  Heuce, if there are
proper sections of P which are not similar to any proper section of (), the
smallest of such sections (say P’) must be similar to @, since it is not itself
similar to any proper section of ), but all its proper seetions are similar to
proper sections of Q. Hence (C) if there are proper sections of P which are
not similar to any proper section of @, then there is a proper section of P
which s similar 7€), 1.e.

PP QeQ.qt D —AQ,, .. Qe P, (x25435).

Thus either (1} ! DPs— UQy,, In which case Qe P, or
(2) qlDQs — AP, in which case P e, or (3) DPs CUQ,, and
D@y C AP, m which case, by (A), Psmor@. Thus (D) if P and Q are
any two well-ordered series, either they are similar or one is ~imilar to a
proper section of the other (%254:37).

We now proceed to define one well-ordered series P as less thon another
well-ordered series @ if P is similar to a part of ), but not to @, 7.e. we put

less=PQIP,QeQ.qtRIQna Nr¢P . ~(Psmor ()] DI,
{Observe that we have RI‘Q in this definition, not DQs.)

It follows from (D) that, P and @ being well-ordered series, it P-and ) are
not similar, oue ninst e less than the other (¥254:4). It follows also from
#*250°85 that if P is similar to a proper scetion of ¢ @ cannot be less than
P (%254:181). Hence P is less than () when, and only when, £ is similar to
a proper section of @, ..

PlessQ.=. P, Qe Q. PeU ), (%23441).
Hence if each of two well-ordered series is ximilar to a part of the other, the
two series are similar (%25445); and in any other case, one of them is similar
to a proper section of the other,

Fromn the above results we easily obtain the following propositions, which
are useful in the ordinal theory of finite and infinire.

#25451. F:Plessy.=. P Qe Q. RIPANQP=A

Le. one well-ordered series is less than another when, and only when vo
part of it is similar to the other.

«—
%25452. F:PeQ.aCCP . .qtCPnp'Pea.d.PlalessD

Le. any part of a well-ordered series which stops short of the end s less
than the whole serie-
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—~

#26456. F:Qless P.=:P,QeQ:(gR). RsmorQ.RC P.q! C*Pnp‘P*“C‘R

Le. one well-ordered series is less than another when, and only when, it is
similar to a part of the other which stops short of the end.

#26401. less=PQ{P,Qe Q. g RIQn Nr'P.~(Psmor Q)] Df

¥264:02. P, =(D‘P,){smor Df

#2641, F:PlessQ.=.P, Qe Q.qIRI‘QANI‘P.~(Psmor Q) [(¥25401)]
%254101. F: P, Qe .PCQ.~(Psmor@).D.PlessQ [#254:1]
¥25411, F:RP,.Q.=.ReD*P;. RsmorQ [(#254:02)]

«264111. . P, Q=D<P, n N1 Q [%25411]

#264'12. F:QedAP,,.=.q1DPsn Nr‘Q@ [#254'111]

¥254121. +.DP, CAP,, [%254°12 . %152:3]

%256413. F: Psmor P/, QsmorQ’.D: PlessQ.=. P lessQ’
[*151°15 . %152:321 . %254-1]

%25414. F:Se¢DQs. TePsmor Q.D.738 e D*Ps n Nr'S
Dem.
F.%213141.02F:Hp.D.(gB). Besect'Q— 1A —1°CQ.S=QL B (1)
F.%15087. DF:Hp.S=QL B.2.78=(TQ)[ T“B

[*151'11] =Pt T8 o)
F.%2127. DF:Hp.Besect‘Q.D.T“Besect'P (3)
F.x3743. DF:Hp.Besect‘Q—-*A.D. g1 T8 (4

F.%15022. Dt:Hp.T“8= CP.O.THB=TCQ:
[(¥72481] DF:Hp.T“B=C0P.BesectQ.d.B=CQ:

[Transp) DF:Hp.Besect'Q—1CQ.D. TR+ CP (3)
F.(3).(4).(5).2

F:Hp.Besect‘Q—t‘A—1CQ.D. T“Besect’ P — t*A—1C‘P (6)
Fo(1).(2).(6).2F:Hp.D.(ga). aesect'P — 1A —t’C‘P.T58 =Pl a.
[%213-141] D.738¢DPys )
Fo%151°21. Dt:Hp.2.(Ti8)smor S (8)

F.(7).(8).DF. Prop

%254'141. b : Psmor Q.Y .DQ, CA*P, . DP, CAQ,,

Dem.
F.%2541214.DF . Hp.D:SeDQs. 0.8 e TP, ¢))

Fo(1).%151'14.2 . Prop

¥254'142. +: Re0°P;.D. R, C P,

Dem.
F.%213:241.DF: Hp.D. DR, C DP, (1)

F.(1).%25411. . Prop
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#264'143. F:QedP,,.D.CQ: CUPy,

Dem.
F.%25412.0F:Hp.D.(gR). Re D‘P;. Rsmor Q.
[%254°141] J.(gR).ReD'P; . DQ: CA‘R,, .
[%254:142] J.DQ: CAPyy -
[%21316.Hp] D. QL “(sect‘Q—1'A) CAP,,, .
[%213°1] 2.0Q; CUPy,: D+, Prop

#254144. F:P=A.D.P,=A [%2183.%254:11]
._’
*26415. t:Q,CJ.q!BP.P, CJ.D:QedP,,.=.0Q: CAP,,

Dem.

F.%254°143 . JF:Qed‘P,,.D.0Q: CUP,,
F.%213142.%21126. 0 F:. Hp.q1Q.D: Qe C“Q; :

[%22:441] D:0Q,CAPy.D.Qed P,
F.%211°18. DF:Hp.D.q!sect‘Pnl.

[%200:85] D.AePl“(sect'P—1‘A).

[%218-16] 3.AeDP;.

[%254-121] J.A TPy,

Fo(2).3). DF:Hp.D:0Q CUAP,,.0.Qc TP,
F.(1).(4).D+.Prop

- -
%26416. F:QsmorQ'.D: P Q=P Q :QedAP,,.=.Q eUPy,
Dem.
- -
F.%254111.%152321.0F: Hp.D: P Q= P, Q" :

-~ —
[#13-12] D:qg!PQ.=. 4! PpQ':
[%33-41] D:QedP,,.=.Q TPy,

Fo(1).(2).2F. Prop
%264161. F: Psmor P'. D . dPy,, =P,

47

D
(2)

3)
(%)

1)

(2

Dem.,
F.%254°14. dbk:TePsmor P.8eD'P¢aNrQ.D.T58 e DPs n Nré@):
[%254'12] JDb:TePsmor P.QedPyy,. 0. Qe Pyt
[%151-12] Dt:Psmor P'.O.AP,, CAP,,

F.o(1).%15114.DF: Psmor P'. D . AP, CUT P,
Fo(@).(2).DF. Prop

#264:162. F:. Psmor P’'.QsmorQ'.0:Qe AP, .=.Q e TPy

[%254:16161]
%264:163. +F: Red‘Q,,.D. AR, CUQyy
Dem.
F.%25412.0+: Hp.D.(g8).Rsmor S.8eDQs .
[%254161-142] 2.(g8) . ARy = T8y « A8y C T Qo -

[#13:195] D.dR,,, CUQ,,: 2 F.Prop

(1
(2)
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*254164 }' : D‘PT C G‘Qsm . D . D‘PS = Psm“(D‘QS a} q‘Psm)': Psm“])‘Qf
Dem.
Fo#25411 . DF:Hp. ReDPs. D.(S). Se DQs . Bsmor S.

[%25411] D2.(AN.8 e DQs . BP,S .
(%37°1] D.Re P, “DQs 1)
FL.%23411.DF. PpDQs C D P (2)
Fo(1).(2).2F:Hp.D.D*Ps = P, “DQs
{%37-26] =P (DQs~nd‘P,,): D}t . Prop
%25417. F:PeQ.QeDFPs.RCQ.I .~ (Rsmor P)
Denm.
bLo%20421.DF:PeQ.RCP.RsmerP.D.ReSer.
[%204-41] D.R=PLCR (¢))]

F . %250:65 . Transp . D

FilPeQ.Rsmor PL.R=PLC'R.D.~(ga).aesect' P—1t°C*P.C“RCa.
[#211°13344] D . ~ (@) . Q e ] “(sect’P —1*C‘P). RCQ.

[%213'141] D.~(yQ).QeDP..RCQ 2
Fo(1).(2).0F:PeQ.Rsmor P.RGP.D.~(gQ).QeDP.RCQ (3)
F.(3). Transp.DF. Prop

#25418. F:QeDP;. .~ (PlessQ) [#254171]

#254181. F: Qe (P, ..~ (PlessQ)

Den.
F.%2541812.DF:Hp.D.(gR). Rsmor .~ (Pless R).
[%254°13] J.~(Pless@):DF. Prop

%254182. F: Pe.QeDPs.D . Qless P [%254:101 . %253°421°18]

%2642 F:PeQ.QeU Py .D.Qless P

Dem,
F.#25411.DF:Hp.D.(gR). ReD‘Ps. Rsmor .
[%254:182] D.(qR). Rless P. Rsmor Q.
[%234°13) D.Qless P:DF . Prop

#25421. F:PeQ. Qe ,.RCQ.ReQ.D.Rless P
Deum.
Fox25412.DF: Hp . D.(qS, 7). NeDPs . TeSsmor @ .
[#151-21.%150°31] DS, T).SeD P TeSsmor Q. TR smor B.T5RCS.

[(%254°17) D.yT). T5Rsmor R.T5RC P.~ (TR smor P).
[#151°17] D.qT). TiRsmor R.T'RC P .~ (R smor P).

{%254'1] D. tless P:D k. Prop
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%25422. F:PeQ.D.P,,e1Cls
Dem.

Fox25411.0F 0  RP,,Q.85P,Q0.0: R SeD‘Ps. Rsmor S :

[%25346) D:Pe.JD.R=8 (1)
F.(1).Comm.DF. Prop

¥264221. F: Pe.D.(P,, CO

Dem.
F.ox25412.%253'13.D

F:Hp.QedP,,.D.(qR,0). B=Pla. Rsmor ().
[%250-141.%231°111]D.QeQ:DF. Prop

%2064222. +:P,QeQ.D. P, Dsel o1
Demn.
Fo%254°11. 0 F 0 R(Pou [ DQs) S R (P [ DQs) 8" D
S, 8¢ DQs . Rsmor 8. Rsmor 8" :
{%233'46) D:Qe.D.8=8 (1)
F.(D).Comm.DF:Hp.D. P, [ DQseCls—1 (2)
F.(2).%25422. D F. Prop

¥254223. b . Covi(P,, P DQs) = Qo I DPs

Dem.

Fox25411.DF: R(P,,[DQ)S.=. ReDPs. Se DQs . Bsmor S,
(%151'14] =.8e¢DQs. Re D‘Ps. Ssmor K.
[%254:11] =8 Qs [ DPs) R: D F . Prop

%254224. F:Qe Q. E! P S.SeDQs.D. 8= Qe Pon'S
Den.
F.o%254223.DF 0 Hp . D1 SQum (PenS) « = o (PonS) PinS (1)
Fo(1) . %3032.%25422.D +. Prop

¥25422. F:1PeQ.Qed P, .D. PoQO=14DPsn Nr<Q) [#25422111]

#25424 t: P, QeQ.ReDPindQu-SeRERADP;.D.SedQy
Dem.
F.%21324.0F:Hp.D.SeDR;.

[%254143.Hp] D.85edQy,: Dt . Prop

R. & W. Il
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#264241. F:. PeQ.Q ReCP:.D: RedQ,,.=.R ¢DQs
Dem.

F.%254121.0F: ReDQs. . Re AQ,, 1)
h.%254142.0F:Hp. Qe CRs.D. Q. C R, @)
F.%25842. DF:ReQ.D.R~edR, 3)
Fo(2).(3). DF:Hp.QeCRi.D. R ~edQ,, 4
F.(4).Transp.(3).2F:Hp. Re Q.. D.Q ~e¢C°R; . Q+ R.
[%213:245] 3.~ (QP:R).Q+R.
[%213:153.Hp] J.RP:Q.

[%213:245) >.ReDQ, (5)

F.(1).(8).dF.Prop
%264:242. F:QeQ.Te Psmor Q.SeDQ; . D. T35S =P8

Dem.
F.%25414.DF:Hp.D.7T38e¢ D‘P; an Nr'S.

[%254:11] >.(T38) P,,S.
[%254'22.%251111] D . 758 = P,.S: D F. Prop

%254243. F:Qe0.SeDQ; . TePsmorS.8Qs8.2.T58 =P8
. Dem.
F.%213:245 .%253'18.0F:Hp.D. 5S¢ Q.8 ¢ DS;.
[%254-242] 2.758 = Py,*S’: O+ . Prop

#264244. F: P,QecQ.SeDQ ndP,, . Te (P, S)smor §.8Q:8..
T58 =P8, T3S = P8’ (T58") Py (138)

Dem.
F.%254243.0F:Hp. R=P,,S.D. 738 = RS’ 1)
F.%25411. DF:Hp(1).D.ReD‘Ps. 2
[%254:142] J.R,CP,, 3)
F.o(1).(3).%25422.0F:Hp(1).2. 758 = P8’ 4
Foxl5111, JF:Hp(1).D.R=T38. )
(23 D.T738eDeP;s (6)
F.(1).(5).%25411. D F: Hp(1). 2. T58 e DI(T58) )
F.(6).(7).%213244. D F: Hp (1). 2. (T38) P (T58) (8)
F.(5). DF:Hp.D.I'8 =P8 (€))]

F.(9).(4).(8).DF. Prop

%254246. F:P,QeQ.SeDQ n AP, 8'Q:sS.D . (Por’S') Ps (PonS)

Dem.
F.%2542211.DF: Hp.D . (P S)smor § ¢))

F.(1).%254'244 . D F . Prop
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#264:28. F: PQe0.8.8eDQi n P, . I: 8'Qs8 .= (P 8"y Ps (P fS)
Dem.
F.%254245 . DF @ Hp.D:8'QcS.D.(PypS”) Ps (Por’S) 1)
P, S, P, .S, P,

F.(1) ) g D
FooHp.D: (PenfS) Ps (Py*S) « I (Qun* Pera®S") Qs (Qurn* Per*S) .
[%254-224] J.85Q:8 (2)
F.(1).(2).2F.Prop

%254'26. F:P,QeQ.3.Q:[ (DQsn APyy) = Quui(Ps[ DPy)
Dem.
F.%25425.2 0 Hp. D0 8" {QL (DQs n AP} S.=:
S,8 eDQs a APy, o (Pt S\ Ps (Pya*S) =
[%25422] =:8,8¢DQs: (yR, R'). RP,,S . R’ P,,,S'. R'PsR :
[%254223]=: (qR, R") . SQuuR . S'QuuR'. R, R' ¢ D‘P; . R'P:R :
[#15011] =: 8" {Qn3(Ps [ DPs)} S22 D . Prop

¥264'261. F: P, Qe . DQ. CUPy,. D . QL DQs = Qui(Ps | DPy)
[%254-26]

¥26427. F:P,QeQ.DP, CUAQ,, . DQs CUAP,.D.
Qum [ C(Ps [ DPs) e (Qs [ DQs) smox (Ps [ DPy)
Dem.
F.%254222.0F:Hp.D. QN C(Ps [ DPs)el o1 (1)
F.%3741. DF:Hp.D.CYPs[ DPy) CAQyn (2)
F.(1).(2). 254261 . %151-22.. D +. Prop

In virtue of the above proposition, we have, when its hypothesis is
realized,

(@s [ D“Qs) smor (Ps [ DPs),
whence, by 25323, () smor P.
This proposition is the converse of ¥254°141.

In the above proposition we take @ [ C(Ps[ D‘Ps) as the correlator,
rather than @, |' D‘Ps, so as not to have to make an exception for the case
when Pe2,. Forif Pe2,, D‘Psel, but Ps[ D‘P;=A. Thus Qo[ D‘Psis
not a correlator in this case.

The following propositions, down to the end of the present number, are
important, and give the foundations of the theory of inequality between well-
ordered series and between ordinals.
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%25431. F:P Qe. D CUAQ,, . .DQ CUL,, . D smor
Dem.
F.ox254:27. Dbk Hp.D: (&5 DPs)smor (@[ DQs) :

[%25325] gl .1 Q.3. Psmor@ (1)
F.%254144.DF:Hp. P=A.D.DQs=A.

[%213-302] D.Q=A.

[%153:101] D. Pswmor () (2)
Similarly S:Hp.Q=A.D.PsmorQ (3)

F.).(2).(8).0F. Prop

%254:311. F:0 P, QeQ.D: DPs CAQ,, . DQs CAP,, . =. Pswor )
[%25431:141]

%28432. F: P, QeQ.DP; CUAQ,, .SeDQs— UL, .D.DP, CAS,,
Dem,

F.o%25424. DF:Hp.R, 8 eDQs.S'CR.ReP,,,. 0.8 eUP,, (1)

F.(Q).Transp. Dt :Hp. ReDQsn APy, . 2. ~ (SCR).

[%213-21] 3. RQ.S.

[%254:22:11.%218245] 3 . (P,,R)smor £ . R ¢ D*Ss .

[%254:12] D.(P,fR)edS,, (2)

Fo(2).%3761.0F: Hp.D. P, “(DQs n T P,,) CUS,, -

[%254-164] D.DP; CAS,,: DF. Prop

%254:321. F:P,QeN.DP; CUQ,,, . S=min (@s)(DQs — A°Ly,) . I.Ssmor P
Dem.
.—+
F.%20514.2F:Hp.D. QS CAP,, .
[%213-246] J.DfS Cap,, (1)
F.x25432.D+F:Hp. 2. DP, CAS,, (2)
Fo(1).(2).%25431.DF ., Prop

%264'33. F:P,QeQ.DP;CUQ,,.q!DQs—UL,,.D. PelQyp,
Dem.
F.%25324.2F:Hp. D .E!min (Q)¥DQs — AP,,).
[%254:321] 2.(q8) .S eDQs. Ssmor P
[%25411] >.PeQuu:dF. Prop

%254'3¢. F: P, QeQ.P~ecdQ,, . DPCUQ,,.D.PsmorQ
Dem.
F.o%25433. Transp. D F: Hp.D . DQs CAP,,. D'P; CAQ,, .
[%254:31] D.PsmorQ:D+t. Prop
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%254:35. F:P QeQ.yq!DQ— AP, .. e,

Dem.
F.%25324. D F: Hp. 2. B min(Q){DQs — A4P,).
[420514] . (@N). Se DG — (P, . QS T AP, .
[%213:246] J.(yS) . SeDQs — AP, . DS TP, .
{%254°34) 2.(4S5). Se DQs . Ssmor P
[%254:11] 2. PedQ,,: . Prop

¥25436. F:PQeQ. ! DQ —AP,,.D. 0P CAQ,, [#25435143]

#%26437. Fu. P QeQ.D:PsmorQ.v.PedQ,,.v.QeU P,
Dem.
F.%x25431.0F: Hp.DPs CUQ,,, . DQ: CAP,,,. D . Psmor Q (1)
F.%25435.DF:Hp. ! DQs — AP, . D . P e dQ,, (2)
Fo%25435. D :Hp. . g ! D*Ps — A0, . 2. Qe AP, 3)
F.o(1).(2).(3).DF. Prop
This proposition is the most important on the relations of two well-
ordered series to each other's segments. It shows that of every two

well-ordered serie., which are not similar, one mnst be similar to a segment
of the other.

%2644 +F:iPQeNN.D:Pless@Q.v.PsmorQ.v.Qless P
Dem.
Fox2542. DF:Hp.PedQy,.D.Pless@ (1)
F.%2542. DF:Hp.Qed‘P,,.D. Qless P 2)
F.%25437 .OF:Hp. P~edQ,, . Q~ed Py, . D. PsmorQ (3)
Fo(1).(2).(3). 2k . Prop

— —
#264401. F: P QeQ.D:less'P =less’ Q).

=. Psmor @
Dem.
— -
F.%2541. DF:Hp.less‘P=less‘Q.D.~(Pless ).~ (Qless P).
[%254-4] D.PsmorQ ¢}
— —
F.%254:13.2F: Hp. Psmor .. less‘P =less‘Q) 2)

F.(1).(2).2F. Prop

%2564'41. I-:PlessQ.z.P,QeQ.Pe([‘Q.sm.z.QeQ.Pe([‘Qsm
Dem.

FLo%2542. DF:@QeN.PedQ,,.D.PlessQ (1)
F.%254181. DE:Qed<P,,.D.~(PlessQ) (2)
F.%253421 . DF:QeQ.ReD'Qs. Psmor R.D.~(Psmor@):
[%25411] F:QeN.PedP,,.D. ~(PsmorQ) (3)
F.(2).(3).%2544.0F: Qe Q. PP, .D. Pless( 4)
Fo(l). (4). DF:PlessQ.=.Qe . PeQ,.

[%254-1] =.PQeQ.PeQ:D}. Prop
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*254'42. F.less CJ .less®Cless

Dem,
F.%2541. DF:Pless@.D.~ (Psmor@).
[¥15113] 2.P4Q )
F.%254163.DF: R e Q.. Se ARy . D. S e AQ,, 1
[%254-41] DF:Rless@.8lessR.D.S1uss @ (2)

F.(1).(2).DF. Prop
The relation “less” fails to generate a series, because it is not connected,
two similar well-ordered series being neither greater nor less than each other.
On the other hand, the relation Nriless is serial, since two similar well-
ordered series both contribute the same term to the field of Nr’less, and
therefore connection does not fail. The relation Nr3less will be dealt with in
the next number.

#26443. F:QeQ—t*A.D.AlessQ [%254'1.%2504.%15211]
%254431. . Iless =Q — t‘A . C¥less C Q)

Lem,
Fo%25443 . DF:iQeN—v'A.L. AlessQ (1)
F.%2541.%2513. DF:Q=A.D.Q~e less (2)
F.o%254°1. DF.(CflessC 0 &)
F.(3).(2). Transp. D F. (less CQ — 1A (4)
Fo(D).(4). Db.Ofless =0 — ‘A ()
F.3).(5).2F.Prop

In order to obtain C‘less= (2, we need, as appears from (1) in the above
proof, g 1 Q —1*A. In virtue of %2517, this requires ! 2. By %101:42:43,
this holds if “less ” has its field defined as belonging to a class-type or a
relation-type. If, however, “less” has its field defined as composed of
individuals, the primitive propositions assumed in the present work do not
enable us to prove i ! 2, nor therefore to prove 7 ! less.

It should be observed that “less,” like “sm” and “smor,” is significant when
it is not homogeneous ; but “ C“less ” is only significant for homogeneous typical
determinations of “less,” because only homogeneous relations have fields.

*264432. F:q!2, .= . !less Atpaltna. =. 1D~ 1A ntya
Dem.,

F.*251'7.3F:5[!2¢.£.§[!Q—t‘Antw‘a. 1)
[%254-43)] =.(3Q)- e Q- t'Antya.Aless(.
[#355°37] .- Aless Q. A} QCtyatina.

[%55:3] D tess Aty‘o t iy )
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F.%35103.DF:nlless Atyfa T tp‘a. D . (qP, Q). Pless Q. P, Qetya.
[%254°431] D.q!Q—t'Antfa.

[(D)]

D.q!2,

F.(1).(2).(3).DF. Prop

#264:433. I .of Ness A £,°Cls 1 £,Cls . 5] ! less A £,‘Rel 1 ‘Rl

[%254-432 . %¥101-42:43]

#264'434. F:nplless.=.(0fless=0Q.=.Bless=A

Dem.

F.%2504.%3324. DF:Cfless=0Q.D.79!less
F.%93102.%3324.DF: Bfless=A.D .5 !less

F.%25443. DF:QeQ —*A.D. AlessQ
F.(3). DF:g!Q—1*A.D. AeDAless.
[%254431] D.A=Bless

Fo(4).%254431. DFigiQ—1fA.D.C¥less=Q

Fo(1).(2).(4).(5).DF. Prop

— “«—
*26444. F:PeC¥lesa.D, Cfless =lessP u NrfP v less P

Dem.

F.%254:13. DF:Hp.D.Nr‘P CCless
F.(1).%33152.2F:Hp.D. le_s)s‘P vNrPv lgs‘P C C‘less
. %254°1. DF.ClessC Q.

[¥2544] D F :. PeCeless. D: Qe Clless. D @ elesstP u NP u less P (3)
F.(2).(3).DF.Prop

*254-45.

Dem.

F:PQeQ.q!RI‘PANQ.q! RI‘Qn Nr‘P.D. PsmorQ

F.%25442.0F: Pless Q.0 .~ (Qless P)
F.o%2541. DF:P.QeQ.q!REQANrP.~(Psmor@Q).D.PlessQ.

()]

D.~(Qless P).

[%254-1.Transp] D.~q!RI‘P A NrfQ)
F.(2).Transp.J }. Prop

3)

L)
(2)
3

4
(5

(1)
(2

1)

2

55

This proposition is the analogue, for ordinals, of the Schroder-Bernstein

theorem.
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]

%26446. F:PlessQ.=. P, Qe Q. ! RI'QnaNv'P.~qg!RI‘P n Nr‘q)
Dem.
Fox152:11.%6134.D
FrPQeQ. i RIEQANIP.~qg ! RI'Pna N0,
PQeQ . qtRIQnNr L.~ (Psmor ).

[%254-1] D. Pless() (1)
F.%254145. Transp . D
FiPless Q.. P, QeQ.qRIQANr‘P.~ ! RIP A N Q) (2)

F.(1).(2).9F., Prop
%264'47. F:Pe.D.Py=less| C“P;s

Den.
Fo%x213245.0F . Hp. D1 RPQ .= . ReDQs . Qe 0D
[%254:121] 3. R, .
[%25441] 3. Rless (1)
F.%254'181 . Transp. DF: Hp . Q, Re C‘Ps. Rless Q. D.Q~eU‘R,, .
[%254121] 3.Q~:DRs (2
Fo(2).%21325.%25442.DF: Hp.Q, Re C*P;. RlessQ.D . Re D).
[%213-245] D.RPQ (3

Fo(1).(3).2F. Prop

%2645, F:@P,QeQ.D:
REPANIQ=A.

i

CATRIQANYP .~ (Psmor@).=. Ples< ()

Den.

FL254°46. DF:Hp . REPANIQ=A.D.~(Qless P) ¢))
F.%61:84.%15211.DF: Psmor Q@ .D . PeRI‘P n Nré) (2)
F.(2).Transp. DF:RIFPANIQ=A.D.~(PsmorQ) (3)
Fo(1).(3).%x2544.DF: Hp. RFPANIr‘Q=A.D.Pless @ (4)
F.%25446. DF:Pless@.D.RI'PANIQ=A (5)
Fo(4).(3). DF:uHp.D:RI‘FPANIrQ=A.=.Pless@.

[%2541] =z.q'RI‘QA Nr'P .~ (Psmor @) :. D F.Prop

#26451. F:iPlessQ.=.PQeQ.RIFPANr@Q=A [%25451]

¥25452. F:PeQ.aCOP.q! (P npPa.d. Plaless P
Dem.
L. %250141.0F: Hp.D. Pl aeQ 1)
F.%250653.D2F:Hp.D.~(P[ asmor P) (2)
F.(1).(2).%254101 . F . Prop
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—
¥25453. F:P QeQ.QGP.q!CPnpPeCeQ.D. Qless P

Dem.
F.%250652 .9 F:Hp.D.~(Qsmor P) (D

F.o(1).%254'101. D F. Prop

—
%26464. F:P,QeQ.RsmorQ.RCP.q!CPnp'PC'R.D.Qless P
[#254-5313]

¥25456. F:.Qless P.=: P, Qe Q:(5R). Rmor Q. RGP .51CPnp  PECR
Dem.
F.%25441.DF: QlessP.D:P,QeQ:(R). Rsmor Q. ReD‘Rs:
[#21318]D: P, Qe 0t (qR). Rsmor Q. RGP.q! CP npPUC<R (1)
F.(1).%25454.3 F. Prop

&t



%255, GREATER AND LESS AMONG ORDINAL NUMBERS.

Summary of *255.

If P and §) are well-ordered series, we say that Nr¢P is less than Nr‘@ if
P.is less than @ Thus if 4 and » are ordinal numbers, we say that u is less
than v if there are well-ordered series P, @, such that u=Nr‘P and »=Nr‘Q
and P is less than Q. In order to exclude the case where, in the type
concerned, we have Nr'P=A or Nr‘Q=A, we assume u=Ng‘P and
v=NgrfQ. Thus we put

p<<v.=.(gP, Q). p=NgP.v=NyrQ. Pless (),
r.e. we put < =Nriless Df.

In order to be able to speak of Nr‘P (where the type of “Nr” is left
ambiguous) as greater or less than Nir‘Q), we put
<< Nr'P.=.p<c Ngo‘P Df
NrfP<pu.=.NpP<tpu Df
The treatment of types proceeds, mutatis mutandis, as in %117, to which,
together with the prefatory statement in Vol. 11, the reader is referred for
explanations.

In virtue of 25446 and %1171, there is a close analogy between cardinal
and ordinal inequality. That is to say, most of the properties of cardinal
inequality have exact analogues for ordinal inequality, and these analogues
have analogous proofs. (In the present number, when a proposition is
analogous to the proposition with the same decimal part in %117, and has
an analogous proof, we shall omit the proof.) But ordinal inequality has a
good many properties which have no analogues for cardinal inequality. The
chief of these, upon which most of the rest depend, is

#255:112. b p,veNO.Jip<v.vip=smorv.v.r < p
where “N,0” stands for « homogeneous ordinals,” .. NOnNy;R. We have
also, what is often important,
#265'17. F:NrfPSNrQ.=.Qless P.=.P,Qe).QedP,,.
=.P,QeQ.q! DPsn Nr<Q
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s0 that
%265'171, F:1. Pef). D1 u<Nr'P.=. pe Nr’DP; — 1°A
and more generally,
%266'172. F:. Pe.D:
p<<Nr'P.=.(qa). aCC‘P.g!C‘Pnp‘ﬁ‘a.p:Nr‘P[a.g!,u,

As in cardinals, p is greater than v if (and unly if) g is the sum of » and
an ordinal other than zero, including 1 except when v =0, (%¥255:33). But it
is necessary to the truth of this proposition that the addendum should come
after v, not before it; .. v + = > v unless w =0, (%255:32:321), but w 4 » is
often equal to ».

If @, B, y are ordinals, and « = 8, we shall have
via>y+ B (x255561),
aXxB>Bif a+0,.8+0, (%255571),
axy>B Xy if y+0, (¥25558),
yX B>y if yis of the form 8§ +1 (%255'573),
yXxa>yx B if yis of the form 8+ 1 (%255582).

From the above propositions it follows that if a, 8, y are ordinals,

y+a=y+B.2.a=48

(%255'565, where 8 may be substituted for smorf‘s whenever significance

permits; cf note to ¥120-51), which gives the uniqueness of subtraction
from the end (subtraction from the beginning is not unique);
axXy=8Xry.D.a=08 unless y=0, (%°55'39).
which gives the uniqueness of division by an end-factor;
yXa=yXB.D.a=R if y=8+1 (%255591),
which gives the uniqueness of division by a beginning-factor »f the form
8+ 1.
We do not have generally
a,B,7v¢eNO.a<cB.D.aexp,y <t Bexp,y,
because aexp, y and B exp,y are in general not ordinal numbers, since series
having these numbers are in general not well-ordered. Thus the theory of
ordinal irequality has only a restricted application to exponentiation. This
subject cannot be adequately dealt with until we have considered finite and
infinite series.
If a is an ordinal, C“‘a is the corresponding cardinal, .e. the cardinal
number of terms in a series whose ordinal number is a. Thus the cardinal
numbers of classes which can be well-ordered are C***NO, z.e.

%2557, F . Nc“C*Q = C<NO
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It 1s evident that
%26571. t:Pless@Q.D.NefCP < NeQ)
whence, by %2544,
*255673. F:. P, Qef).D:
NefCP < Ne“CQ) . v. Nef(“ P = NcC*Q) . v . Ne* (P > NefChQ)
whence also
#255T4. Fia Be C““NO~-1'A.DiaKB.v.a> 3

Thus if two classes can both be well-ordered, they either have the same
cardinal. or the cardinal of one is less than that of the other

We have
%26575. F:P QeQ.Nc‘C'P<Nc*CQ).D. Pless Q

or, what comes to the same thing,
%255'76. F:a,8eNO.Ca<cC“B.D.a<cf

The converse of this proposition only holds for finite ordinals. If a1san
infinite ordinal, @ + 1 always exists and is greater than a, but C*a= C*“(a + 1).
(The existence of a4+ 1 is deduced from that of a by taking a member of a,

and removing its first term to the end. The result is a series whose number
is a 4 1, in virtue of ¥253:503-54.)

*25501. <g = Nriless Df
%25502. > =Cnv'< Df
%*25503, N, O=NOAaN,R Df

Thus “N,0” means “ homogeneous ordinals” In virtue of %155:34:22,
this is the same as “ordinals other than A.” It is not, however, strictly
correct to put NyO =NO ~ t*A, because if the “NO” on the right is derived
from an ascending Nr, it will not contain all the ordinals in the type to which
it takes us, but only those whizh are not too big to be derived from the lower
type from which “Nr” starts. Thus in this case N,O will be a larger class
than NO—t*A.  If, however, the “Nr” from which the “NO” on the right
1s derived is homogeneous or descending, we shall have

N,O=NO — ‘A,
%255604. < =< usmor] N,O Df

This definition leads to the usual meaning of “less than or equal t0.” We
want the relation “less than or equal to” to hold only between numbers of
the sort In question (cardinal or ordinal), and we want “eqnal to” to hold
between two numbers which are merely different sypical determinations of a
given number, provided neither of these typical determinations is A, That
is, 1w 1s an ordinal which is not A, smorf“u is to be reckoned equal to p in
every type iu which it is not A, Thus if v=smor“y, t.e. if v =ysmoru, we
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shall reckon v equal to u if both are ordinals and neither is A, i.e. in virtue of
%155:34:22, if p,ve NJO. This leads to the above definition.
%265056. = =Cnvfg Df
%256086. u << Nr'P.=.p<cNg‘P Df

On this definition, compare the remarks on %117:02.
%25507. Nr'P<u.=.Ngp'P<p DI

The following propositions (down to #255°108) merely re-state the above
definitions,

%2561, Fip<v.=.(gP,Q).u=NpP.v=NgQ.Pless
#255101. F:p<e NréQ.=.p < NyrfQ

#265'102. F:Nr'P <v.=. Np'P < v

#265103. F:p>v.=.v<pu

*265'104. Fu<Crv.=:u<cv. V. wveNO. u=smory

i

%265-108. Frpzrv. =iy Quisiv<Eu. . v.u,ve NO . u=smor'‘y
[%255°104 . (%25503) . %155°44]

%255:106. F: NrfP < Nr‘Q.=. NP < Nor‘Q  [%255101'102]

%2565107. F: Nr‘P<ENr‘Q. = . Nir* P g NorQ)

#266108. F: . Nr'P<GCNr'Q.=: NyrP< NyrfQ.v. Nr‘P=Nr‘¢) . Pe 2
[%255°107-104 . %155°16 . %152:53]

#26611, Fiu<r.=.(QP, Q) - P,QeQ.u=Ng'P.v=NrQ.
qIRIFQANIP .~ ! RIFP A NEQ  [%255°1 . %254°46]

#255'111. F:u>v.=. (G2 Q)  P,Qe Q. u=NgP.v=NygQ.
qIRYPANIQ.~q ! RIEQ A NP [#25511°103]
This proposition is exactly analogous to %1171, except for the addition
P,QeQ. Hence except where this addition is relevant, the analogues of the
propositions of %117 follow by analogous proofs. Such analogues will be
given without proof in what follows, and will have the same decimal part
as the corresponding propositions in %117. Where proofs are given, there
are no analogues in %117, or else the method of proof is not analogous.

#255'112. Fip,veNO . Dip<Cv.v.p=smor‘v.v.v<pu

Dem.
F.%2551.%2544.DF:. Hp.D:

p<<v.vir<cp. V. (qP, Q) . PQeQ.u=NrP y=NrQ. P smorQ:
[%155-4.%152321]
dipu<cv.vor < pu.v.(GP, Q). p=Ng‘P . Nr¢P = Nr‘Q) . Nr‘ ¢ =smor‘‘v:
[%155-16]
Dip<rv.ver<cu.v.(gP, Q). p=NyrP. NP =Nr‘Q.Nr‘Q) =smor‘“s:
[¥1317]D:p<cv.v.v <€p.V.p=smor“v: Dt . Prop
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%265113. F:. P,QeQ.D: NP < NrQQ . v. Nr*P = Nr‘Q . v. Nr‘Q <<« Nx‘P
Dem.
F.%255112:106 . D F:. Hp.D:
Nr‘P < Nr‘@Q . v . No‘P =smor**No‘Q . v. NifQ < Nr‘P:
[%1554°16]D : Nr*P e Nr‘Q . v . Nr* P = Nr‘Q) . v . N1‘Q <c Nr‘P 1. D }. Prop
%255114, P g veNO.DipCr.vav<SpipZrv.var>u
[%255'112:104105-103]
%255115. F:. P, Qe 0. : Nr*P<< Nr‘Q .v. Nr*Q) << Nr‘P:
NrfP = Nr¢Q.v.NrQ &> Nr‘P [%255113108]
%25512. Fru>v.=:uveNO:
Peu.Qev.dpo.q!RIFPANKQ. ~o ! RIQ A Nr‘P
%255121. Frou>v.=:1u,veNO:
Peu.dp . (qQ)-Qev. ' RI‘P ANIK‘Q .~ ! RI‘Q n Nr'P
%255'13. F:Nr‘'P>NriQ.=.P,QeQ.q!RIFPANrQ.~5 1 RI‘Q A Nr‘P
%255131. F:Nr‘P > Nr‘Q.=.Nr*P = Nr‘Q) . Nr* P & Nr¢Q)
[%255°13 . %254°45]
%255'14. F:u>Svo=.(gqP Q). P, Qe . p=Na'P.y=Ng‘Q.Nr‘P> Nr‘Q
*255141. F: pSv.=.uZv. ,u,+ snorffy [*255'131'14]
#%26615. F:p>v.=.u,veNO g sRiFunsmory. ~ gl sRl“vasmorp
%26516. F:iprveN,0O.D:
wSp.=.smory S vl =, p > smorfy . = . smortfu > smor‘‘y
*205'17. F:Nr'P>NriQ.=.Qless P.=. P, Qe .Q TPy, .
P Qe . DP; A NIQ

1l

I

i

Dem.
F.%25513.%254:46 . D F: Nr'P > NrfQ). = . Qless P 1)
[%254:41) =.P,QeQ.QedP,,. (@)
[%254:12] =, PQeQ.q!DP:n N (3)

F.(1).(2).(3).DF. Prop
*266171. +:. PeQ.D:pu << NrfP.=.pue NrfDPs — 1A

Dem.
F.%25514.DF 0 Hp.Dip < N1t'P.=. (@) . p= Nor‘Q . Nr¢Q <« Nr¢P.
[%255°17] =.(gQ) p=Neg‘Q. Qe Q.o DPsn Nré@).
[%1521] =. (4@, B)  p=NgQ.QeQ.Qsmor R. ReDPs.

[%15235.%15516) = . (R) e u=N1r‘'R.Re Q. ReD‘Ps. [ ! .
[%25318.%376] =.peNr“DfP;— 1A :.DF. Prop
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#285172, F:. Pe.D:
D p<-Nr‘P.z.(ga).aC0‘P.§[!C‘Pnp‘.(l_"“a.p=Nr‘P[a.§[!y
en.
F.%211°703 .%213141.D

F:QeD*P,.D. (ga).aCOP.q! P apPa.Q=Pla (1)
F.(1).%255171.OF:Hp. p << Nr'P.D.
(8).aC CP.q 1 CP npPa.p=Nr'Pla.qly (2)
F.%250653 . %254°47 . D
F:Hp.aCCP.g 0P apPa.d. PlalessP.
[%255:17] J.Nr'P[ a< Nr‘P 3
F.(2).(3).2F.Prop
%2656173. F:. Pe.D:
Nr'Q < Nr'P.=.(qa).aCCP.q! C°P np“};‘a . @smor (P} a)
Dem.
F.%255172:102 . %155:22.D
Fi.Hp. D:NrfQ)<c NivfP.=.(50) . a CCP.ql OPn p“l—)—“a Npf@=Nr‘P[ a.
[%152:35.%155'22] = .(qa). a CCP.y ! C°P np‘}-’—“a. @ smor (Pf a): D F. Prop
K255'174. F: Nr‘Q <c Nr‘P.= . Pe Q. Nr<Q e NrDP,

Dem.
F.%255171102:13.D
FLNfQ < NrfP.=: Pe Q. NrfQ e Nrf“D s — ¢fA:
[%876.415522] =:PeQ:(qR). ReDPs. Ny =NrR :
[%155:16] =:PeQ:(gR). Re DP; . NrfQ=Nr‘R:

[%37-6] =:PeQ.Nr‘Q eNe“D*Ps:. D F. Prop
%2565:175. F:Nr‘'Q < Nr‘P.=. Pe Q. Nr‘Q e Nr*‘{(D‘Ps v 1°P)  [%255174-108]
%256176. F:. ! P.D: NrQ<CNr‘P.=. Pe Q. NrfQQ e NrC“Py
[%213:158 . %255°175]
#25521. F:Nr‘fP<cNr'Q.=.P,Qe Q. RI‘PANI‘Q=A [%25451.%25517]

This proposition has no analogue in cardinals, because it depends npon
%2544, In cardinals, if Cl‘anNc‘B =A, it does not follow that 'éi! Cl‘Bn Ncta,
so that Nc‘a may be neither less than, nor equal to, nor greater thon Nc¢3.

%255211. F: P, Qe Q.D: ! RIPANTQ. ! RI'QA Nr‘P.=. Nr'P= Nr‘Q)
[%254-45]
This proposition is the ordinal analogue of the Schrider-Bernstein theorem.

If P and Q are series which may be not well-ordered, the proposition fails.
Thus e.g. the series of rationals is like the series of proper fractions, which is
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a part of the series of rationals >0 and &1, and this latter series 1s part of
the series of rationals, but is not similar to the series of rationals, since it has
a last term, which the series of rationals has not.

%25522. F:P,QeQ.q!RI‘P A NrQ.=.Nr'P = Nr‘Q)
%256-221. F:. Nr‘P% Nr‘Q.=: P, QeQ:(qR). RE P. Rsmor

%256922. F: QCP.P,QeQ.D.Nr‘P = Nr()

%25523. FiNr'P2 NrQ .Nr'Q Z NrfP.=. P, Qe ). Nt*P = Nr‘Q
%26524. F:puZv.=.(GP, Q). u=Nyr'P.v=Nyr‘Q.Nr‘P = Nr‘Q
#255241. Fiuv.=.(GP, Q). u=NgP.v=NxQ.P, Qe . RI‘*Pa Nr'Q
%2559242. Fi.u,veNO.D:ipZv.=. (P, Q). Pep.Qev. 7! RI‘P A N1rQ
%255243. Frpv.=:

(AP, Q) : P,QeQ.u=NyxrP.y=Ny‘Q:(qR). RC P. Rsmor @

%255244. | :. M, V€ NO.D:
pZv.=.smor‘‘u 2 v.=. w2 smor‘v. = . smor‘‘y 2 smory

%26525. F:pv.vZu.=.p,veNO . smory =smory
*25527. F #Nr'P < Nr‘@ ..= . NP << NrfQ . Nr¢P £ NrfQ)
%25528. F: NP > Nrf). = . Nr'P 2= Nr‘Q) . ~ (Nr'Q 2 Nr‘P) ..
P,QeQ.~(Nr‘Qz2 Nr'P) [%25513:22:21]
%x255:281. FiuSv.=uzr.~w2Zp).=ureNO . ~(v2p) [%255114]
%26529. F: NP < Nr‘Q.=.NrfP NrfQ). ~ (N1r'Q << Nr‘P)..
P, Qe .~ (NrfQ) < NrfP) [%255°115]
*200291. bipu<rvzpu<Cr.~(r<Cp) .. p,ve NO. ~ ()  [%255'114]

In the following proposition, we employ an abbreviation which is justified
by its convenience, namely we put

(qw) . we NO v . Nr‘P=Nr'Q + =

o

n-m

instead of
(%) . e NO.Nr'P=Nr‘Q + & . v. Nr'P = Nr‘Q + 1.
In virtue of ¥51°239, these two expressions would be equivalent if I had any

indepdudent meaning; but as 1 is only significant as an addendum, %51-239
eannot be applied. We will, however, adopt the following definitions :

*255:298. (q=).wexvi‘l. f(u+ @) =:(gw).wex. f(p+ w).v.f(u+ 1) Df
%255:299. wexvi‘l. Dg.f(p+ ). =:men. Dg. flu+w):flu+1) Df

These definitions enable us to state many propositions, in which 1 occurs,
as though 1 were an ordinal number.
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%2663, F:iNrP2Nr‘Q.=:P,Qe Q:(gw) . w e NOV ‘1. Nr*P=N1Q - »
Dem.

b.%255°175 . %253471.D
FLNrfP2Nr‘Q.=: PeQ: () Nr‘Q4 o= Nr'P.v.Nr’Q + 1 = Nr*P :
[%251'13226]=: Pe Q : (w) . N1'Q, w e NO . Nr‘Q 4w =Nr‘P.v.

Nr‘Qe NO.NrfQ+ 1= NrP;
1P, QeQ:(dw). me NO.Nrf Q4+ = =Nr‘P.v.

NréQ+1=NrP:

[(%255298)] =:P, Qe :(qw). we NOV 1. Nr'P=Nr'Q4 = :.DF. Prop

[%251:1°111]

il

*26531 FruZv.=:iureNO:(gw).we NOvili.u=viw
[%255'3'14]

#26632. Fuy,weNO.D:ivdm>v.=.w%0,

Dem,
F.%25344 . DF:Hp.w40,.d. 014w 1)
F.%25531. dF:Hp.D.vdww (2)
F.(1).(2).%255141 .2 +F:Hp.w40,.D.v+w>v (3)
b.%255141 . dF:Hp.v+w>v.d.vdwFsmory.
[%1806] J.%5%0, “)

F.(3).(4).DF. Prop

#256:321. FrveNO.D:v$0,.=.v+1 >

Dem.
Fo%253:45 . DF:Hp.»#40,.0.v+1%v (1)
k. %25531. DH:Hp.D.v4izw (2)
F.o(1).(2).%255141. 2F:Hp.v#0,. 2. v+1>v (3)
k. %255141 . Dh:Hp.v+i>v.d.v14smors.
[%161-2] D.v 40, (4)

F.(3).(4).DF. Prop

#26633. Fiu>v.=:
,u.,veNOO:(gw).weNO—-L‘O,.,u:v-i—w.v.v={=O,..,u,=v-i-i
Dem.
b .%25531.D
F:.p,>u.5:M,veNDO:(ga’).meNO.y=V+m'.p,>v.v.p=v4—i-u>1/:
[%255°32:321]
SipveNO:(gw). we NO =~ 10, cp=vFw.v.v40,. p=v+1:.DF. Prop

R, & W. IIL
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%2664 Fipuroowe.d.uw
%26641. Fiu<$raosSw.d.uKo
%25542. F.~(pu>p).~(p <)
%26543. F:uZr. .~ ). .~ w)
#265431. F:uZv.weNO.~(u2w). D o>y [%25543'114]
#26544. L2 e~ w)..~(v)
%255441. Fiv o . peNUO .~ ®).Dor>pu  [%25544°114]
%25564b. F:pZrvr>wm. . uw
%25646. F:u>rvarZwe. . ud>w
#25547, Fip>Sror>w.dusw
#265471. Fiu<trvav<Sm.d..u<w
#255482. F:puv.= .4 0veNO. .~ > p)
%255483. Fip<Crv. .=y ve NO. .~ (v << u)
#2655, F:peNO.=.u0,
Dem.
F.%25581 . Fepu>0,.=:0eNO: (o). we NOvi‘l. u=0,4w:
[%18061) =:pueNO:wDF. Prop
#25651. FipeN,O—10,.2.u>0, [#255141'5.%15815]
*26552. F:PeQ—1‘A.=.Nr‘P=>2,
Dem.
F.%25013.0F: PeQ—t‘A.D.E!BP.
[%98101] D.(qy) (BP)yPy.B‘P#Fy.
[%56'11.%55°3] d.(qy)-(BP)l ye2,nRI‘P,
[%13195] JD.q4!2,aRIP,
[%255-22] 3.Nr'P>2, M)
FLo%25522.0F:Nr'P22,.0. Pel.q!2,AnRI‘P.
[%61:361] D.Pe— 1A (2)

Fo(@1).(2).3F. Prop

%255'53.

%255:54.
Dem.

FrpneNO—0,.=. 022, [%25552]

Fe2.2p.=0u=0,.v.u=2,

F.%255:53. Transp . #255281.0F: 2, > u.=.u=0 ¢))
F.(1)-%255105.D0F. Prop
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%#26655. F:u>2,.=.peN,O—-0'0,—12,
Dem.
F.%255'54 . Transp . ¥255'281 . D

Fep>2.=.0eNO.p$0,.042,:IF. Prop

%255656. F:ReQ .Nr'P > Nr‘Q.D.Nr‘R4Nr'P > Nr‘R 4 Nr¢Q

Dem.
F.%2553.0Ft.Hp.D:P,QReQ: (o). we NOu il . NrP=Nr‘Q 4w :
[%180°56]

D2:PQReQ:(gw). we NOwu 1. Nr‘R+Nr'P=(Nr'R 4 Nr‘Q) 4+ = :
[%25531.%251:26] 3 : Nr R4 Nr‘P > Nr‘R 4 Nr‘Q:. D }. Prop

#265561. F:yeNO.a>B.D.v+a>y+ B [%25556]

%255562. F: Re Q. Nr‘P = Nr'Q). D . Nr* R+ Nr* P> Nr‘R 4- Nr‘Q)

Dem.
F.%1803.0F: Nr*P=Nr'Q. D . Nr*R4Nr‘P=Nr'R+Nr‘Q 1)
Fo(1). %25510856. D
F:.Hp.D:NrfR+Nr'P > Nr*R+Nr‘Q.v . Nt R4 Nr¢P = Nr‘ R $ Nr‘Q :
[%255108] D : Nr* R+ NrfP = NrfR4 NrfQ:. D F . Prop

¥255:563. F:yeN,0.a2>8.D.y+a>y+B [#255562]

%255'564 F:P,Q ke Q. NrfR4+NrfP =Nr'R4Nr‘Q.D.Nr‘P = Nr‘Q
Dem.
F.%25542.3F:Hp. . ~(Nr*R+Nr‘P = Nr‘R 4 Nr‘Q)) .
[%255'56.Transp] 3.~ (NP > Nr‘@)) (1)
Similarly F:Hp.D.~(Nr‘Q &> NefP) (2)
F.(1).(2).%255113. D k. Prop
This proposition establishes the uniqueness of subtraction from the end.
Owing to the fact that ordinal addition is not commutative, we have to
distinguish “subtraction from the end” from “subtraction from the
beginning.” They may be called terminal and initial subtraction re-
spectively. Thus by the above proposition, terminal subtraction among
ordinals is unique. This does not hold in general for wnitial subtraction

among ordinals.

#255565. F1o, 8, 7e N,O.yta=y+B.D.a=smor S [%255564]

The above proposition is still true if we put a= g instead of a=smor‘‘3
in the conclusion, but in that case it is only significant when a and 3 are of
the same type, whereas in the above form it is free from this limitation,
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*256'67. F:P,QeQ —t*A.D.Qless(P x Q). Nr‘Q < Nr'Px Nr‘Q
Dem.

F.%25013. ODF:Hp.D.E!BP. (1)
[%165-251] 3. Qsmor @ | (BP) @)
b (1).%1661. DF:Hp.D.Q (BP)CPxQ (3)
F.(1).%93101.3F: Hp. . (g2) . (BP) Px (4)

F.%166113.JF:(BP)Px.Re C‘Q:I;(B‘P)._T/ eCQIO.R(PxQ(y )z (5)
F.(3).(4).%33'24.%166°12 . %113'106. D
}-:.Hp.D:(E[x,y):ReC‘Q:E(B‘P).DR.R(PxQ)(ylx):ylxeG‘(PxQ) (6)
F.(2).(3).(6).D2F:Hp.D. -

Q{ (B‘P)smor (. Q:E(B‘P)G Px@Q.q!1C(Px Q)n pPxQCQ :L,(B‘P) .
[*25,4‘54] D.Qless(PxQ) N
F.o(7).%256517 .0 F. Prop

*266'671. F:a,BeN,0~10,.0.8<caXxB [%25557]

*266'672. F: P, Qe Q—1‘A.E! B‘I\s. D.Pless(P x Q). Nr* P<eNr‘P x Nr‘Q
Dem.

F.%250-13. JF:Hp.D.E!BQ. 1)
[%166111] D2.(BQL’PEPxQ (2)
b.%15164.(1).JOF:Hp.D.(B*Q) | ' Psmor P (3)

F.%202:511 .0 F:. Hp.D: BPep P“DP:
(#166111]  D:zeDP.yed:Q.D.(BQ) |} (PxQ)ly | (BP)  (4)
F.%202'511. 3 k2. Hp. 3 BQ e prQeedeQ:
[¥166111]  D:z=BP.ycdQ.D.((BG |} (P xQ)ly | (BP) _6)
Fo(4).(8).2r:Hp.D:2eCP.yedQ.O.{(BQ | a}(PxQ) iy} (BP)} :
[%150-22] D:MeCBQ) 5P yedQ.D. M(PxQ)lyd (BP) :
[Hp.x33-24.4166111]
3:(gN): N e O(P x Qs McC{(BQ) LI P. D3y M(PX Q) N (6)
Fo(2).(3).(6).%254'54.DF:Hp.D. Pless (P x @) )
F.(7).%25517 .} . Prop
¥255'573. k1. a,Be NO~150, : () - ye NO—t0,vi‘l .a=ny41:D.a<cax B
Dem.
F.%204483.0 F:Hp.D.(gP. Q). a=N;aP.B8=N,r'Q. 5! BP (1)
F.(1).%255572.23 F. Prop
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#255'58. F:iqgeNO—10,.a>B.D.axy>> Xy

Dem.

F.%255:31.D

F:Hp.D:(fgw). e NO—10,.a=8+w.v.8+0,.a=8+1 (1)
b.%184:35. dbra=B+w.d.aXy=(BXy) + (& Xy) (2)
F.%184:16. dF:Hp.w#40,.0.5Xy+0, 3)
F.(2).(3).%25532.0F:Hp.w e NO — 10, . a=B+w.D.aXy>B Xy (4)
F.%184°41. Dt:Hp.a=8+1.d.axy=(BXy)+v.

[%255°32] Dd.aXy>BXy (5)

F.(1).(4).(5).DF.Prop

x265581. F:PeQ.E1BP.QlessR.D.
PxQlessPx R-NrfPxNr‘Q << Nrt P X Nt‘R

Dem.
F.*254'55.3F:Hp.).(gS).SsmorQ.SGR.E{!O‘Rnp“l—i“O‘S L
F.%16611.0F:SCR.D.PxSCPxR (2}
F.%16623.0F:Ssmor@.J. P x Ssmor P x Q (3)
b.%202:524 . %4053 .3 b 1. Hp.ze C°Powe CS.y e CR n p RUCS . D 5

zP(B‘ﬁ).v.z:B‘]g:'wRy:
[%166:113] Siwi)(Px By (BP) &)
F.(4).%166'111.DFz. Hp.ye ‘B n pREC4S . D
MeCPx8). . M(PxR)lyL(BP) (5
F.(5).%1028. DF:.Hp.E[!C‘Rnp‘(I_E“C‘S.D:
(AN): NeC(PxR): Me C(Px8).dy . M(PxR)N  (6)
l-.(2).(3).(6).3(—:.Hp.SsmorQ.SGR.g!C‘Rnp‘%_ﬂ:):
(Px8)smor(PxQ).PxSCEPxR.q!C(P x R)yap'P x R“C(P x8):
[#254°54] D.PxQlessPxR (M
F.(1).(7).2F:Hp.D.PxQlessPxR (8)
F.(8).%25517.JF. Prop

#256:582. F:aeN,O:(g8).8e NO—10,vifl.a=841:8<cy:D.
axB<axy [¥255581.%204-483]

%26559. F:a,8,yeN,O.y#0,.aXy=8Xvy.D.a=smor"S
Dem.
F.%25558 . Transp. D F: Hp. D .~ (@> ). ~ (<t 8).
[%255112] D.a=smor8:Dt.Prop
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This proposition establishes the uniqueness of terminal division, v.e.
division by an end-factor. Initial division (i division by a beginning-
factor) is only unique if the divisor is of the form 8+ 1.

*266:691. F:.a,8,7e N0 :(78).8eNO 10, vii.a=841:
aXB=aXry:D.B=smor‘y [¥255582112]
%2566, F:NrP>NrQ.D.14+Nr'P > 14N Q
Dem,
F.%25533.0F: Hp. d:(qw). w e NO— 10, . Nt*P=Nr'Q+ = . v.
Nr‘P#0,. NP =Nr‘Q41:
[#181'55] D : (gw) . & e NO — 10, . 14 Nv'P= (1 + Nr'Q) + = . v
Nr‘P+0,. 1 4 NefP=(1 4+ Nr‘@) 4 1:
[#25583] D: 14 Nr‘P > 14 Nr‘Q:. D k. Prop
%265601, F: Nr‘P > Nr‘Q.=. 1+ Nr'P > 14 Nr‘Q
Dem.

69 .
#2556 £y - ¥255103.

F:Nr‘P < NrQ.J3.14Nr'P < 14 Nr‘Q (1)
F.o(1).%255008. D F: Nr'P S NrQ. D . 1 $ NrP <G 1 £ Nr'@Q (2)
F.(2).Transp . %251'142,D
F:i4NeP, 14+ Nr‘QeNO.~ (1 + NrfP <14 Nr Q). D.

NP, Nr‘Q e NO. ~ (NP < N1rQ) (3)
+(3).%255281, D F: 1§ Nr'P > 1+ Nr‘Q . D. Nr‘P > NrfQ) (4)
«(4) . %2556 . D F. Prop

M

-

T T

%25561. F:QReQ.NrP=NrQiNr‘R.(‘R,=(‘R.E1BR.D.
NreP 1> NeeQ 41
Dem.
F.%25357.0F:Hp.D. Nr‘P41=NrQ+14{Nr'R.
[%255'32] D.Nr‘'P4+i>NriQ41:dF. Prop
¥26562. F:QReQ.Nr‘P=Nr‘Q+ Nr*R. Nr‘R40,.
~ (AR, = I‘R.E1 BR).D.
Nr‘'P > Ne‘Q4+ 1. NP4 1> NrfQ+1

Dem.
F.o%258571.0F:Hp. D . Nr‘P=NrQ+ 1 + Nr‘R.
[%255:32] J.NrfP > NrQ+1. (1)
[%255:321] D.Nr'P+1>Nre@Q+1 (2)

F.(1).(2).DF. Prop
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%26563. F:Nr‘P>NrQ.D.Nr'P 41> NrfQ+1
Dem.
F.%25533.0F:Hp.d: (gR).Nr'R+0, . Nr!P=Nr'Q + Nr‘R . v.
Nr‘Q@#40,.Nr‘'P=NrQ+1:

[%255°62:321] D:Nr'P41>NrQ41:.DF. Prop
%25664. F:Nr'P>Nr‘Q.=.Nv‘'P+1i>NreQ+1

Dem.
F.%255'63103 . DF:Nr‘'P< Nr‘Q.J . Nr‘P+1 < NrfQ 41 (1)
F.%18131. DE:Nr‘P=Nr‘Q.D . NrP+1=NrQ+1 (2)

Fo(1).(2).%255'118.0F: P,Q e Q. ~ (NP > Nr Q). .
Nr'P+i<NrQ+1.

[%255-483] D.~(Nr'P+1>NrQ41)  (3)
F.o%251132. dbF:n(PQeN).D.~(NrP4+1,Nr'Q+1¢NR).
[%25512] D.~(NrfPHi>NrQ+1) (4)

F.(3).(4). Db (NP> NrfQ). D . ~ (N P41 > NrQ4+1)  (5)
F.(5).%255°63.2 F. Prop

%*255°65. l‘:./,LGN‘,O—-L‘O,..):u>p,._=_.v>p,4-i
Dem.
Fo%x25533. by >p.d: (o) . weNO— 10, .v=pfw.v.r=pn+1 (1)
F.%2555331.2
bt Hp.weNO~t0,v=p+w.d:(gp).pe NOuil.o=p$24p:

[%181:56] d:(gp).peNOvil.v=p+1414p:
[(%255°298)] Div=ptlifi.viv=ptififi.v.
(gp) - p e NO= 10, .v=p+1+14p:
[%255:33] divs>pu+tl (2)
F.o(1).(2). Dhiv>u. D udl (3)
F.%25545321.0F:Hp.vp+1.2.v>4u (4

F.(3).(#).DF . Prop

The following propositions are concerned with the relations of ordinals to
the corresponding cardinals, 7.e. to the cardinals of the fields of well-ordered
series having the given ordinals. If P is a well-ordered series whose ordinal
is o, C“a = Nc*O“P, so that C*a is a cardinal whose members can be -well-
ordered. Such cardinals have the property that of any two which are not
equal, one must be the greater.

If the cardinal number of one series is greater than that of another, so
ig the ordinal number; but the converse does not hold except for finite
numbers.
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#2667, F.Nc““C*Q=C“NO [%152'7.(%251:01)]

%265701. F.Nc“C“Q — ! A=C“NO=t‘A)=C“NO— ‘A [%2557 .%3745]
#265'71. F:PlessQ.D.Nc‘C“P < Ne‘CQ

Dem.
F.%2541.DF:Hp.D.q ! RI‘QA Nrf P,
[%154°1) D.q1CICQ A NetC*P.
[%117-22] D. N C* P NefC“@ : D+ . Prop

%266'711. F: Nr'P <G Nr‘Q . D. Ne‘C“P < N C4Q)
[Proof as in %253°71, using %255:22]

¥26572. Fr1a<<B.D. 0% << OB

Dem.
F.%25524.3F:Hp.D.(gP, Q). a=NgP.B=NrQ.Nr'P < Nr‘Q .
[%255711] 2.(P, Q) .a=NyP.B=NrQ.Nc‘CP g Ne‘C“Q) .
[%1527] 3. C“a << C“B:DF. Prop

*26573. +:@ P, QeN.D:
Ne‘O'FP < NefCQ v . NefC*P = Nef0“Q . v. NefC“ P > N0 Q

Dem.
F.%255711.Dr: Hp. Nr‘P <GNr‘Q . 3. NefCF P K Nef 0@ 1)
F.%25571. DF:Hp.Nr‘Q < Nr‘P.D.Nef‘C“Q < Nc‘CP (2)

F.(1).(2).%255115.DF . Prop

%20574. F:io,BeC“NO—-t‘A.D:aKB.v.a>8

Dem.
F.%255701.3F:Hp.J.a,Be C“(NO ~ ‘A).
[#15534] d.(gP,Q). P, Qe .a=CNyP.B=C“NyrQ.
[%152-7] 2.(FP, Q). P,QeQ.a=NCP.8=NcCQ (1)
F.%25573.%117-106-107-108 . D
FLP Qe .D: NpefOP K NefCQ . v. Nyc*C P > NcfCFQ (2)
Fo(1).(2).2F. Prop

*256575. F:P QeQ.Nc‘CP < Ne“CQ.D.PlessQ
Dem.
F.%117°291.3 F: Hp. D . ~(Nef0*Q < Nc‘C* P).
[%255711.Transp] D.~(Nr'Q K NrfP).
[%25529] J.Nr'P < NrQ.
[#255:17] J.PlessQ:DF.Prop

#25676. F:4,BeNO.C% < C“B.D.a<cB [%23575.%1527]



%266. THE SERIES OF ORDINALS,

Summary of %256.

In the present number, we have to consider the series of ordinals in order
of magnitude. Propositions on this subject deserve close attention, because
it is in this connection that Burali-Forti’s paradox* arises. This paradox, as
we shall show in the present number, is avoided by the doctrine of types.
But before discussing the paradox, it will be well to explain various propo-
sitions which raise no difficulty.

For convenience of notation, we shall, in the present number, employ the

letter M for the relation “<¢” (This letter is chosen as the initial of
“minor.”) Thus “aMB” means that a and 8 are ordinals of which a is less

- -~ -
than 8. M*‘B will be the class of ordinals less than 8, M,‘8 will be 8+1,
and M,‘B, when it exists, will be such that either M,841=8, or
B=2,.MB=0,. Thus A‘M, is the class of ordinals having immediate

predecessors, and EMl is the class of ordinals not having immediate pre-
decessors.
We have (%256°12)
FroaMB.=:04,8eNO:(gy).ye NO =10, vi‘l. B=aiy,
that is, one ordinal is less than another when something not zero can be
added to the first to make it equal to the second;

¥26611. F:PeQ.D. MNrP = Nr¥*DP;

Le. the numbers less than that of P are the numbers of the proper
segments of P. Also, if Pe (),

ML MNP = N3 (P, L DPy) Ny P DPyel -1 (x256:2:201),
80 that (%256:202) the series of ordinals less than that of P is similar to the
series of the proper segments of P, ie. to P I‘P (in virtue of %25322).
It follows (%256:22) that every section of M is well-ordered, and therefore
that M is well-ordered (%256°3), i.e. that the ordinals in order of magnitude
form a well-ordered series.

* «“Una questione sui numeri iransfiniti,” Rendiconti del circolo matematico di Palermo,

Vol. x1. (1897). 6



74 SERIES [PART V

For the purposes of the present number, it is convenient to include 1,
(cf. ¥153) in the series of ordinals; we thérefore get

N=Mu0,|Lw(1l)TAM Dft [%256,.

The effect of this definition is merely to insert 1, in the series M between

0, and 2,. We then have (%256:42)
NréN =14+ NvéM,

Now if Pe), P[ (‘P (as we have just seen) is similar to a proper

segment of M, so that if we omit to mention types we obtain
F:PeQ.D.Nr‘P[ AP << Nr* M.
Hence NrP, which is 14 Nr¢P[ (I‘P, is less than 1+ Nr‘M (by %255°63),
t.e. 18 less than N. Hence
F:PeQ.D.Nr'P < Nr‘/N.

Nevertheless N e (), so that it might seem as if Nr‘N must be less than
itself, which is impossible by %255-42. Hence we are led to Burali-Forti’s
paradox concerning the ordinal number of all ordinals.

Burali-Forti’s own statement of his paradox, which is somewhat different
from the above, may be summarized as follows. Assuming

20,8eN0.D:a<cB.v.a=RB.v.a>f (A),
we shall have ae NO.D.a<<afl.
But we also have aeNO.D.a<g Nr' N,
Hence Nr'N < Nv!N+1.Nr'N 41 < Nr‘ N,

which is impossible. The conclusion drawn by Burali-Forti is that the
above proposition (A) is false. This, however, cannot be maintained in view
of Cantor’s proof, reproduced above (%¥255'112, depending on %254'4). The
solution of the paradox must therefore be sought elsewhere,

With regard to Burali-Forti’s statement of the paradox, it is to be
observed that “a <z a+1” only holds if g Ya+ 1, ve. if (yP).Pea.CP£V.
This will always hold if a exists and is infinite, because then, if Peaq,
PLAP4 B‘Peatl. But if a is finite, this method fails, since’

PP BPea
Thus if the total number of entities in the universe (of any one type) is
finite, “a <z a+1” fails when C“a= 1V, which is just the crucial case for
Burali-Forti’s proof. Hence as it stands, his proof is only applicable if we
assume the axiom of infinity; it might, therefore, be regarded as a reductio
ad absurdum of the axiom of infinity, 7.e. as showing that the total number
of entities of any one type is finite.

In order to make it plain that the paradox does not depend upon the
axlom of infinity, we have above stated it in a form independent of this
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axiom. The paradox, stated simply, is as follows: The ordinal number of
the series of ordinals from 0, (including 1,) to any ordinal & is a4 1 ; hence
a4 1 exists, and is therefore > a. But the ordinal a is similar to the
segment of the series of ordinals consisting of the predecessors of @, and is
therefore less than the ordinal number of all ordinals. Hence the ordinal
number of all ordinals is greater than every ordinal, and therefore than itself,
which is absurd; moreover, though the greatest of all ordinals, it can be
increased by the addition of i, which is again absurd.

In order to dispel the above paradox, it is only necessary to make the
types explicit. In the proposition

PeQ.Dd.PlessN (B),

upon which the paradox depends, the relation “less” is not howmogeneous.
N is of the same type as M, which is defined as Nriless, where Ctless=Q.
Thus Nx*Pe (*N. Thus &, as it occurs in (B), should really be N [ ¢‘Ny*P,

te. N[ tt“P, 1.e. N(P,P), according to the definition %6512. We have
therefore

%256653. F:PeQ.D.PlessN[¢t!Nga‘P

but this does not allow the inference

N[ t*Nyr‘Pless N[ t‘NrP,
which is what would be required in order to elicit a paradox. The correct
inference is, substituting for NV [ t*Nr‘P the equivalent form N (P, P),
N (P, P)less N (N (P, P), N (P, P)l. or, more generally,

#25656. F.(N[ ) less (N[ (¢4 \)}]

Thus in higher types there are greater ordinals than any to be found in

lower types. This fact is what gave rise to the paradox,as the corresponding
fact in cardinals gave rise to the paradox of the greatest cardinal.

¥25601. M= < Dft [%256]
¥25602. N=Muwo0,|1,u@ 1)1 dM Dit [%256]
¥2561.  F.MeSer.C“MCNO

Dem.
F.%25542. DF.MCJ 1)
F.x255471. Dt .M etrans 2
FLox255'12. DF.CMCN,O 3)
F.(3).%255112., ¥155:43 . D k. M e connex (4)
Fo(D).(2).(3)-(4).DF. Prop

The above proposition assumes that M is homogeneous, since otherwise
“C*M” is not significant. But M is significant even when it is not homo-
geneous. Thus the conditions of significance in the above proposition impose
a limitation upon M which is not always imposed upon M.
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%2566:101, F:p! M. D.CM=N0.0,=BM:N0—-10, =AM
Dem.

F.%200:12.%2561 . DF. C'M ~el 1)
F.(1). %514, DbF:gIM.D.q!CM—1f0,.

[%256°1] J.q9!NO -0, (2)
F.%25551 . db:ipeNO-10,.=.0,Mu (3)
+.(3). DF.NO -1, CAM .0, ~eAM €))
F.(2).(3). DbF:qIM.D.0,eD'M (5)
F.(4). %2561, QF.AMCNO -0, (6)

F.(4).(5).(6).9F. Prop

The hypothesis gt M will fail in the lowest type for which M is
significant, if the universe contains only one individual. Under any other
circumstances, 7 ! M must hold

¥256102. F:q!N,0—10,.D .50t M

Dem.
F.%256'101.DF: Hp.D. gt A‘M 1)

F.(1).%3324.DF . Prop
426611, F:PeQ.D. MNtP=Nr“DP, [#225174]
%25612. tF:aMB.=:0,8e¢N0:
(FY)-yeNO =0, . B=a+y.v.a%0,. 8=a+1 [%25533]
¥2562. F:Pe0.d.
- — .
M} (MyNr‘Py= NysPs . M [ (MNP) = Nri( P, [ D¢ Py)

Dem.

. — ) —
F.%256101.DF:Hp. Pe0,.D. M M'Nr'P=A. M} (M‘Nr'P)=A (1)
F.%2133. DF:Hp.Pe0,.D.NaiPs=A.Nyi(Ps[ D‘P)= A (2)

_—’
F.%256'11.%213158 . D F: Hp. P~¢0,.D . My‘Nr‘P = Nr“C“Ps 3)

F.(3) %2517 . D F 1. Hp. Peve0,. D a (ML (MyNrP)} 8. = .
(AQR).a=Nir‘Q. 8= NuR.Q, Re C‘Ps . Qless R .

[K25447] =.(gQ R).a=NgxQ. 8= Na‘R. QP:R .
[%1504] =.a(N 3P 3 (4)
Similarly F:.Hp. P~e0,.2:a {M] (:’l;Nr‘P)} B.=.a (NP DPs) B (5)
Fo(1).(2).(4).(5).DF. Prop
256201 +:PeQ.D. Ny [ DPye (M ] (MNr<P) siior (Ps [ DPy).

Nor [ CPy e (ML (My‘Nr*P)) 6Tiicr Py [253461 . %256:2]
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__’
¥366:202. 1 PeQ.D . Nrf{M[ (MNrP)} = 5v!(P, [ D*Py) = Nr¥(P | (“P)
[%256-201 . ¥253-22]

—
%266:203. F: PeQ.D . Nrf{M[ (MyNr‘P)} = Ni*P; [%256:201]

¥356-204. F:aeNO —112,.3. 14 Ne((U | Moy =
Dem.
b .#255101 . 4256:202 . D
FrPeQ.a=NatP.d: Ne{M | Mo} = Nei(P| A“P) :
[%20446:272] 3:Pre2. . 14 Ne{(M ] Mia)= NeP 2. D . Prop

.—)
%25621. F:peNO.Peu.D. Mu=NrDP, [%256:11]
__’
¥256:211. F:pue NO— 10, . Pep.D . Myu=Nr<C*P, [#213158.%25621]

.—.’
¥25622. F:peNO.D. .M M el

Dem.
F.%256208. 3 F: Hp. Pep. D . Nr{(M | My'p)=NrP;.
[%25324] d.ML E*‘# eQ (1)
F.(1). )i—:y+A.).Mtﬂ’*‘yeQ ' (2)
F.(2).%2504.DF. Prop

e 4
%266221. F:pueNO.D. M M'ne [%256202]
%2663. F.MecQ [#256-22:1 . %250°7]

¥266:31. Fiip!M.D.2, =2y =Mr0,

Dem.
« «—
F.%255:51'58. D F:Hp.D. M0, =12, v M2,
‘-—-
[%205°196.%2561] D. 2, = min,*‘ M0,
[%206°42.%201°63] = M0,
[%25042.%256-101] =2y :DF.Prop

We shall have, for every finite v, v, = vy, where », will be defined as the
ordinal corresponding to », t.e. as

On E"‘v.

(This is a single ordinal when » is finite; otherwise, it is the sum of a class
of ordinals.) This subject will be considered in the next section.
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*256:32. F:aM,B.=:0,8eN0:a%0,.8=a+l.v.a=0,.8=2,
Dem.,
F.%25565.2F:ae N;O~10,. 2. Ma=1(a+1)v M(a+1).

.. “—
[%205°196] D.a+l=miny‘Ma.
[%206-42.%201°63] d.aji=Mra 1)

F.(1).%25631.DF. Prop

%2564, F.1,~eNO

Dem
b.%15336. DF:Rel,.D.C*Rel.
[%200°12.%250°12] D.R~eQ (1)
F.o(1).%251'122. Ot :ae NO.D.anl,=A 2

F.(2).%15334.JF. Prop
%25641. F.N=Mv0,|1,u(l)T AU [(%25602)]

*256'411, F:.aNB.=:a=0,.Bet’l,vAM.v.
a=1,.8e@TM.v.a,BeAM.aMB [%25641]

#206412. F:M=A.D.8=0,1,.Ne2, [%25641]

%256413. F: M=0,12,.0.N=0,|1,w0,}2,vl, |2 .Nel+2,
[%256'41 . %161-211]

%266414. F: ‘M ~el.D.N=0,} 1, 2 M[ AN
Dem.
F.%204:46 . %256°101 . D
F:Hp. 4! M.D.N=0, ¢ M[AM w0, |1, u(l) T C(M]AM)
[%161-101] =0, L0, viI) Tt C(M[ A M)yu M AM
[%1601] =0, 1,2 M AU 1)
F.(1).%256:412. 3 F. Prop

%25642. F:q!M.D.Nr'N=1+4Nr'lM

Dem.
F.%256414.DF:Hp . ‘M ~e1.D . Nr'N=2,+ Nr{(M [ A‘M)
[%181°57] =1414+NesM [ AH)
[%204°46] =14 Nl (1)

F.(1).%256:413.DF. Prop

%26643. F:NeD — 1A [%256412:42]
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%26644. +: PeQ.D:PLd‘PlessM,=.PlessN.q!' M

Dem.

F.%255'17-601.D

b:Hp.D:P[dPless M.= .14+ Nr'PL AP <14 Nr' M (1)
b.%25641242.DF:P=A.D.Pless N (2)
F.%25551. JF:#P=A.D:PLAPless M.=.5! M (3)
F.2.(8). DFaP=A.D:PLUAPlessM.=.PlessN.gtM (4
’_
[.
’_

Il

- ¥200'35 . %255'51 . D 1. A°Pel.D: PLAPless M. = . g 1 M )
. %25642. DFuHp.I‘Pel.jftM.D.Pless N (6)
.(5).(6). DF:.Hp . A‘Pel.D: P[TPlessM.=.50 M. Pless N (7)

F.%20446 . DF:t.Hp.q! P.A*P~el . D: 14 N PL AP =NreP:

[ D:PLAPlessM.=. Nr'P << 1 £ N1 MM .

[%256:101°42] NP < NeN. gt M (8)

F.(4).(7).(8).2F. Prop

We now make use of the above propositions to show that every well-
ordered relation P of the type we start from is less than N, where N is to
hold between ordinals of the type to which Nyr‘P belongs. This proposition
embodies what Burali-Forti’s paradox becomes when account is taken of
types.

%2665, F:iq!M.PeQ.D.Nyi(Ps[ DPs)e DM t*Nyr*P)s

Dem.

i

F.%2562.%25313.2F:Hp. 2. Nyri(Ps [ DPs)e DM, (1)
F.o(1).%15022.  DF:Hp.D.Nga“DP; Ct,CM;.

[%213:141] D.NrPetfC M.

[%63-53] D. 6 CMs =Ny P (2)
F.(1).(2).2F.Prop

#26661. +:PeQ.D.Ny(Ps[ D‘Ps)ysmor PL AP [%253'463]
%256:52. F:'M.PeQ.D.PLUPlessM [ t‘No‘P [#256551 . %254182]
%256'63. +:Pe.D.PlessN[t‘Ng<P

Dem.
bF.%25644°52 . D F:Hp.jp! M.D. Pless N[ t‘Ngx‘P (1)
F.%256:102. DF:Hp.M=A.D.P=A.
[%25643] D.Pless N (2)

F.(1).(2).DF. Prop
*25654. F:PeQ.D.Nr (PNt NyrP)=A

Dem.
F.%25653 . F:. Hp.D:QetP.Dg. ~ {@smor N[ t*Nor‘P;:
[%152:11] D:t‘PaNr{(NLt*NoP)=A:

[(%6504)] D:Nr(P)(N[t*Nyr‘P)=A:.DF. Prop
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25685, F:Pe2.D.
Nr (PN [ t‘Na‘P)=Nr (P)N [ t‘t*P)=Nr(P)|N (P, P)}=A
Dem.
bF.%15512.DF. Pe NP,
[%63105] JF.PetNy‘P.

[%6353] D F.t#P=tNyP 1)
F.(1).  DF.Nr(P¥(N[tNg‘P)=Nr(P)(N [ #P) (2)
[(%6512)] =No(PYN(P,P), ()

F.(2).(3).%256'54. 3 F. Prop

425656, F. (VM) less [V (4]
"Dem.
F.%256143:33 . D b (N &) less (V] (NN [ ) (1)
bo%15512. DF.N[AeNgN[A.
[(%63105]  DF.NLAetyNeN[A.

[%63:53] Dt N A=tNaN[ A ()
Fok6416.  DF.NLAettNTHA).

[(%6401)]  DF.N[Aetor (3)
Fo@2).(3). DF.t4eA=t'NorN[A (4)

F.(1).(4).DF.Prop
When types are neglected, the above proposition appears as
Nless N,
which is impossible, and embodies Burali-Forti’s paradox. In the form
proved above, however, the paradox has disappeared, and we have instead
the proposition that in higher types longer series are possible than in lower
ones.



#257. THE TRANSFINITE ANCESTRAL RELATION.

Summary of %257.

In this number, we are concerned with an extension of the notions of
Ry and R,,. This extension requires two relations, R and Q. It is n
easily explained by first definin~ the “ transfinite posterity ” of a term . ..th

respect to R and @; this class is an extension of ‘I‘t;*‘.z. This class is
generated as follows. Let us suppose, to aid the imagination, that @ is more
or less serial in character, and that R is a many-one relation contained in Q.
Then the transfinite posterity of z with respect to R and @ is generated as
follows : Starting from , we travel down the posterity of # with respect to R

« «

(t.e. By‘z) as long as we can; if the whole class Ry‘x has a limit with respect
to @, we begin again with this limit, which is to be included in the trans-
finite posterity of z with respect to R and @; if the limit is y, we travel

down fﬁ;‘y, and include the limit of this class with respect to @, and so oo, as
long as we still have either terms belonging to DR or classes belonging to
d‘ltg. The whole of the terms so obtainable constitute the transfinite
posterity of  with respect to R and @. which we will denote* by (R»@Q)‘x.

In order to obtain a symbolic definition of this class, let us call a class o

“transfinitely hereditary” when not only R‘“scCo, as in the ordinary
hereditary class, but also if we take any existent sub-class u of o n (“Q, if u
has a limit with respect to ), that limit is to be a member of a. Thus o is
to be such that the R-successor of any member of o belongs to o and the
@-limit of any existent sub-class of o n 0“Q belongs to o (so long as these

exist). That is, R“cCo and uCo.gtun Q... ltuCo. Using the
notion of the derivative of a class with respect to @, introduced in %216, the
- .
condition uCa.qlpun0Q. D, .1tgu Ca reduces to §¢‘c Ca, in virtue of
%216:1. Hence o is transfinitely hiereditary with respect to R and @ if
Regu 8oa Co.

* This meaning for R+Q has no connection with the meaning temporarily assigned to this
symbol in «95.

R. & W. IIL
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We may now define the transfinite posterity of # with respect to R and
as all members of C“Q which belong to every transfinitely hereditary class to
which z belongs, 1.e. we put

(B*Q)Yz=CQnafj{rec. R cvdycCa.d,.yea} DI
Then the analogue of Ry is 2§ {y e(R%Q)z}. This relation, however, is
less important than the analogue of R, limited to the posterity of 2. This
analogue, assuming @ to be transitive, will be Q[ (BRxQ)z. For this we

introduce the two notations @, and @ (R,z), the latter being more con-
venient when either R or « is replaced by a more complicated expression.

Thus we put
Q= Q(R,2)= Q[ (B¥Q)'z Df.

If @ is a well-ordered series and R=0,, Qg, is merely the series @
beginning with z, and (R¥Q) = Qy‘w= @ v 1% if ©cC*Q. Thus in this
case, if = B‘Q, Q.= Q. But the importance of @, is in cases where @ is
not completely serial, but becomes so when limited to (R%Q)‘z. In these
cases, @ will, in applications, almost always be logical inclusion combined with
diversity, or the converse of this; i.e. i1t will be either

28 (aCB.a%p)
or HN (MCN.M+N),

or the converse of one of these. In the case of &é(a CB.a%B), we have
ltg=s[ (- A‘maxg). tlg=p [ (— T“ming),
as will be proved in %258,

In the present number, we are concerned in proving that, under certain
circumstances, Qp, € Q. The proof proceeds on the lines of Zermelo’s second
proof* of his theorem that if a selection exists from all the existent sub-
classes of a given class, then the given class can be well-ordered.

Before proceeding to treat of this subject, however, it is necessary to
prove some elementary properties of (R*Q)w. These are given in the
propositions preceding %2572

We have

¥25711. F:izeo.R“cu8aCo.d.(R¥Q)zCo
Thus in order to prove that (R%Q)w is contained in a class o, we have
to prove (1) that = belongs to o, (2) that the R-successors of members of o
are members of g, t.e. that o is hereditary with respect to R, (3) that the
derivative of o with respect to Q is contained in o, de. that if u is any
existent sub-class of o n C“Q which has a @-limit, this limit is a member of o.
* ¢ Neuer Beweis fiir die Moglichkeit einer Wohlordnung,” Math. Annalen, Lxv. p. 107 (1907).

His first proof, which was somewhat more complicated, was published in Math. Annalen, Lix,
p. 514 (1904).
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*257111. k. (RxQ)zCCQ
#25712. F:20eCQ.=.ze(R%Q)x
¥257123. F:RGQ.D. RYB*Q)'z C(RxQ)z
Le if RCQ,(R%Q)x is hereditary with respect to B. The hypothesis
R G Q is required for most of the properties of (ExQ) .
&
%257125. F: RCQ.zeCQ.D . Ry'w C(R*xQ)'z
Thus if 2 € C*Q), the R-posterity of = is contained in (RB%Q)‘x.
—
#25713. F:pu C(R*Q)Yz.q1p.D . Ity C(R*Q)
P
25714 F:RGQ.D.(R*Q)wCQy‘z
Thus (R*Q)‘z is wholly contained in the @-posterity of .

The following propositions (%257-2—36) are concerned in proving
Qp, €}, with a suitable hypothesis. This hypothesis is

QeRl'J ntrans. ReRI‘Qn Cls— 1.1ty [ Clex‘(R*Q)z e 1 — Cls.
We assume, to begin with, only. part of this hypothesis, namely,
QeRlI‘Jntrans. ReRI‘QnCls > 1.
Thus to prove @, € Ser, we only have to prove @, € connes, ..
ye(BxQ)z.D . (ExQ)x C(a‘y,
or, what, comes to the same thing,
(R%Q)'a C p' QU BuQ)a.
Let us put o= (B%Q)'w p‘??“(RakQ)‘x.
Then any member of ‘o, may be called a “connected term,” because it is con-

nected by @ or @ with every other term of (R#Q)*@. (A connected relation
is then a relation whose field consists entirely of connected terms.) We wish
to prove that o, is a transfinitely hereditary class, and therefore equal to
(B%Q)z. We do this, not directly, but by combining &, with another class
o, defined as follows. Consider those members 2z of (R Q)‘c which are such

Av
that their successors-in @, consist of Rz and its successors in Q,, t.e. put
« ——

v = (B*Q) n 2 {Qu’2 = (Qun B3}
It will be observed that, even when @ is transitive, Qy and (Qg.)x are still
‘_——— A4
useful. In this case, (Qr)x = Qre W I C“Qp,, so that (Qg,)s Bz consists of

7/
B¢z and its successors in Qg,. We then consider the class o, consisting of
those terms y whose predecessors are all members of 7, v.e. we put

— — v
ay=(B*Q)zn § {zQy .26 (R¥Q)'w . D . Qr,*2 = (Qus)s B2}

Finally we put o =0, ay, 1.

Lp=d — —— v
o = (RxQ)w n pQUR¥Q)z n § [2Qy . ¢ (B*Q)w . D, 0% = (Quo)w B2).
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The reason for this process is that it is easier to prove that o is a transfinitely
hereditary class than it is to prove this directly for o,; and the result follows
immediately for o, when it has been proved for o.

We have then to prove RéoCo. dp‘c Co.
‘The first step is to prove

« — v o
yeoa.d.Qpfy=Qr Ry vi‘Ry.
This is proved by transfimite induction, by showing that
- - v
Gy v Oy Ry
is a transfinitely hereditary class, whence the result, because, by hypothesis,
— e
(B*Q)'e = (Quin'y v Qs
- — v
The proof that Qx‘y v Qx*R*y isa transfinitely hereditary class is as follows.
&~ v “ &~ v ~ w
If z e Q‘Rfy, R'ze Qy*Ry. If 2=y, R'2=R*y.
— . L e — v
If 2 € Qr,‘y, then since by the hypothesis Q.2 =(Qr.)%"R*z we have
— v v
ye(Qr)x B2, t.e. Bz e Qy’y.
o 4 -~ w — “— v
Hence ze(R*Q)wn (Qu‘y v Q% RY). D. Rz e Qp'y v Qy‘R‘y.
We have next to prove
= e v - - e v
1 C(ReQ)'w n (Quy v QuRey) e a ! . D Tig'u € Gy v Que iy,
“— v — « v
If g1 pn Q Ry, then ltgfu CQu Ry.
- - —

If 4 CQu‘y » y e p, then y e maxg‘u, and ltg‘u = A.

- “—
It wCQ Y, we have yep‘Q““u, whence wltgu . J . ~(yQw), whence, since
y, by hypothesis, is a connected term, wQyy.

— - e v - e v
Hence in any case ltg‘s CQu‘y v Qx‘Rfy. Hence Qu‘yv Qu‘Rfy is
Hereditary, and therefore contains (B%Q)*z; and hence
“« — v  — - v
Qro'y = (Qrehw RY - (Qroi’y = L By
This shows that R‘ is a member of o,. For by hypothesis this holds
of all predecessors of y, and we have now shown (1) that it also holds

of y, (2) that y is the only predecessor of I\é‘y which does not precede y.
This is the first step towards proving that o is transfinitely hereditary.

It follows immediately, from what has now been proved, that if y ¢ o, E‘y
(if it exists) is a connected term. Kor by hypothesis

-2 &
(B*Q)'w C Qy'y v &',
whence, by what we have just proved,

(B%Q)w C QeRey u G B
» LV Y,
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~4 - ~
whence Ry is a connected term. Hence R‘yeo. Hence R*c Co.

It remains to prove 8y‘c Co.

v — €~
Just as R“c Co was proved by proving Q‘y=Qu'R‘y, so 8;°c Co is
proved by proving
— v —
p‘Q“,U' c Q*“th‘#’
) -
provided pCo g tu.~q! maxeu;

v =
and this is proved by showing that @“u v Qy‘“lte‘s is a transfinitely heredi-
tary class,

v -
To show that Q“u v Qu‘“It‘u is a transfinitely hereditary class if

-—
uCo.glu.~q ! maxgu,
we observe that by hypothesis

6y 0 (_{= ;é{ ) v M7 cé{
26 Qp, D Q2= (Qro)y' B2 . D . L pt 0 (Qpo)x* Bz

Hence R% € (Qre)5‘“w 3 and hence, since by hypothesis u C Q*u,

jé‘z € Qr.p.
Hence Re{@QeBYwn Qul C(QxB)z n Q“p.
- v -—> ~ -
Also obviously RBQuItou € Qb .
v -

Hence putting p=(Q*R)z n (QFu v Qg ltou),
we have ﬁ“p Cp.

We have now to prove 8e‘p Cp,

- -

e aCp.qla.~nq tmaxgfa.D . ltg‘aCp.

If a € Q“p, it is obvious (since u is composed entirely of connected terms)
that seqo‘a C Qu u Tog‘p.

On the other hand,if g lan é*‘:]-f)g‘/u, then an Qp, ifvit e_)ists, does not
affect the value of the limit of o, which is the limit of a m Qy“Itig‘s, which Is

~ - . .
obviously contained in Qu*ltg‘u. Hence 8o Cp. Hence p is transfinitely
hereditary, and we have

- v -
pCo.qlp.~qlmaxg‘u. D . (RxQ)x CQu v Qultys.
At this point it is necessary to assume
Itg | Clex‘(R%Q)‘ze1—» Cls.
This being assumed, we have, by what has just been proled,
#CU-E{!}L.E{!WQ‘#. D.(RxQ)x CQ:‘,LL th‘-l-tQ‘#.
. (R%Q)w C Qe i v Qyltgfu.
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Hence ltgfu is a connected term. Hence
©
8o‘c Cp Q“(B% Q) a.
We only require further
- - )
pCo.qglu.qlltgfp. D 2Q ‘w2 e (BR%xQ)x. D, . Q2= (Qr,)5x‘E*z.
Now by what we have just proved, 2Qltx‘u.=.zeQ“u; and by the
definition of o, since uCo, we have
- ——
Ze€ Q“ILL . I QR:C‘Z = (Q]cx)*‘R‘Z.

Hence we arrive at 8yc Co. Since we have already proved R“cCog, it
follows that o is hereditary, and (B*Q)‘z Ca, v.c.

> « — v
ye(BxQ)w: Dy yepQUR*Q) @ 2Qp,y « - Qra’z = (Qro )i Bz,
ze. Qpeeconnex : ze DQp. . D, .Em‘z =26;3*‘§‘z.
Hence Qp,eSer. Hence also the immediate successor of every term z in
D@y, is E‘z, so that
DQp, CDB . (Qg:)i = B[ (B%Q)‘=.

To show that Qg e, we observe that every class contained in D@y, has
a sequent, namely

seq (Qr.)‘A =2,
aCDQp, ! rExQ‘a +D.seq (Qp)a= ﬁ‘maxQ‘a,
aCDQpy . e o ! maxgsa. D . seq (Qe)a = liga,
whence aCDQr. ., Elseq(Qr.)fa,
which shows that Qg (2.
The first derivative of Qp, is 8o(Q* R)‘z, and its last term, if any, is
Q% R)w— DR), ie. 1bg{(Qx R)w n DR).
The hypothesis required for Qg, e is the same as for @, € Ser, namely,
QeRIJ ntrans. ReRI‘Q A Cls— 1 . 1tg [ Clex‘(R%Q)‘z ¢ 1 — Cls.
In order that @, may not be null, we require further ze D‘R.

The next set of propositions (¥257:5—56) are designed to prove that,
subject to the above hypothesis together with z e DR, Qp, is the only value
of P fulfilling the following conditions :

(1) P is transitive,
(2) C*P s contained in (R%Q)“.
(8) If z is any member of D*P, Rz is its immediate successor.

(4) If ais any existent class contained in C*P and having no maximum,
Itofa is its P-limit.
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This proposition is essential for what may be called “transfinite inductive
definitions,” .e. definitions of a series by defining the successor of every term,
and the successor of every class having no maximum.

The following illustration may make this clear. Suppose R is a many-
one relation of classes to individuals; suppose we start with some class a, and

proceed to auvt‘Réa, av t‘Réa v i‘R{(a v t‘Rg), and so on. At the end of
this series we put its sum, s.e. its limit with respect to the relation (CA J);

~
let the sum be 8. We then proceed with 8 v t*R‘B, and so on, as long as
possible. The series ends with a sum which is not a member of DR, if there
is such a sum. Tt is evident that the series is uniquely determined by the
above method of generation ; the above-mentioned propositions give symbolic
expression to the process expressed in words by “and so on, as long as
possible.”

*26701. (RxQ)z=0Qnflrco. RsudyfcCao.d,.yco} Df
¥26702.  Qp.= Q(B,2)= QL (R%Q)x Df

#2671 Frye(BxQ)zr.=:yeCQ:zec. By 80 Ca.D;.yco
[(%257-01))]

*x267°101. t iy e(RxQ)2r.=1.yeCQu.

v -
zec . R CorpCo. . lunCQ.Du. ltxuCa:D,.ye0
[¥2571 . %216°1]

*x267°102. by (R*Q)xr. =1y e CQ:.

1

it

v - -
zec RcCoipCo.qlun Q. ~qlmaxgu.D,.seqe‘uCo: s yea
[(%257-101 . x207°1]

¥BT1L Fizeo.RoudfcCao.D. (BxQfeCo [¥2571]

Almost all proofs of propositions concerning (R%Q)‘« use this proposition.
*2567111. F.(R*Q)‘z CO“Q [%257-1]
*¥28712. F:izeCQ.=.ae(RxQ)z [%2571]

257121, F: RGQ.ye(R¥Q)w. D . By C(RxQ)w

Dem.
}‘-*-257‘1.3|‘:.Hp.sz.D:wea'.ﬁ“a'\JBQ‘a'Ca'.),.yea':yRZ.ZGC‘Q:
[%871] D:ze(“Q:ze0. R Co.8cCa.D,.2¢0:

[%2571] D:ize(R#%Q)z:.D . Prop
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¥267122. F: RC Q. uC(R%Q)¥z.D . R4 C (R%Q)'= [%257121]
¥257123. F: RCQ.D. R(R%Q)wC (RxQ)w [¥257122]
¥257124. F: RGQ.D. Ry “(RxQ) s C(RxQ)w (%257'123]
¥267125. F: RCQ.2eCQ.D . Ry C (B¥Q)w [%257-12:124]
%267126. F: RC.2eDR.~(2R2). D . (RxQ)c~e0ul [%257125]
—
¥26713. F:pC(RxQ)z.qlu.D ltyu C(RxQ)e
Dem,

F.%257101 . %1071 . %221 . D F 1: 4w C(B%Q)z. D .

zec.RcCo:vCo.q! an‘Q.D,..i?Q‘VCa:D./LCa' 1)
F.(1).Fact.D+F::Hp.D:

v e

zed . R Co:vCo.qlvnCQ.2,.lt;»Ca: D . pCo.qlu (2)

F.o%101.%257-111.D

T T

*267131. +

-_)
wrCo.yglvnCQ.D,.Iti»Co: D:Hp . uCo.yltop.d.yea 3
(2).(3).DFuHp.yltou. D

—
zea. R Ca:vCo.qlvnCQ.I,.lte'vCa:D.yea (4)
Fo(4).%10:11-21 . %257 101 . DO F: Hp. yltgu . D .y e (R*%Q)uw : D F . Prop

0 (R%Q)z C(R* Q)

[%257°13 . %216°1]

¥257°132. b1k CClex{(RxQ)e. . 16, C(Rx Q)% [¥257-13]

*25714. F
Dem.

F.%90'163.

:RGQ.D. (R%Q)wC Oy'a

v «—
DF:Hp.D. R¥Qy‘x CQyx

e

“— - «
Fok20615 . D2 F1puCQylr.zltou . ipw. D 2ep@u.q 1 u-uC Q.
~ v £~
163} D.zeQu. Q“uC Q.

[#40°61.%90"

[%22:46]

(_
Fo(1).(2).%25711.D F: Hp. 2 0Q. J. (R%Q)w C Qy‘w

P
D . ze Oy

k. %37-261:29 . %60:33 . (x216:01). D
FrHp.D. R4~ CQ)= A . 8,5~ Q)= A

Fo(4). 257110kt Hp.rwo e CQ . D . (R% Q) C— CQ.

(%257°111)

D.(R%Qfw=A

Fo(3).(5).2F. Prop

(2
(3)

(4)

(5)

*257141. F: RGQ.D. RUCQuB C«QC () [%216111.%37:20116]
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267142, F:1 RCQ.2eCQ.D . (R¥Q)w=§ e o . R u 8o Ca.dpuyeq)
Den.

F.#257141.0F 1 Hp. D fleec. R u a0 Ca. Dy yea} CCQ (1)
F.(1).%2571.DF. Prop

#26716. F:ye(R*xQ)zw.ze(R*Q)y.D.ze(R*xQ)r

Dem.
Fox2371. Db R udy'cCo.Dizec.D.yeo:yea.d.zea:
[Syl] Jdizea.d.zeo ¢))

F.(1).%2571.DF. Prop
*2067'16. F:2:CQ-D'R.D.(RxODz =12

Dem.
F.%25712. DF:Hp.D.ze(R*Q)z (1)
F.%37-261120, DF:Hp.D.R“ta=A (2)
-
F.%20518, DF:Hp.~qlmaxyfitée. D, 2Qr.
._9

[%20642] J.seqefte=A  (3)
F.(3).%216101.0 F: Hp.D. 8"tz =A 4)
Fo(2).(4). DF:Hp.d. R pudpfitz Cele.

[%257-11] D.(B*xQ)YfzCiz (3)
Fo(1).(3).DF.Prop

We now begin the proof (completed in %257'34) that under certain cir-
cumstances Qp, ¢ Q. We first prove that the class o introduced in %257°2 is
transfinitely hereditary, and this requires as a preliminary the proof that
if yeao, the class (Q;))*‘yu@*‘R‘y is transfinitely hereditary. This
preliminary is provided by #257-2:21. The hypothesis of %2572 is not all
used in %2572, but is introduced because it is required in the set of pro-
positions of which this is the first.

%2572  F: QeRl‘Jn trans. ReRIQn Cls— 1.
o= (R*Q)‘w Ap Q“(R*Q)‘wn {2Qr:Y « 2z sz z= (QRI)*‘R‘Z}

——
Yeo.ze (QI’I)* Y hd (QP.L‘)*‘R‘:I/ Ze D‘R J. ‘R‘Z € (Ql’x)* yv (QI’J:)* R‘
Dem.

F.%90'163 . *‘3( 62 . %257 12‘3 D

Fi.RGQ.HE! R‘z D z e(QRx)*‘R‘y D. R‘z € (Qpl)*‘R‘ 1)
F.%3037.DF: E'R‘z z=y.D. R‘Z—R‘ (2)
F.%201+18. %91 52 %*32:182. 3

t:Hp.yeo. ZGQMZV J. QRxZ’(QRz)*‘RZ I’/GQRZ‘Z

[%13-13] D. "ye (QR:;)* Re

[%32:182] .Rez E(QR,G);,e y (3)

F.(1).(2).(3).%71-161. Dl— Prop
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——> — v
*25721. F:Hp*2572.y¢e0. u C(Qra)x‘y v (Quo)x‘By . 1p-D.
— — — v
It C Qu‘y v Qx‘Efy

Dem.
F.%20114-15 . %206'134 . D
— v = e v
FiHp.qlun QR .0 . 1ty CQu‘Rey 1)
- -
F.%20538.0F:Hp . pCQu‘y.yepn.d. . yemax‘u.
'y
[¥207°11] 3. ltgfu=A @)

F %4055 . %206:148 . D
- «— — «—
FrpCQY.wltou.D. . yepQ“p.w~eQ“pQu.

[%37°1] .~ (yQw) 3)
F.%25713.0F:. Hp(3) . Hp.D:yQw . v -wQyy ¢
[(3)] 3 1 wlyy (%)

F.(1).(2).(4).DF. Prop

——> — v
#267-211. F: Hpx2572.ye0 .0 . (B%Q)' C(Qr)x‘y v (Qre)s' Ry

Dem, —_—
F.%25714. 0+ : Hp. D ze(Qp.)x'y 1)

F.(1).%257221'11. D F. Prop

3 «— e v —— - v
*26722. F:Hp#2572.9¢e0.2. QY= (Qr)s’BY - (Qr)5‘y = Qr, Ry
Dem.
—— v —
F.o%257:211. D F: Hp. D, (Qr)x By = (R*Q)z — (Qr)x‘y
—
{Hp] = Qr:Y 1)
—— o 4 ~
Similarly F:Hp.D. (@)Y= Qr:* Ry (2)
F.(1).(2).DF.Prop
It is to be understood that {(5;;);‘?%@: Aif ~E! é‘y.

#2573, F:Hp#2572.2. RsCo
Dem.

hd «— ——
F.%257-22. dbiHp.yeanDR.D:2QRy . D,. Qr.2 = (Qr )Rz (1)
— (v —— v
Fo%257-22211.OF: Hp.yea aD'R.D.(B%Q) c = Qp RYv(Qr)x' Ry (2)
F.(D).(2). dF:Hp.yeanD'R.D.Ryeoc:DF.Prop

The above proposition gives the first stage in the proof that o is trans-
finitely hereditary. The second stage, similarly, requires as a preliminary
the proof that if x is an existent sub-class of ¢ having no maximum, then

v —»
Qra* ‘s v (Qro)ie““lbop
is a transfinitely hereditary class. This proof is provided by %257-24-241-242,
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——) v
*26724 F:Hp#*2572.uCo.qlp.~q tmaxgu.d. R“Qp, “u CQ,,“u

Dem.
- —— v
F.o%01'52.%201'18. 0kt Hp. 26 Qp*“u. D . Qr.*2 = (Qro)" Rz,
—— (3

[%37°46.%1312] 3. g @Bz ou.

[%3746] D, R e(Quy“p (1)
F.%205123. DF:Hp.D. uCQp“p (2)
F.(1).2). DtF:Hp.zeQpu. D.E‘ZGQM“#: D t+. Prop

~ () — () e
¥257241. +:Hp #25724.2. B“{Qp 1 v (Qro)s Ttos) € Qe w C(Qr)u It

Dem.
~ v — w —
F.%90164.DF: RCQ.D . REUQu )y It € (Qro)ge by (1)
F.o(1).%257-24. D+ . Prop

~ o d
‘*257242- F H Hp *257'24 o= QR.E“/" v (QRQ:)*““‘Q‘/" .

- T T T T T T T

%25

%25

- —
aCp.pte.~ g tmaxgfay . HeaCp

Dem.,
« —
#206:15. DF:Hp.glunp‘Q“a.witqa. D .t p— Qw 1)
= e
%201521 .0 F: Hp. uCo. D p— QuwC Quw )
(—-
L(1).(2). DF:Hp(1).D.q pn Quw (3)
.%205123.0F:Hp.D. uC Q% (4)
«(3).(4). DF:Hp(l).D.weQp u (3)
—
20624, Db :Hp.uCQ%.aC Q.. Ttyfa=Tltyu (6)
v - v —
#20615. DF:Hp.qlan (Qu“ltg’n. D ltg'a C(Qr)x “lte’s  (7)
.(3)-(8).(7). 2+ . Prop

(_
7243, b 1 Hp 25724 . D (R%Q)w = Qp,u v pQr’p [#4053.%205123]

o —
7-25. F:Hp*25724.D . (R%Q)z=Qp. “‘uv (Qr)x 1to s
Dem.

[ — () —>
Fo#257-242 . D b1 Hp.D. 80 Qe (Qno )y Lo as) € @ p U (@)t (1)

Fo(

%25

1) .%257-241.2}. Prop
v — «
7251, +: Hp*257-24. D, (Qpo)s“lto‘n =pQr.“n
Dem.
~ B 4 —
Fo%25725243.0F:Hp . D . Qpf“u v (Qr.)x Ito'u = Qp*“n v p*Qr‘1t -
v — «
(%200-53.%24-481] 3. (Qr)s Ity = pQuu: D+ . Prop
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— - — -
*257:262. F: Hp#257:24 . g ! p“Qr i - D+ Qs = p Qr. U« A ! lto'p
Dem.

F.%257251.%3729.0F:Hp. D, g{'thp. . (1)
[%200°53.%40-62] D.p QR,,"th u C(RxQ)z (Q‘,E)*“th‘u
[%257-251] C(R*Q)z —p‘QrS‘“n
[Hp.#10-57.%257-243] _& Q,g“# (2)
F.%201'51 . %40'67. DF:Hp.D. Qp“n CpQp  ltgu 3)

Fo1).(2).(3).2F.Prop
In order to complete the proof that o is a hereditary class, we have to
ntroduce the additional hypothesis

It [ Clex(R*@)wel — Cls.
With the help of this hypothesis, the last stage of the proof is provided by
the following proposition.
%x25726. F:Hp%2572. 1o Clex‘(R*Q)2el —5Cls.D.8fcCo
Dem.

Fo%x257-251-252.DF . Hp. uCo.qlp. E{’th,u, 2:
._9
(BxQ)w=Qp, t‘u v (Qm)*‘“o ,“ Qm‘th p=Qr s
(Hp]3: 1t uep Q“(R*Q)‘ 2 yQrltos - Iy« Qs y= (Qm)*‘R‘
[Hp] D:ltg‘uea . DF ., Prop
*2567°261. F: Hp#25726.D . (R%Q)v=0 [%25711-2326]
*25727. t:QeRlI*Jntrans. Re RI‘QnCls— 1.
lto [ Clex‘(B%Q)zel - Cls.D

QueeSer. Qp, = (R Q) [ (R%Q)x
Dem.

FLo%257261.D
«> €« —— v
F:Hp. 3. (BxQ)'z Cp (R e n § 2Qn.y - 2o+ Qr.'2 = (Quox B2} (1)
Fo(1).DFa:Hp. D Qpeconnext.ze DQp. . D, 2Qp, %0+ Zop o 2R [ (Qpo)yett -
[%5'32.%471.%257-121]
D Qpeconnex 1 2Qp W . =, w26 DQp. - 2R | Qgw . w e CQp, .
[%36:13.%257°1211D 1. Qp, e connex . Gy, = (R | Qy) b (R%Q)@:: D . Prop
We have thus proved that @, is a series. No additional hypothesis is
required to prove that it is well-ordered, as we shall now show.
- «
*25728. +:Hp#25727 . u CUR*Q)z. i . maxp‘u=A .1 pQu.“un.D.
— . « : - —
P = (L Qu = P T [425725121)
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*257°281. F: Hp*25728 . E!lte‘n.D.
«— —— —>
PQu b =(Qradxlto'p - Qro'p = Qr.‘lto‘n  [%257-28)
#256729. F:Hp#25727.2eD'R.D.CQp=(R%Q)'x . BQp, =2
Dem.
k. %257:27°126 . %202:55 . D+ : Hp. D . Q. = (R*Q)‘x (1)
&
FL.o%25714. DF:Hp. D . (BxQ)¥z — ‘c CQp,‘z (2)
F.o(1).(2).2F.Prop
*267-291. b: Hp#25727.c~eDR.D. Qp=A [%25716 . %200:35]
#2673,  F:Hpx25727.D0.DQp, = DR n(R% Q)=
Dem.
— — v
F.o%25727 . Dk Hp.ye(R¥@Q)(z.D: g1 Qy.=. 5 ! Q' Ry.
[#257-141] E!Ry:.0F. Prop

- «
*¥257-31. F:Hp«25727.u C(R*%Q)z.q p. ~q ! maxg‘s. q ! p Qs p. D
seq (Qr.)‘pw =lto‘n  [¥257:28)

.-_)
25732, F: Hp#25727 . o C(R¥Q)w. 7 ! maxg . ! pQr . D .

seq (Qre)‘p = R‘max (Qr,)'p
Dem.

F.o%2578.DF:Hp.D. u CDR.
> - v
[%257-27.Transp]  J. Qg max (Qg,)‘w = Q‘R‘max (Qg,)n : D F. Prop
—
%267-33. F:Hp*25727 . u C(B*Q)z. g lp.q ! pQpfp. . Elseq(Qr.)u
[%257-31-32]

The above proposition together with %257-27 shows that Qg is well-
ordered, in virtue of %250-123.

#26734. F:Hp#25727.D.QpeQ

Dem.
F.%237-291. DF:Hp.2~eD'R.D.Qs e (1)
F.%257-29.%206'14.DF:Hp.2¢DR.D .seqpA =z $3)

F.(2).%25733.2

FiHp.2eD'R.D: uC(R*Q)z.q !p“Q-RI“;L. D,.. Etseq(Qg:)u:
[¥257-29.4206-181] D £ 5 1 p Ot  C“Q) - Iy » B 1 50 (@)
[%250:123.4257-27] : Qp, € O (3)
F.(1).(3).9F.Prop
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%257:35. F:Hp#25727.0. Rl (R*Q)Y2=(Qr.) - R (B*%Q)zel —1
Dem.
F.%25732.0F e Hp.D:yeDQp, . D .5eq(Qp)t'y=RYy (1)
F.(1).%206'43 . ¥204'7 . D} Prop
#25736. F:Hp*25727.2eD‘K.D.
O“Qrs = (B4 Q)@ . A‘Qp, = (B#Q)w ~ L'z
—_—p v
BQp, =2 .BQp. = (R*Q)w~ DR [%25729°3]
The following propositions are concerned in showing that a relation P

which satisfies the hypothesis of %257°5 is identical with Qg,, thus showing
that this hypothesis is sufficient to determine P.

%2575, F:Hp#257:27.Petrans. C‘PC(R*Q)z. P ~ P’= K[ (B%Q)a
ltp [ Clex'(R*Q)w =1ty [ Clex‘(R%Q)z.D PCJ.(“P=(RxQ)z
The above h, pothesis is not all necessary for the present proposition,
but it is necessary for the series of propositions of which this is the first.
Dem.
F.%x3741. DF 1. Hp.D:DY(P =~ P))=R(R*Q)‘w n (R*Q)x

[%257°36] ~(RxQyzn D'R )
b.%3214. DF: Hp.D . Tep{(R%Q)w n DB} = ltg{(B* Q) n D
[%257°36) —(R%Q)z—DR  (2)
F.(1).(2).2F:Hp.D . (R%Q)z C CP.

[Hp) D . (RxQ)w=CP (3)
F.3). DF:Hp.D:2eDP.D.uP =+ Pr(R').

{%34-5. Transp] J.~(2Pz) (4)

F.(3).(4)-DF.Prop
(—
*257'51. F: Hp%257'5.D.0P=Py'x

Dem.
e L
F.%257128. %9016 . D+ : Hp. D . R4Pyia C Pyla 1)
- -
F. %9013, Db Hp.D. 1t Cl ex Py = 16,Cl ex‘ Py'a .
(—
[%90°163.%40°61] 3. 16g“Clex Py € Pyl )
(—
Fo(1).(2). JF:Hp.d.(BxQ)a C Pyl (3)

F.(3).%257:5. 2 F. Prop

In order to prove P =@y, we first prove PeQ. The proof proceeds as
for Q,, but in some points it is easier. It is merely outlined below, as it
closely resembles the proof for Qg,.

*25752. F:Hp#2575.
«> «— — v ~
c=CPapPYC'PAYzPy.D,. Pz=PyR2).D . R Co
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Dem.
F.%34'5 . Transp . %201 18 . D F:. Py = R (R%Q)x . y ep‘(-l-”“C‘P D
2P (I\é‘y) Do~ (yPr)1ePyy . DL 2D (é‘y) :
[Hp] D: zP(IE‘y) =.2Pgy 1
As in %257-2:21, using ltp [ Clex‘(R%Q)w=1tq [ Cl ex“(BxQ)x. we prove
FiHp.yeon DR.p=DPylyu PyRy.D. R%Cp.05Cp.
D, (R%Q)z= Pty v PRy (2)
F (1).(2).2F:Hp.yeon DR.D. Py="DyRy 3)
F.(1).(3).2F:Hp.yeonDE.D.Ryeco:dt. Prop
257521, b Hpx25752. 4 Ca ot p.coq manpu. Do

v =
(R'* Q)“T = .l)‘i,L v I)*“ltp"'.
[ Proof as in 25725, by similar stages]

— e v
*25703. F: Hp#2375.3: PeSer:2¢D'P.D,. Pz=Py‘R
[Proof as in %257-27]

*2567°54. +:Hp*2575.D.Pe [Proof as in %257'34]
2> o v
*25766. F:Hp*257T5.0=§(PY=0Qy).2. R Cqo

Dem.
—_ - — v
Fex25053.DF:Hp.yeC#.D . P Ry==CP— Py Rty
«—
[%257°53] = (0P~ Py
ﬂ
[%257°53] =Pyviy 1y
>y >
F.(1). dt:Hp.yeo.d.PRy= Qpyvi‘y
e 4 [v]
[%257-22] =Qp Ry:DF.Prop
*267°651. F: Hp#25755.D.8¢c Cr
Dem.

F.%25753.D
—_
FiHp.puCo.qlu.2=ltgu.d . Pz={(RxQ)zcnpu} v Pu

[Hp] = (B*Qan 4 v Qup
1 %257°27] = Qg 2: D F. Prop
*257°66. F: Hp#2575.D.P=Q,,
Dem.
ﬂ
F.%257°51°54 . JdbF:Hp.D.Pue=A.
> o
[%257-36) D.Po=Qy 1)

=
F.(1).%257'55551 . D . Hp. D : ye C°P. Dy . Piy =@y, ‘y:. 2. Prop
This proves that the conditions in the hypothesis of %257'5 are sufficient
to determine P.



%268 ZERMELO'S THEOREM.

Summary of %258.

In this number, we shall first show the applicability of the propositions
of %257 to the case where the @ of that number is replaced by logical
inclusion combined with diversity, t.e. by any one of the four relations:

aB(aCB.a%B), 4B (8Cax.a4p),
HNMEN.MEN), HN(NGCM.M4+N)
If we put Q='&[-A}(aCﬁ'.a+/3),
and if « is any class of classes, then s‘« is the maximum of &« with respect to
Q if s« ex, and the sequent of x with respect to Q if s‘c~ex (%258111);
similarly pxc is the minimum of « if p‘x e ¥ and the precedent of « if p‘k~ex
(%258101-111). Hence every class of classes has a unique maximum o1

a unique sequent with respect to ¢, and every class of classes hus a unique
minimum or a unique precedent (¥25812); we have, moreover,

1tQ =38 r(-— ([‘ma,xQ) . t/lQ =p r(—— ([‘minQ) (*25813131)
Hence ltg, tlge 1 —» Cls (%258'14), and ¢ and (5 therefore satisfy the 1nost

exacting part of the hypotnesis of #257'27.  Also @ and 6 are Dedekindian
relations (%258:14). (They are not series, because they are not connected.)

An exactly similar argument applies to MN(MGN.M4+ N). Hence if
) is any one of the above four relations, and if R is a muny-one contained in
Q, it follows from %257-34 that @ with its field limited to the transfinite
posterity of any term is a well-ordered series. If we take @ =8B3(aCB.a +8),
and take any initial term a, our series proceeds to continually larger classes,
proceeding to the limit by taking the logical sum, Z.e if « is any existent
sub-class of the posterity of a, sx=limaxg s =limax (Qz,)'« (¥258:21:22),
where Qg. has the meaning defined in %257. This process stops with
s*{D‘R n (R*Q)z} if D'R n (R%Q)z has no maximum ; otherwise, it stops
with the R-successor of this maximum, which is max¢{C*R n (R%Q)‘x].
If, on the other hand, we take @ to be the converse of the above, we proceed
to continually smaller classes, and the limit of any set of classes « having no
last term is p«. In this case, if, starting from a, every existent sub-class of
a belongs to DR, the process of diminution cannot stop short of A. This is
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the process applied 10 Zermelo’s theorem.  We have the e a class g, assumed
to be not & unit class, and a selective relation S for existent sub-classes of
u, t.e. a relation § for which SeeClex‘u. Then our relation R is the
relation of a to a— ¢S, 1.e. the relation of an existent sub-class of w to the
class resulting from taking away its S-representative. Thus Qg, is a
well-ordered series, which starts from u and ends with A, Omitting the
final A, S selects a representative from every member of the field of Qg,,
and the series of these representatives. i.e. SiQp,, is similar to Qg, with the
final A omitted. Moreover every member of u occurs among these repre-
sentatives, for, if « be any member of g, let « be the class of those members
of C*Qp, of which z is & member. (There are such classes, because u e C*Qr,
and zew) Then wepe, and by what was said earlier, pc is a member of
CQr.. Hence, by the definition of «, p‘k e, and therefore p‘e = maxy‘x.
Eut no class smaller than p‘c can belong to «, and therefore p‘e — tSp‘x is
not a member of «, and therefore « is not a member of p‘x — t*S*p*x. Hence
=9, and therefore @ occurs among the representatives of members of
C“Qg,., which was to be proved. (The above is an abbreviated rendering of
the symbolic proof given below in %¥258:301.) Hence the field of 8iQg, is u,
and therefore there 1s a well-ordered series having u for its field, provided
ea‘Clex‘u is not null (#25832). This is Zermelo's theorem,

The converse of Zermelo’s theorem has been already proved (%250-51).
Hence the assumption that a selection can be made from all the existent
sub-classes of 4 is equivalent to the assumption that u can be well-ordered
or is a unit class, v.e.

%26836. F:pueCQul.=.gq!eaClex‘u

Hence also, by %8833, the multiplicative axiom is equivalent to the
assumption that all classes except unit classes can be well-ordered, v.e.
*26837. F:Multax.=.0Qul =Cls

Hence also, in virtue of ¥25573, the multiplicative axiom implies that of
any two unequal existent cardinals one must be the greater, i.e.

%26839. F:xMultax. D, veNC.Dip<v.v. g >

%2581, l*:.Q-:&[:}\(aCB.a:‘fﬂ).D:s‘xex.).s‘x=maxQ‘x

Dem.
F.%205101.DF::Hp. D:.ymaxgk.=:yexzaexn.d,.~(yCa.yFa):
[ Transp] ziyextaen.afy.dg.~(yCa) (L

F.(1).%101.DF:: Hp.s'kexw.Dx

ymaxgk.=:yen:aex.afy.d, . ~(yCa):sudy.d.~(yCsi):
[%4013] zZiyen:iaek.aFy. D~ (yCa):su=ry:
[Transp.#40'183] = 1yex. sk =1y

(Hp]

R &W 1L

18« =q::DF. Prop
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%258101. F: Hp %2581 .pcex.D.p'e=ming's [Proof as in ¥258'1]
%25811. F:Hp#2581.s%k~ex.D.seqyhk=5%

Dem.
F.%4053.2F:Hp.D .p‘((:),—“x=f’y‘(a6x.)u.ac'y.a=}=fy)
[Bp.*40'151.%10:29] =& (s% Cry) (1)
F.%40°1 . %22:42:46 . D F . s% = p4 (s% C oy (2)
F.(2).%258101.D F: Hp.D.s% = mingy (s« Cy)
(W] =seqg‘c: D+ . Prop

*2568111. F:Hp*2581.p'c~er.D . precg’c=px [Proof as in %258'11]

#258'12. F: Hp%2581.0:E!maxy‘c.v.E!seqnc:
E!mingc.v.E!precg's [#2581101'11111]

%26813. F:Hp#2581.D.1t;=s [ (— T maxg)

Dem.
—p
F.%2581 . Transp. D F:Hp.~qlmaxyk.D . sc~ex.
[%258:11] D. gk =5%: D+ . Prop

%2568'131. +: Hp#258'1.D.tlg=p (-~ U*ming) [Proof as in %258°13]
25814, F:Hp#2581.D.Q,QeDed. Ity tlge 1 —»Cls [%25812131351]

%2682, F:Hp#2581.ReRI‘QnCls—>1.D.Qp. €22

Dem.
F.%25814.DF:Hp.D.Hp 25727 1)

F.(1).%25734.D F. Prop
%268201. | .Q=dB(8Ca.a+B). ReRI'QnCls—>1.D.Qz 0

[Proof as in %2582]
%258202. F: Q=HMN(MEN.M+N).ReRI‘QaCls>1.D. QzreQ
%258203. F:Q=MN(NGM.M+N).ReRIQnCls—>1.D. ypxeQ
*25821. +:Hp#2582.x C(R¥Q)a. . s% = limaxyx

Dem.
F.%25813.2 F: Hp. g L maxgs . D« s = ltg'x 1)
F.%2582. Z)l‘:.Hp.g!xrzxg‘x.D:(gfy):vyex:aex.D.,.aCry:
[%40-151] D:shexs
[%2581] D :s‘c = maxy‘c (2)

F.(1).(2).DF. Prop
%258211. F: Hp 258201 .« C(R%Q)a.D . p'n = limaxy‘s
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%x26822. F:Hpx2582.aeDR.« C(Rx@Q)a.q1k.D. s =limax (Qg, )«
Dem.

F.o%25821.0F: Hp.sfc~vex. . s =1t
[%257°13] d.s'c e (R%Q)a.
[%210-233)] J.s% =limax (Qr.)’« : D F . Prop

%258221. F: Hp%258201.ae DR.x C(R%Q)‘a. D .p% =limax (Qz, )«

¥25823. F:Hp#2582.aeDR.D. Qp. e Ded . s(R%Q)‘a=BQp.
[%2582:22 . %250'23 . %205'121]

¥268231. F: Hp258201.0¢ D'R.D . Qz. ¢ Ded . p*(R%Q)a = BQp.
¥26824. F:Hp*2582.D.
(R*Q)‘a——-,é\(aea' R Co.5Clex’c Co.D,.8¢0)

Dem.

Fo%25681°13.%257°1.D

F:Hp.D.(B*QfaCB(aco. R Co.s*Clex‘c Co.D,. deo) (1)
F.%257123. D F: Hp.D . R(R%Q)‘a C (R%Q)‘a (2)
F.%25822. DF:Hp. uC(R¥Q a.qlu.D.sue(R¥Q)a (3)
F.%25712. DF:Hp.D.ae(R%Q)a (4)
Fe@).(3). @)
b:Hp:aeo.R“cCo.5Clex‘cCo.D,.Bec:D.Be(R*Q)x (3)
F.(1).(5).DF.Prop

268241, F: Hp%258201. .
(R%Q)a=f(aco. R Co.pClex‘c Co.D,.Bea)
%258242. +: Hp #258202.D.
RxQ)X =P (X eo. R4cCo.5%Clex‘c Co.d,.Yeo)
¥258243. | : Hp %258203. D .
(B#Q)X = ?(X €0 . RéocCo pClex‘c Co.2,. Yeo)

%2683. F:Q=aB(BCa.a$pB).SeceaClexy.
R=4B(aeClex‘u.B=a—18%) . . Qg, e . S5Qp,8mor Qp, [ (—t‘A)
Dem.
F.#8014.DF:Hp.D. RGQ.ReCls—>1.D‘R=Clexu.C‘R=Clp (1)

F.(1).%258201.0F:Hp.D. Qg e (2
F.#25735. DF:Hp.D.RL CQpuer—1.

[(1).Hp] D.8}CQp.el—1 (3)
F.o%25714. DF:Hp.D.C0Qp CClu (4)
F.x80-14. DF:Hp.d.dS=Clexu (5)
F.(3).(4).(5). DF:Hp.D.S5Qg,smor Qg [ (—t‘A) (6)

F.(2).(6).2F.Prop
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—
%258301. F:Hp#2588.wep.u=CQr. ne‘w.D.a=8%
Dem.
. %257°36. dF:Hp.D.peCQp,.

[Hp] .9« 1)
F.(l).%258241 .0 F: Hp.D. pr e (R%Q)u.

[%257-36) J.p'neCQp, (2)
F.%d01. ODF:Hp.D.wep's (3)
Fo2).3). JF:Hp.D.p‘kex.

(%258101] D . pfe = maxq‘x 4
Fo(4). JE:Hp.D.(pfe—tSpc)~vex.
[%257-121.Hp] Dz~ e(pn ~ 18D k) (5)
F.(3).(5).. JDt:Hp.D.zet'Spx: It . Prop

¥26831. F:Hp#2583.p~vel.D. CS5Qp=p

Dem.
F.%80'14.DF:Hp.D. IS =Clex‘y.
[%150:86.%25714] . 85Qg, =83Qa. b (= t°A). CQp, [ (— °A) CA<S.
[%150-22] D.085Qp, =8“CQg. [ (—t‘A).
[%202:54.%257125] D . C“S5Qp, = S*(C*Qp, — 1A) (1)
F.%8321.2F: Hp.D.8“CQz, Cp )
F.%258241301 . D F:Hp.cep.D. . xe S“{(RuQ)u ~tA}.
[*257-36] D.zeSCQg.~t*A) 3)
Fo(2).(8).0F: Hp.D. SCQp, — t'A)=p (4

Fo(1).(4).DF.Prop
%26832. F:u~el.qgleaClexu.d.peCQ [%258331]
This is Zermelo's theorem.
%268:321. F: Hp%2583.8Qp.a.d.8B~ea
Dem,
F.%250242. 0 F 1. Hp. D ta=(Qr)B . V. (Qr.1BQp.a:
[%257-35.Hp] D:aCB—~18B:.DF. Prop

#26833. F:Hp#2588.u~el.P=85Qp..d.S=minp | Clex‘n
Dem.

F. %80'14. JDt:Hp.aCu.qgqla.d. Saca (1)
F.%258321. DF:Hp(Q).zea.d.~(gB). BQr.a.x=8F3.
[%1504.Hp) .~ (xl8%) 2)

F.(1).(2).%2051.DF: Hp(1).D.Saminpa.
[%258-3] D .S = minp‘a: Dt . Prop
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%*268'34.

*25835.
%258-36.
%26837.
%258°38.

%258-39.

Froprel.De
SeeaClex‘p.=.(qP). Pe.0P=p.S=minp [ Clex‘y
[%250'5 . %258:33]

FipeCQ.=.pmvel.gleaClexty [20012.%250°51.%255:32]
FipueCQul.=.qleClex‘u (%258'35 . ¥60'37 . ¥83-901)
F:Multax.=.0“Qu 1=_Cls [%258:36 . %88:33]

F:. Multax .D: Ncfa << Nc‘B. v. Ncfa=Nc‘B.v. Nca > Ne‘B
[%255°73 . %258'37 . %117'54'55]

FrrMultax. D puve NC.Otuy.v.p>v [%25838]



%#269. INDUCTIVELY DEFINED CORRELATIONS.

Summary of %259.

In the theory of well-ordered relations, we often have occasion to define
a relation (which is generally of the nature of a correlation) by the following
process: Given a relation S, let WS be a relation (generally a couple) which
is & function of 8. Let us put

AyS=8u WS
Then, starting from A, we form the series
A, Aur‘A, AIV‘A""A) etc.,
each of which contains all its predecessors. We proceed to the limit by
—

taking the sum of all these relations, ve. $(dy)%‘A; we then proceed to
~ — s .
Ay 8 (Aw)x‘A, and so on, as long as possible. The sum of all the relations

so obtained 1s a function of W, and is often important.

As an example, we may consider the correlation of two well-ordered
series P, @, which is dealt with in %259-2—25 below. In this case, we put

W=XP{X = seqp'DT | seqq“d*T}.
Hence WA=A,A=BPlBQ=15}1,,
Aw‘Aw‘A‘—' lpl IQU 2P l 2@,
and so on,

Proceeding in this fashion, we can continue until one at least of the
two series P, Q is exhausted. We thus obtain a new proof that, of any two
well-ordered series, one must be similar to a section of the other.

Foi convenience of notation, let us put temporarily
A=8T(SET.S+T) Dt
We then have A eRl‘J atrans. 4y eRl‘4 n Cls— 1, which is part of the

hypothesis of ¥257-27 and following propositions. The rest of this hypothesis
follows by analogy from %25814 We now put

W, =s(ApxA)YA Df

Then W, correlates the whole of P with part or the whole of @, or vice
versa. This is proved in %259-25, below.
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For other values of W, we get other results, often of a useful kind ; for
example we shall have occasion to use the methods of this number in %273,
which deals with series similar to the series of rationals.

The present number gives, first, some elementary properties of (4% 4)A
and W, for a general relation W, concerning which we only assnme that
W<S is never contained in 8, t.e. WA (C)=A (except in 25912113, where
we also assume Wel—Cls). We then proceed to deal specially with the
case where

W=XT{x= seqp‘DfT | seqodT}

as explained above.

¥25001. A=87(SCT.S+T) Dit [%259]
¥269:02. A, =8T(T=8w WS) Dft [%259]
*26903. W, =3s(dp*xA)A Df

In the following propositions, which result from those of %258, it is
essential to have A4, € A. For this we require that WS, when it exists,
shall not be contained in 8. It will be observed that, according to the above
definition,

Ay=8T(SET).

Hence instead of using “ C” as a relation, which is notationally awkward, we

shall use 44. Thus the condition we wish to impose upon W is that we are
never to have (W*S)AyS. This is insured by

Wady=A,
which accordingly appears as hypothesis in the following proposittons.

%2591, b:Ac¢RlI*Jntrans.lt,e1—>Cls: )
Wadg=A.D. AyeRI‘AnCls—>1.4(Ay, A)e

Dem.
As in %258°14, Folt,el—>Cls (D)
F.%201°18. dtiuHp.D: MWS.D .~ (MES) (2)
F.(2). (%259°02). D F 1. Hp.D: S84, T.0.8CT.S+7T.
[(%259-01)] >.9AT (3)

Fo(1).(3).%258202.DF . Prop
In the following proposition, the notation 4 (4w, A) is that defined in
*257:02, adopted because 4y cannot conveniently be used as a suffix.
*259'11. F:EIWA.WAAd,=A.D. .
W, =BCuviA (dy, A).54Cl(Ap* A)YAC(Ap*A)A

Dem.

F.x258242 . %2591, D F: Hp A C (A A)YA . D éNe(dy*A)YA (1)
Fo). DF:Hp.D. Woe(AdpxA)A (2)
. %4113, Db:Hp.Te(ApxAYA—t!'W,.D.TAW, (3)

F.(1).(2).(3).DF. Prop



104 SERIES {PART V-
%x259111. P WAAdy=A.8 Te(Ap*xA)YA.D:SCT.v.TCS
[%259°1 . %257°36]
x26912, F:S8eD‘A,.=.E! WS [(%25902)]
%x269121. F: Wel—>Cls.D. DAy =AW [%25912]

¥259122 F: WA Ay=Aa Wy A=(Adypx A)YDa T {~(@Ty)}. D a(WSN)y
Dem.

F.%259'11. DF:Hp.D.éNe(dpxA)A (1)
[Hp] D.iNer (2)
Fo(1).(2).%2573.DF:Hp.D.sAe D4, .

[%259:12] D.E1 Wi (3)
F.(3). dF:Hp.D.(5N) 4 (45 N) .

[%257°121] D.ApShe(dyxAd)YA -\,

[Hp] d.x(Ay'sN)y C))
Fo(2).(4). DF:Hp.D.~ {2 (8N y) .2 (A5SN) Y.
[(%259:02)] D.oa(WisN)y: Dk . Prop

%25918. F: WA Ady=A.WelCls.d. W,=5W(Ap*d)A

Dem.
F.%259122.DF:Hp.D. W, C W (Ay*A)YA (B

F.ox257123. D F:Hp. D.sW (A yxA)AC W, (2)
Fo(1).(2).DF. Prop

%25914. t: WA Adg=A:Se(dp*d)YAnl1—>Clsad‘W.D;.

WiSel—=Cls.ASAad*WS=A:2.W,el3Cls
Dem.

F.o%7124.(%25902). D F: Hp.D:
Se(Ap*xAYAn1Cls.D. 4, Se(Ap*xA¥An1—Cls (1)

F.o%259111.0F0.Hp. S, T e(Ay*xAYA.D:8CT.v.TCS (2)
Fo(2). D F:Hp A CAypx A A 2(5N)2. y (6N 2. (A T). Ten.aTz.yTz  (3)
Fo3).DF:Hp A C(Ay*dY¥An1 o Cls (3N z. v (8N) 2. D a=y (4)
F.(4).DF:Hp . AC(Apxd)Anl—>Cls.D.sNel—Cls (5)
Fo(1).(5).%258242. D F: Hp.D . (ApxAYA C1—-Cls.
[%259-11] 5. W, el Cls:DF.Prop

%x259141 Fe. WA Ay=A:Se(ApxAYAnCls>1adW.Dy.
WiSeCls—>1.DSaDWS=A:D. W,eCis—> 1
[Proof as in 25914
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%269'15. F: WA dy=A:Se(Ayxd)Aal—o1adW. .
WSel-s1.DSaDWIS=A.ASadWS=A:D. Wyel—1
[%259-14-141]

The following proposition is a lemma for ¥273-23.

%26916. Fi WA dy=A:Te(dpxA)AanQTW. P DT=T5Q.;.

PL(AyT)=ApTHQ:D:
PLDW,=W,3Q:Te(4dyxd)A.Dp. PL D T'=T5Q

Dem.
F.%259111. Dk Hp. AC(dp*4)A.D:
z(PLD%Ny.=.(@T). Ten.a(P[DT)y ¢
Fo(1).DF0Hp AC(Ay*d4)A: Ten.Dp. PLDT=T75Q:D:
z(PLDNy.=.(@T).Tern.z(T5Q)y.
[%259111] =. @S, T). 8, Ter.a(S|QIT)y.
[%1501) =.x{(ENQ y 2)
F.(2).%258242. .0 F:Hp.Te(dp*4Y¥A.D. PLDT=T5Q (3)

F.(8).%25911.DF. Prop
The two following propositions are lemmas for ¥273:22-212.

*26917. FiWAdy=A:Se(Apxd)AadW.D;.
ASAQWS=A:D.AM(4p*d)Ael—1
Dem.

F.%250:242 . x257°35 . %2591 . D
FeHp.S, Te(ApxAYA.SE T.0: 4,SCT.v. A,/ TCS:
[(%25902)] > :AWSCAT.v. CWTCAS:
[Hpj J3:084dAT:DF . Prop

¥26017L F: WA Ag=A:Se(Adpxd)AndW.Ds.
DSaDWI8=A:D. DM (Adprd)Ael—1
[Proof as in %259-17]

¥2692.  F: We=XT{X =5eqp DT | 5eqgTT}.D. Wyel > 1. Wady=A
Dem.

Fox72182.0F:.Hp.D: Te@W.D. WTel »1 1)
F.%2062. DFiHp.D:Te@ W.D.DTaDWT=A.ATadWT=A (2)
F.(2).%55184.DF:Hp. . TeA‘W.D .~ (WTCT) ®)

Fo(1).(2).(3). %25915. D F. Prop
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*259'21. F:Hp*2592.Q°CJ.D. WiQGCP.D'W, CCP.AW,CCQ
Dem.

F.%206133.2F: Hp. Te A W.D . (WT)Q=4A (1)
F.»20621. DF:Hp(1).D.seqgU T~ e QT .

[%37461] 3. (W) Q| T=A (2)
F.%206'18. DF:Hp(1).D. D4, CCP (3)
F.(3). %4143 . ¥258242 . D F: Hp. 2. D‘W, C (<P (4)
Similarly F:Hp.D.d‘W, CCQ - (5)
F.(4).%206'132. 0 F: Hp(1). Te(Ayk AYA . D . seqpD*Te p P<DT .
[#40°16] J.seqp DT ep“];“T“Q—)’squ‘(I‘T .

[¥4067] S . (TQeseqq @T) 1 seqpDTEP  (6)

Fo(1).(2).(6).DF:Hp(1) . Te(Ap* AFA. T5Q CP.I.(AWTHQEL (7)
F.%x259111. DFaAC(Adyp*4)YA.a{A)Qly.D:.

AT Ten.ax(L5Q)y .
[*11-62.%10-23] Du.Tern.D;.T5QGCP:D. 2Py )
F.(8).Comm. Dk AC(Ay*A)A:Ter.D,. T5QCP:D.(§APQCP (9)
Fo(7).(9).%258242 . D F . Hp.D: Te(Ay*xAYA.D. T5QGCP:
[%259:11] d: WiQGCP (10)
F.(10).(4).(5).D}. Prop

¥259:211. F: Hpx2592. P*CJ.D. W SPGQ [Proof as in #259°21]

*259:22. F:Hp#2592.Pcconnex.D.Dd ,*xA4)A Csect‘P
Dem.

Fox21122.0F : Hp. Te AW . DT esectP.D . DA ,*Tesect’P (1)
Fox211:63. 2 F: DA Csect‘!P. D . DN esect’ P (2)
F.(1).(2).%258242. D F . Prop

%259:221. F: Hp%2592. Qeconnex.D . A4, *4)A Csect‘Q
*269-222. | : Hpx2592. PeSer . E!BP.Q*CJ. Te(ApxA)YA.D.
T5QeCP: [%25921-22 . %213161]

%259-223. F:Hp%2592.Q¢Ser. E1BQ. P?GJ. Te(Ayp*xA)A.D.
_’IV;PG C‘Qs
%26923. F:Hp#2592.P,QeSernTB.Te(dy%A)A.D.
(AM,N). MeCP; . NeC“Q; . Te Msmor N [%259-2:21:222923]
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%26924. F:.Hpx2592.P,QeQ.D:DW, =CP.v.AW, =CQ

Dem,
F.%20618.DF:Hp. P=A.D. W,=A (1)
F.%206'18.D0F:Hp.Q=A.D. W, =A 2)
Fo(1)o(2). Dbkt Hp: P=A.v.Q=A:D:DW, =CP.v.AdW,=CQ (3)
F.%259°11.%25736.2F:Hp. ! P.q1Q.2. W,y~eD4, .

[%25912] D~ (ElseqpD W, . Elseq W, (4)
F.(4).%2521 .%25922:221.D

FoHp ! P.q!Q.2:DW, =CP.v.*W,=0CQ (3)
F.o(8).(5).2F . Prop

%25925. F: Hpx25924.D:(gR).Besect‘Q. W, e Psmor (@[ R).v.
(qe) . aesect’P. W, e(P[ aysmor @ [%259:23:24]
The above affords a new proof of %254-37, which asserts that if P and @
are well-ordered series, one must be similar to a section of the other. In
virtue of *259:25 (which has been proved without using the propositions of

%254), W, is the correlator which correlates the whole of one series with
part or the whole of the other.

It will be observed that the relations (4, %4)‘A are the class of corre-
lators of sections of P with sections of @, provided P, Q{2 — ‘A de

F:Hp*2592.P,0eQ—1‘A.D.
(Ayx AYA =T (M, N). Me CPs. NeCQ, . T'e Msiiior N,



SECTION E.

FINITE AND INFINITE SERIES AND ORDINALS,

Summary of Section E.

In the present section we shall be concerned first with the distinetion of
finite and infinite as applied to series and ordinals. We shall then establish
the distinguishing properties of finite ordinals, and shall deal with the
smallest of infinite ordinals, namely w, the ordinal number of a progression.
Finally we shall briefly consider certain special ordinals, and the series of
cardinals app]icabl'e to well-ordered infinite series, namely the series of
“Alephs,” as they are called after Cantor’s usage.

In dealing with the finite and the infinite as applied to series, we have
constant need of the relation (P,),,, where P is the generating relation of
the series. We have

2(P)yoy«=.P(z+y)eCls induct — (A,

te. “a(P),,y"” holds when, and only when, there is a finite number of
intermediaries between x and y. When P is finite, we have

P=(Pl)po*

but we may have this when P is not finite. The infinite series for which
this holds are progressions and their converses (which we will call regres-
sions), and series consisting of a regression followed by a progression, of which
an instance is afforded by the negative and positive finite integers in order
of magnitude.



*260. ON FINITE INTERVALS IN A SERIES,

Summary of *260.

In the present number we are concerned with the relation which holds
between 2 and y when the interval P (2 y) is an inductive class other than
A, or when the interval P (z+ %) is an inductive class of at least two terms.
This relation holds if # and y bave any relation of the class fin‘P (defined in
%121). We will call this relation Pp,. Thus we put

Py =¢tin‘P DI

Then #Ppy holds when «P,y, where v 1s an inductive cardinal other
than 0 (¥260'1). This relation will take us from @ to any later term which
can be reached without passing to the limit. But if in the interval P(z~y)
there is any term which has no immediate predecessor, Z.e. any member of
C*P — d*P,, then we shall not have 2P y. Thus Py, confines us to terms
which are at a finite distance from our starting-point. We shall find that if
P e, a necessary condition for the finitude of P is P=Py. This is not
a sufficient condition, since it does not exclude progressions, hut these are the
only infinite series it admits, and these are excluded by the assumption

E1BP.

Although Py, is not in general serial when P or P, is serial, it becomes
serial when confined to the posterity or the ancestry or the family of any
term with respect to itself (¥260-32'4). When a series P is well-ordered, the
whole series can be divided into constituent series, each of which is the
family of any one of its members with respect to Py, (except when P has
a last term which has no immediate predecessor, in which case this last term
must be omitted). (Cf %264.) Each of these series (except the last, possibly)
is a progression, and the last is either finite or a progression. Hence every
infinite well-ordered series consists of a series of progressions followed by
a finite tail (which may be null); hence the cardinal of the field of an infinite
well-ordered series is a multiple of 8,. These results will be proved later ;
for the present we are concerned with the proof that the family of any term
with respect to Py, is a series of which.the generating relation is Pp, with
its field confined to that family.
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In the present number we are chiefly concerned with the relations of
P, t0o P,. We have
%26027. t: P eSer.D. Py =(P),
This proposition will be used very frequently throughout this section.
Without any hypothesis we have
%26012. +.P,CP,
We have also
*260°15. k. Py = (P

Hence whatever properties of Py, result from the hypothesis that P is
a series will result from the weaker hypothesis that P, is a series.

If P, is a series, Py, 1s contained in diversity and is transitive (¥260-202),
but not in general connected.

In comparing Py, and (P,),,, we constantly need the proposition
%26022. F:PeSer.D.(P)=P,.Pel>1.(P),CJ

From %2603 to the end of the number, we are concerned with the result
of limiting the field of Py, to the ancestry, posterity or family of some
member of its field. We have

%26033. tF: P eSer.zeDP,.P,=R.D.
pal i «— —
Pl (e v Py‘s) = (Ry‘s) | Ryo = {(R*‘“?) 1Rl,={R| (Bpo'®)} po

) « — «—
¥26034. F:Hpx26033.D. (Pl (10 v Pyia)), = (Ry@) | R= R R,

¥26001. P, =itn‘P Df

*2601.  F:izPpy.=.(qv).ve NCinduct— 0. 2P,y
[%121121. (%260-01)]
*26011. F:2Ppy.=.P(z—y)eClsinduct—0~1
Dem.
k. %2601 .%121'11.D
braPyy. =.(gv).veNC induct — 0. P(z—y)ev+,1.
[%¥120472]=. (gu). p e NC induct — 10 ~t“1. P (x4 y) e .
[#¥1202] =.P(2+y)eClsinduct—0—1:DF. Prop
%260'12. +.P,CP,
Dem.

F.%121-321.%117511 .0+ : » e NC induct —¢0.D. PGP, (1)
F.(1).%2601.D F. Prop
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%26013. F:2PLy.D.P(@—y), P@— 1 eCls induet —1fA

Dem.
F.%260'12.%1212122 ., DF:Hp.D. P(a—y), P(z—y)e—'A (1)
F.%91'54.(%121011-012:013). D
F.Per-y)CP(@Hy). P(e—y)CP@Hy).
[%120'481.%260'11]2 F : Hp. D . P (x+—19), P(x—y) e Cls induct (2)
F.(1).(2).2F. Prop

%260'13L. F: P CJ.D:2Ppy.=. P(z—y)eCls induct — t‘A .
« P (& —y) ¢ Cls induct — t*A

Dem.

F.%12122.0F: P(x+—y) eCls induct — t°A . D . 2Py, 48]
[%121-242.%91°54] d.P(xmy)=Pz—y)vi‘y
[%120251] J.P(xry)eCls induct (2)
F-(1).#121242. DF:Hp.Hp(1).D.zq,yeP(a—y).a$y.

[%5241] 2. PzHy)~elvl 3)
F.o(2).(8).%26011.DF:Hp. Hp(1).D.xPpy &)
Similarly F:Hp.P(x—y)eCls induct.d.aPyy (5)

F.(4).(5).%260:13.D F. Prop

¥26014. F:Pe(Cls—1)u(1—Cls). P, CJ.D.Pp=P,

Dem.
F.%121'62.DF: Hp.D.§finidP = Py.

[(%26001)] >.P,=Py~ P,
[%121-302] =Py, =~ I[CP
[%91-541] =P, :d}F.Prop

¥26015. F.Pp=(Pyo) [¥260-1.%121:254]

¥26016. F.(P)u=P, [#2601.%121:26)

*26017. F:PeSer.aPy.D.P(xry)=C4{P,[ P(xy)].
z=BPyl P(xHy)}.y=BCov¢{Py[ P(z—y))

Dem.
F.%121242.0+:Hp.D.a,ye P(z—y).z$y. ¢))
[%5241] 3.P(zy)~el.
(%20255] 3. C4P P (wy)) = P (2+y) 2
F.%91542. Db Hp.D:zeP(zHy).24a.D.2{P,[ P(ary)}z:
[(1)-%205-35] D:iz=min {P,[ Pz—y)}Px—y):
[(2).%205°12] Diz=BP,[ P(z—y)} (3)
Similarly F:Hp.D.y=BCnv‘{P,,[ P(zriy)} 4)

F.(2).(3).(4).2F.Prop
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The following propositions arc concerned in proving that if P, e Ser,
Py, =(P),, and P, =(P,),. Note that “x(P,),,y " means that we can get
from @ to y by a finite number of steps from one term to the next, so that
the series contains no limit-points between 2 and y.  The relation “a (P), y ”
means that » —; 1 intermediate terras

Zy, 2y, Zgy ven Zygy
can be found, each of which has the relation P, to its neighbour, and such
that P, z, and z,_,P,y. Thus we have to prove that, provided Py, is a series,
this occurs when, and only when, the number of terms in the interval
Py is v+, 1

%2602, ‘+: P, econnex.aPyy.yPyz.d.P(@m2z)=P(x—y)v P (y—2)
Dem.

F.%201'14'15. DF:Hp.D.P(a—y)CP(xHz). P(y—2)CP(a—2) (1)

F.%20213103. D F:. Hp.oPyw.D: wPyy.v.yPyw @)

k. (2).%121103. D

F:Hp.weP (w2) . D:1aPyw.wPyy.v.yPyw . wPyz:

[%121-103] DdiweP(x—y)v P (y—2) (3)
F.(1).(3).2F.Prop
%260201. F: P econnex .D. Py, e trans

Dem.
F.%26012.DF:alPny. yPu2z ... aPgy . yPye ¢8)
F.(1).%2602.2
F:Hp.aPpy.yPpz.2. P—2)=P(@—y)v P (y—2). (2)
[%260'11.%120°71] D. P(z+i2)eCls induet (3)
F.%6032871.0F:1ae0uvl.8Ca.D.Be0vl:
[Transp] DF:B~ebvl.BCa.d.amelul 4)

F.(2).%26011.D

F:Hp.oPuy.yPpz. 0. P(@—y)~eO0uvl.P(a—~y) CP(z—z).

[(4)] D.P(xrH2)~elvul (5)
F.(3).(5).%26011.2F:Hp.aPpy.yPp2z.d.2Pyz:2F. Prop

%260'202. F: P, eSer.D. Py e RIS a trans
Dem.
F.%26012.2F: P, ,CJ.D. P, CJ 1)
Fo(1).%260201 .0 F . Prop

We shall not have in general P, eSer.D . Py, e Ser, because Py, is in
general not connected. Py, only relates two terms which are at a finite
distance from each other, and hence divides P, into a number of mutually
exclusive parcs.  We shall only have Py e Ser when every interval in the
series is finite.
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*26021. t: P eSer.aPyy.yPiz.3.P(x—2)=P(zHy)u i

Dem.

F.%121'304.DF:Hp.D . P(y—2) =ty v 1z
F.%121242.0F:Hp.D.ye P (zHy)

F.%2602. OF:Hp.D.P(s—2)=P(z—y)v P (y—z)

(1)
(2

[(D.(2)] =P(wHy)vitz:DF. Prop
*¥26022. F:P eSer.d.(P)=P.Pelo>1.(P),CJ

Dem.
Foxl21254. D F. P =(P,)
F.(1).%2047.3F:Hp.3.Pel o1
F.x121305. DF:Hp.D.P,GP.
[%91°59] 3. (P, CP,.
[%2041] 3. (P CJ
F.(1).(2).(3).%121:31 . D . Prop
%26023. F: P, eSer.veNCinduct.d.(P),el—>1
[¥121:342 . ¥26022]
%26024. t: P eSer.veNCinduct.2 (Ph)y .2 (P )y,
Dem.,
F.%x121:85 . %20022,DF:Hp. D .2 {(P),| Py} 2.
[%34:1] d.(qw) . x(P),w.
[%260-23.Hp] 3.yPyz:2F. Prop

(1)
(2)

3)

.D.yPe

whP,z.

%26026. F:P,eSer. R=P .2Ryy.d.P(zx—y)=R(zmy)

Dem.
F.%26024.2F:Hp.ve NCinduct.2R,y. 2R, 1, 2. P\

;=R (zHy).D.

yRz. P(z—y)=R(z—y).
[%260-21] D.Pa—2)=R(zHy)viz

[¥260-22.%121-371-304] =R (7

6]

F.(1).DF:.Hp.reNC induct:2R,y. D, . P(—y)=R(x—y): I:
2R, 12.2, . PlxH2)=R(z—2) (2)
F.o%121°301-22242. D F: Hp. 2Ry .2 . P(e~y)=1a= R(x—y) (3)

F.(2).(8).Induct.D
F:#Hp.D:»eNCinduct.aR,y.2.P(e—y)=R(z—y):
[%12112]D: SefinidR .48y . D . P(z—y)=R(z—y):

[%121-52.%26022] D : zRyy . D . P(z—y) = R(w—y):. D F. Prop

In the above proposition, “Induct” refers to %120-13. The “$&” of

%120'13 is replaced by
xRy . Dy Pa—y)=R (z—y)

R. & W. 1L

|
|
|

|

|
|
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Thus (2), in the above proof, is (when » 1s replaced by £)
£eNC induct. ¢E.D. (£ +,1),
and (3) is 0.
Hence, by 12013, we have
a ¢ NCinduct . D . ¢a,
e ve NCinduet.d:aR,y .2, . R(a—y),
which is the inference drawn in the above proof.

Wherever “ Induct” is given as a reference, it indicates a process such as
the above, making use of ¥120-13 or %120-11.

#260261. F: P e Ser. D, (P),, C Py,

Dem.
F.%26025.0F:Hp. BR=P,.aR,y.3. P(z—Hy)=R@xHy). (1)
[%12145.%26022] D.P(x—y)eClsinduct  (2)
F.%121-242.(1).%26022.DF: Hp(1).D .o,y e P(zy) .2y,
[%52:41] D.P(ory)meOul  (3)
F.(2).(8).2F:Hp e (Py)yoy .2 . P(ey)eCls induct—0-1.
[%260°11) D.2P,y:DF.Prop
%26026. F: PeSer. R=P,.aRyy.D:12P,y.=.2R,y
Dem.

F.%26025.DF0Hp.D: P(ay)=R(xry):
[%121-11] D:gP,y.=.aR,y:.DF . Prop
%260261. F: P, eSer.veNC induct —¢0.2P,y.aP, 2.2 .yPz
Dem.
Fox12111.0F :Hp. D . Ne‘P(zy)=v+, 1. NefP(a2)=v +,2. (1)

[%12032] D.yks (2)
F.(1).%120428 .DF: Hp.D . Ne*P(z2) > Ne‘P (zy) -
[#117-222.Transp] Dd.~{P(@—z)CP(zry).
[¥121°103.4201'1415]  D.~(2Pyy). (3)
[%202103] 3.yPz.
[%202-171] d.P@rHz)=P(a—y)vP(y—2).
[¥120-41.(1).(3)] 3.P(y—iz)el.
[%121:242.(2)] 3. P(ymz)e2.
[%121-11] 2.yPz:DF. Prop
¥26027. F: P, eSer.d. Py = (P

Dem.
b %260261 .3 F: Hp.v e NC induct — t°0. aP,y . 2P, 12 . 2(P)poy - D

yPIZ . ‘Z‘(Pl)pog/ .
[#91°511] . a(Py)poz (1)
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F.(1).OF:0 Hp.ve NCinduct —t0: 2P,y .0, . 2 (P),,y:D:
wPoi12.0; (P2 (2)

Fox01:502. D FraPy. D (P),0y (3)
Fo(2).(3).%12047.0F:. Hp. D :ve NC induct - ¢°0. J,. P, G (P)),, :
[%260°1] 2: Py ¢C (Pl)po (4)

F.(4).%260251 .2 F. Prop
%26028. t: P eSer.ve NCinduct — ‘0.3 . L, =(P),=(Pp)
Dem.

F.#%26026. dDteHp.d:ra(P)yy oLy .=x(P)y .« (P)y (1)
k. %2601, ODtiHp.«Py.D.aPry.

[%260-27] D.x(P)oy 2
Fox121321.  DF:Hp.a(P)y.D.2(P),y (3)
Fo1)o(2).3).OF.Hp.dtaPy.=.x(P)y (4)
Fox121254. D k. (P)y = {(P)po)s »

[#26027] DF:Hp.3.(P)=(Pp). 3)
Fo(4).(8).DF.Prop

The above proposition does not hold in general when » =0, for if P is a
compact series, P, = A, so that (P),= A, but P,=17 [ C<P.

%26029. F: P eSer.xPpy.d. . Pa—y)=P(z—y)=Py(zry)
Dem.
F.%2602725.3F:Hp.D. P(z—y) =P (zy)
[%121-253.%260°27] =P (e—y):IF.Prop
The following propositions are mainly concerned with the result of
confining the field of Py, to the posterity of a single term.
%2603. t:P,eSer.d.DPy =DP.APy, =UP,.CPy,=CP,
[%260-27 . %91°504]
%26031. F: P ,eSer.zeD‘P,.D.

— —— —
C4 P, Ltz v P fm)} = (P)y‘z =12 v Py

Dem.
F.%26027.DOF:Hp.D. ' UGI;,n‘w= A XY ((-]—3:);,‘:0
[%9614] yawe 1
F.%2603. dF:Hp.D.q! Pue.
[%36°13] 3.(@y) . [Pl oy Pyaly (2)
F.%36'13. DF:y e(]—;fn‘w x| Py (e U‘F,n‘w)} Y.
[%10-24] S . (q2) . 2 {Po [ (0w Pre)) y (3)
Fo(2).(3).0F: Hp. . tfw v Pyfa C 0Py, [ (15 v Prta)]
[%37-41] Dz U‘—I;,n‘w =Ptz v En‘w)} (4)

F.(1).(4).2F.Prop
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%26032. F: P ,eSer.J.
— - “—
Py [ (1w v Ppfa) = Py, [ (s v Prfa) . P [ (2 v Pry‘z) € Ser
Dem.
« «
F.%26012. 2+, Py [ (12 v Pfa) C P, [ (tfz v Ppfa) 1)
F . %2603 . %200:35.D
“— . “—

F:Hp.o~eDP. D. Py [(t°zv Ppfa)= A= P, [(tav Pyfz) (2)
F.%201'521 . %260-27 . D

« —
F:Hp.zeDP.D. Py [ (t°2v Py x) = (P,),o [ (Po)x'

(-—
[%202:14.%260221D . Py, [ (1°z v Py,“z) e connex .

(-—
[%260°202] . Py [(tfz v Pya) e Ser . 3)

- “—

[(1)%260'31.5204:41]D . Py, (12 v Ppyfa) = Py Ltz v Pufa)  (4)
F.(2).(3).(4).DF.Prop

%26033. F:P,,eSer.zeDP,.P=R.D.
«— — — «
an t("‘w v an‘w) = (R*‘W)T Rpo = {(R*‘wﬂ R}DO = {R r(Rw‘w)}po

Dem,
b %260:27°81. D F: Hp. . Py L (10 v Pyyia) = Byy b By'a
[%96:16.491°602] =& R, (1)
[%9613] = (B9 Bl @
[%96:2.%260:22] = (RN B  (3)

F.(1).(2).(3).DF. Prop

— — —
%260'34. F:Hp#26033.D.{P,[(t2v Py ‘w)},=(Rye‘s)] B=R[ R, ‘=

Dem.
F.%260'33.%121-254.D

«— «— «—
F:Hp.D. (Pl v Ppia), = {(Re‘)] R = (R Rya}), (1)
F.(1).%121°81 . %260:22 . D +. Prop

The following propositions are concerned with the result of confining the
field of P, to a single family.

o
%2604 F:P,eSer.D.Py[ P f‘weSer.
o ) o «
C(Pgy [ Pu'w) = Pyfa = (P)y‘s. Pl ~el
Dem.

«> >
b %260-27 %9717 . D b1 Hp. D Py b P =(P)yo L (POy'c -

)
[%202:15.%260:22] 3.P, [ Py ‘zeconnex.

>
[%260°202.%20442] . Py b P € Ser (1)
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b %9T18. D F . O(Py, [ Pryfe) = Pota
(). %260202. 420012, b Hp.D. ?T,,x~e1
b %26027 . %9717 F 1 Hp. . Puiw = (Poye
F.(1).(2).(3). (4). D F . Prop

*26041. F:P eSer.R=P,.D.
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(2
(3)
)

« « « «
Py [ Ppfa= R, [ Be‘z=(Ry‘c)] Ryo= B, [ By

Dem,
F.%26027 . %97°17.DF ¢ Hp D. an[:anx R [:R*w

(D

F.%x97-13.D¢F: Hp. yeR*‘x yB,2.0. zeR “R*.a:uR ‘R*.a,

-—’
[%92:311.%260-22] D.zeRy‘zv R*. z.
©
[%97-13.%36:13) D.y (Rl By'w) 2

F.%35:21441 . D F. Ry, [ Byt G (By'z)] Byo
F.(2).(3). DF:Hp.D.R, t‘ﬁ*w (‘ﬁ*wﬂRm
Sxmxlarly F:Hp.D.R ER*a: =R, [‘R*w
F.(1). (4) (5).2F.Prop

< <> >
¥260-42. | : Hp%260:41 .. Py, [ Py =(Ry‘a] B)yo= (B | By'®)o

Dem.
v & [ d
F.%92:32. %26022. 3k : Hp . D . R“Ry'x C By'a .
«
[#96:111] 3. (Ry')] Boo = {(Byo)] Rlse
>
Similarly F:Hp.D. Ry [ Byw= (R | Ry'tlyo

Fo(1).(2).%26041.DF. Prop
26043. F:PeSer.D.

(2)
3)
4
(5)

1)
(2)

> > R
(Pt Pria)y = P} Pro‘o = (Pota)] Po=P, M (P,‘@)

Dem.
F.%26042.%121254.D

Laed >
F:Hp.R=P,.3. (PulPuiah={(By's)1 Bl

©
[%121'31.%260-22] = (Byn)1R
[%97°17.%260-27] =(Py,‘x)1 P,
o I~
Similarly F:Hp.D.{Py[ Ppfah=P [Py
« (-)

F.(1)-(2).%3511.DF:Hp.D. {Fy, [ P}, =P, [ P,z
F.(1).(2).(3).dF.Prop

1)
(2)
3)

« « ) .
Observe that the two series Py, [ Py, ‘@ and Py, [ Pp,“y are either identical
or have no common terms in their fields. This results immediately from

« «
#97'16, since the fields of the two series are (P))y‘z and (P))x‘y.



%261. FINITE AND INFINITE SERIES.

Summary of %261.

In this number we define finite and infinite series, and we show that,
where well-ordered series are concerned, there is only one kind of finitude,
z.e. there 1s not the distinction, which exists in cardinals, between *1iu-
ductive” and “non-reflexive.” We also give various equivalent forms of
the distinction between finite and infinite series, and some of the simpler
properties of each. The propositions of this number are numerous and
important.

We define an infinite series as one whose field is a reflexive class, and a
finite series as one which is not infinite. Thus we put

Ser infin = Ser n 5’“013 refi DA,

Qinfin =Qn C“Clsrefl  Df,
Ser fin = Ser ~ Ser infin DA,
Ofin =0 - Qinfin Df.
We also put, to begin with,
Qinduct=0n 5’“013 induet DA,

but in the course of this number we prove

*26142. . fin=Q induct
so that the symbol “& induct” is not required after the present

number.

After some preliminary propositions, we proceed (%261-21f) to various
criteria of finitude and infinity. We have

%26125. F:i.PeSer.D:
(“PeClsinduct— t‘’A .= . P=P, . E1B‘P.E1 BP
The condition P = Py, insures that every interval is finite, but this still
leaves it possible for our series to be a progression, or its converse, or the

converse of a progression followed by a progression (z.e. the type of the nega-
tive and positive finite integers in order of magnitude). The third of these
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posstbilities is excluded by either E! B*P or E ! B‘I’; the second is excluded

by Kt BP, and the first by E! B‘I\;. We have

¥261212. F:. PeQ.D: P, =TP.=.P=(P)y.=.P=Py
“dP,=U*P” means that every term except the first has an immediate

predecessor.  We have

%261'26. F:PeSer.aCCP.qla.aeClsinduct.d.Et minya. E! maxpa
and

%26127. F: PeSer:aCCP.qla.D,.Elminp‘a. K maxpia: D.

P=P,, .CPeClsinduct

whence we obtain

%261-28. F:: PeSer.2:.

aCCP.gta.D,. E!minp‘a. E! maxpfa:=. C*PeClsinduct

le. a series whose field is inductive is one in which every existent sub-
class of the field has both a minimum and a maximum.

From the above, together with an inductive proof that every inductive
class which is not a unit class is the field of some series, we obtain

%261:29. F.Clsinduct=
1uC0“P{PeSer:aCCP.qla.d,.El minpa. E! maxpia)
=1v 0% n CnvéQ)

The above proposition is interesting as giving an alternative method of
treating inductive classes. Instead of the definitions adopted in %120, we
might have taken the above proposition as the definition of inductive classes,
putting

NCinduct = Ne““Cls induct Df.

We should thus wholly avoid the use of mathematical induction in de-
finitions ; hence if such avoidance were in any way desirable, it could be
secured by dealing with series before introducing the diséinction of finite
and infinite, and then defining inductive classes as the fields of series which
are well-ordered backwards as well as forwards. The inductive properties of
such classes would then be deduced from %261:27, together with ¥260-27, in
virtue of which we have

PEQﬁCﬂV“Q-D-P:(Pl)poy
whence, by %9162,

FPeaCnviiQ. D d;Py.E:f)l“/.LC/L-I)I‘wEIL. Du.Yep.
In virtue of this proposition, if  is the field of a well-ordered series P
whose converse is well-ordered, then any property which is inherited with

respect to P, belongs to all the successors of  (where x e) if it belongs to
the immediate successor of #. Hence mathematical induction follows.
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From the above we obtain at once

¥26131. F: PeSer.D:(“PeClsinduct.=.P, PeQ

ILe. series whose fields are inductive are the same as inductive well-
ordered series, and are also the same as well-ordered series whose converses
are well-ordered. Hence also we obtain

¥26133. F:P,QeQ.QCP.D.QeQinduct

Le. a descending well-ordered series of terms chosen out of a well-ordered
series must be finite. This proposition, which is due to Cantor, has been used
by him in many proofs.

We have
%26135. F:.Pe.D:0PeClsinduct—~t‘A .= . IP,=UP.E! B°P
In %25351 and following propositions we have already had the hypothesis

d¢P,=d*‘P.E! B‘P, which now turns out to be equivalent to the hypothesis
that our series is finite and not null. Thus we have

%261'36. F: PeN.D:CPeClsinduct~t‘A.=.Nr'P4 14 NP

%2614 and following propositions are concerned in proving that a well-
ordered series which is not inductive always contains progressions, and in
deducing consequences from this. We have

*¥261'4  F:Pe0—Qinduct.d. (PgBP}1P,eProg

The above proposition is very important, for many reasons. One of its
most important consequences is that, if P is a well-ordered series which is
not inductive, its field contains an &, and is therefore a reflexive class
(%261'401). Hence a class which can be well-ordered is either inductive or
reflexive (%261°43), and a well-ordered series is either inductive or infinite
according to the definitions giver above (%261'41). Hence where well-
ordered series are concerned, the two ways of defining finite and infinite
(namely those in #120 and %124) give equivalent results. This cannot (so
far as is known) be proved for classes in general without assuming the multi-
plicative axiom.

!

From the above-mentioned propositions it follows that an infinite well-
ordered series is one in which P, limited to the posterity of B‘P with respect
to P, is a progression in the sense of %122 (%261'44), and that any class
contained in a well-ordered series 1s eituer inductive or reflexive (%261°4.6).

The number ends with some propositions in ordinal arithmetic. We
prove that P¢is well-ordered if P is well-ordered and @ is a finite well-ordered
series (¥261:62); that if R is a finite well-ordered series, and P is less than @
(in the sense of %¥254), then PZ is less than @Q®; and that a finite well-ordered
sertes is less than an infinite one (%261:65).
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%*261-01.
#¥261-02.
%261-03.
%261-04.
%261-05.
%2611,

%*26111.
%*261-12,

%26113.

%261'14.

%*26115.
Dem.

%261-151.
¥261-152.

%261-153.

%*261-16.

%261-161.
%261'162.

%261163.
%261-17.

%*261°171.
*261-172.

%261-173.
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Serinfin = Ser A 5“Cls refl Df

Q infin = O A C<Cls refl Dt
Ser fin = Ser — Ser infin Df
Ofin=0 - Qinfin Dt

Qinduct=Qn E‘“Cls mduct  Df
F:PeSerinfin.=.PeSer.C*PeClsrefl [(%26101)]
F:reQinfin.=.Pe ). C“PeClsretl [(%261:02)]

F:PeSerfin. =.PeSer—Serinfin. =.PeSer.CLP~eCClsrel
[(%261:03)]

|

FiPeQfin., -.PeQ—-Qinfin.=.PeQ.C*P~eClsrefl
[(%26104)]

F:PeQinduct.=.Pe Q). CPeClsinduct [(%261-05)]
F: PeSerinfin. Psmor().D. Qe Serinfin

F.%261'1.DF:Hp.D.PeSer.C“PeClsrefl. Psmor@.
[%204:21.%151°18] D.QeSer.CPeClsrefl. C*PsmCQ.
[#124-18] D.QeSer.CQeClsrefl.

[%2611] J.QeSerinfin : D F. Prop

F: PeSerinfin. . NP CSerinfin  [%261°15]

F:PeSerinfin.=.Nyr‘P CSerinfin.=.q! Nr‘P aSerinfin
[%261°151 . %15512]

F:PeSerinfin.=.(qQ). Psmor Q. Q eSerinfin
[%261'15 . %151-13]

F:PeQinfin. Psmor@.D.QeQinfin

[Proof as in %261°15, using #261'11 . 251111 . %151'18.. %124-18]
F:PeQinfin. D . Nr‘P C Qinfin [%261°16]

F:PeQinfin.=.NrPCQinfin.=.q! NP A Serinfin
[#261:161 . %155'12]

F:PeQinfin,=.(qQ). Psmor Q@.QeQinfin [%26116.%151'13]
F:PeSerfin. PsmorQ.J.QeSernn [%261°15. Transp]
F: PeSerfin.D.Nr‘P CSerfin [%261°17]

F:PeSerfin.=.NyPCSertin.= .5 ! No*P A Ser fin
[%261°171 . %15512]

F:PeSerfin. =.(q4Q). PsmorQ.QeSerfin  [#261°17 . x151°13]

49



122

%261-18.
%261-181
%*261-182

%261-183
%261'19.

%*261-191
%261-192

%261193
%261-2.

Dem.

%261-21.
Dem.

*261-211
Dem.
F.

SERIES [PART V

F:PeQfin. Psmor@Q.D.QeQfin [%261'16 . Transp]
i PeQfin . D.Nr'PCQfin [%261-18]

FiPefin.=. NrPCQfin.=. ! No‘PaQfin
[#261°181 . %15512]

. F:PeQfin.=.(gQ). PsmorQ. Qe fin [%261'18.%151-13]

F:PeQinduct. P smorQ.D.Q e induct
[Proof as in %261°16, using %120'214 instead of *124°18]

. F:PeQinduct.d.Nr‘P CQinduct [%261°19]

. F:PeQinduct.=.Ngo‘P CQinduct.=.q! NP a Q induct
[%261°191 . %15512]

. F:PeQinduct.=.(gQ). Psmor@Q.Q e induct
[%261-19 . %151-13]

b : P, econnex.(B‘P) Py (B‘i’) . J. 0P eClsinduct

F.%202181.DF:Hp.D.0"P =P (B‘PrBP).
[*260-11.Hp] J.CPeClsinduct : 3 F . Prop

F:Peconnex.P=P, .E1BP.E1BP.D.CPeClsinduct

F.%202:103 . %93:101. D : Hp. D . (BP) P(BP).

[Hp] > . (BP) Py (B°P).
[%261-2] J.C“PeClsinduct: D +. Prop

- e
. F: PeSer.D. minp‘{Pz— (P), x} CAP-AP,

%*91:511.%121-305.D

« e —
FiHp.D:yePon(P)c.yPiz.Dd . 2e Pan(P)fx:
" « —
[Transp]D:ze Fa: ~(Ppo‘z.yPz.J . ye— Pov—(P), x @

— e — e
F.%91502.D b ze Plo—(P)'w. Dize Plo— Pz
[%201'63] J:Hp.D.xP2 (2)
F.%201'63.DF: Hp.2P2.yP,z. D .~ (yPz) .y+=.
[%202-103] J.xzPy 3)
— «
Fo(2).(3).DF:Hp.2ze Pl —(P),'w.yPiz.D . ye Pix.
R
€8 d.yePa—(P)yfx.
—~> « ——
[%201-63] D.yePzn Pz —(P)y, x}.
- =
[%205-14] . zev eming {Pix — (P)),z] (4)
F.(4). Transp.D
- —
F:Hp.zeminp'{ Pz — (P), 2} . D .~ (qy).yP,z: D+ . Prop
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%261-212. +:. PeQ.D: AP, =UP.

fil

P=(P)p.=.P=P,

Dem.
F.%121-305.DOF:Hp.D.(P),, CP (1)
(D). Dl—:Hp.P+(P,)p°.D.(g{w,y).mﬁy.~£g,)wy}.
[%3218) d.(ge). 7! Pio— (P
[¥250'121] 5. (g2)« E ! ming{ Pz — (Prtal .
[%261-211] d.q!dP-AP, (2)
F.(2).Transp.DF: Hp . A‘P=U‘P,.D . P=(P),, (3)
F.%91504. DF:P=(P),.d.AP=U‘P, (4)
Fo@3).(4). O Hp.O: P =UP.=. P=(P)p
[%260°27] =,P=Py:.0F. Prop

%261-22. F:PeSer.C‘PeClsinduct.D.P =P, .DP=DP, .0AP=01P,
Dem.

F.%260'12.%20118. D F: Hp.D. P, G P (1)
F.%121-242. DF:Hp.aPy.d.a,ye P(my).x+y.

[%52:41] D.P(zmy)~elul (2)
F.%120481. Jt:Hp.D.P(zwy)eCls induct 3)
F.(2).(3).%26011. D+: Hp.2oPy.D . 2Py (4)
F.(1).(4). Jk:Hp.D.P=P,,. (5)
[%260-3] D.DP=DP,.A‘P=UP, (6)

F.(5).(6). D+ . Prop

¥26123. F:PeSer.DP,=DP.~E1BP.G1P.D.CPeClsref
Dem,

v e—
F.x9152. Db, Pe(P)y'e = (P )po'® 1)
F.%91-54.%26022.D -

|‘:Hp.zeC"P.D.(‘1;1_);‘.1:=L‘wu(*l;l)::‘x.wrve(P,)m‘w (2)
F.%9311. D+:Hp.D.DP,=CP. (3)
[%9018] 5. (P)ya CDP, )
F.%26022.0F:Hp.d.Pel—>1 )

Fo().(2).(4).(3). %7321 . %9174.D

—— — —
FioHp.D:2eCP.D . (Pyx‘ssm (L)@ . (Pr)p'zC (‘Iiz*._‘a: .

q L (P)x‘e— (Pr)po‘2

é__.__.
[*124-16] 3. (P)y‘weCls refl (6)
F.(6).(8).(4).0F:Hp.D.q!Clsrefl n Cl*C*P.
[*124-141] D.CPeClsrefl: D+, Prop
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#26124. F:PeSer.CPeCls induct—t‘A.D.Et B*P . E!B‘P

Denic.
F.%26122.DF:Hp.D.DP=DP, .

[%26123.Transp] ~ D.E1BP 1)
)
r.u)fu. StiHp.d.E1BP (2)

Fo(D).(2). DF.Prop
26125, b1 PeSer.d: (“PeClsinduct— (‘A . = . P= P, E1BP  E1BF
(%26122:24-21]
When P=F,.EIBP.~E! B‘ﬁ, P is a progression ;
when P=r.E! B‘j‘ .~E! B‘;’, P is o regression
(t.e. the converse of a progression); and when
P=P, .~EUBP.~E1BPD,

P is the sum of a regression and a progression. These propositions will be
proved in the next number.

#26126. t:PeSer.aCll .5 !a.aeCls induct.d.E! minp‘a. E! maxpa
Dem.

F.%20517.DF:Hp.ael.D.E! minpa. E! maxp'a (1)
F.%20255.0F:Hp.a~el.D.a=CP[a).

[%261-24] D.E!B{Pla). E1 BCnv{(P[a).
[%20542] J.E!'minp‘a. E! max,‘a (2)
Fo(1).(2).DF. Prop

%26127. F: PeSer:aCCP.gqla.d,.E!minyfa. Et maxpfa:D.
P =P, .CPeCisinduct

Dem.
F.%250'1121.DF:Hp.D.Pe).
[%250:21] D2.DP=DP,
[%260-3] D.DP=DP, 1)
F.(L).DF:Hp.aoPry.yeDP.D.yeD Py . cPry.
[ £260-201] S.ye PP a.
[#26012.%201°18) S>.ye PPz,
[%205°111] D.y¥ maxp‘(-ﬁ,n‘x (2)

“— v
Fo(1).(2).Transp . D F: Hp.xe DP. D max, Py r=BFP (3)
FLox250'12118. D F: Hp. gt P.D . E1 BP.

[(3)] D.(BPy P (BDY.
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[%260:11] 3. P(BP BP)eCls induct .
[%202-181] D.C“P¢Cls induct (4)
F.#%120212.0F: P=A.D.CP¢Cls induct (3)
F.(4).(5). DF:Hp.D.C“PeCls induct . (6)
[%261:22] >.P=P, 1)
F.(6).(7).DF.Prop

%261'28. F:: PeSer.D:.
aCCP.q'a.d,. E!minp‘a. E! maxp‘a:=.CP e Cls induct

[%261-26-27]
%261281. F:yeClsinduct —1.D. e CSer
Dem.

F.%20424 . DF.AeC*Ser (1)
F.%5222, DF.Avizel (2)
F.o%5222. dbFiz=y.d.t'zviyel (3)
F.%204:25. dbiazfy.d. .tz vifye C“Ser (4)
F.(3).(4). Dbtz vi‘yel v CSer.

[#%52:1] DbFiyel.D.yviyel v (“Ser (5)
F.o%512. dbiyeC“Ser.yey.d.yvifyeC“Ser (6)
F.%204'51 . %161'14. D F:yeC“Ser. g ly. y~ey. D yvi‘ye C“Ser  (7)
Fo(6).(7). DF:yeCSer.m!y.d.yvifyeC“Ser (%)
F.(2).(5).(8). dbF:yelv(C“Ser.d.yvi‘yel v CSer (9)

Fe(1).(9).%12026 . DF:yeCls induct. D.yel v CSer: D t. Prop

%26129. F.Cls induct=
luC“Is{PeSer:aCC‘P.(g[!a.Du.E!minP‘a.E!maxp‘a}

=1v QO n CnvQd)
Dem.

F.%261281.0F:yeClsinduct—1.D:(qP): PeSer.y=CP:
[%261-28]

D:(qP): PeSer:aCC*P.q!a.d.. E!minpa. E!maxpaty=CP:
[%376] D:qeC“P{PeSer:aCCP.qla.d,.Elminya.Elmaxy,a} (1)
F.%26128.DF: PeSer:

aCCP.q'a.D, . E!ming‘a. Elmaxpia:y=CP:D.vyeCls induct :.
[(#%376]DF: yeU“ﬁ(PeSer :aCCP.yy!a.d, . E!minpfa. E! maxp‘a)y.D.
veCls induct  (2)
F.%120213.2F.1CCls induct 3)
F.(1).(2).(3).D
F.Cls inducb:C’“ﬁ{PeSer:aCC‘P.g!a.DG.E!minP‘a.E!maxP‘a}
[%250121] = C“(22 A Cnvé‘Q).D . Prop
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The following four propositions are immediate consequences of the
propositions already proved.

%261'3. F:i:PeSer.D:.
C“PeClsinduct.=: PeN:a CCP.qta. D, . El maxp‘a
[%261-28 . %250-121]

426131 b PeSer.D:CPeClsinduct.=.P, Pef [%261:3.%250121]

%261:32. F.Sern («Cls induct = © induct = & A CoveQ [%261-31-14]
On account of this proposition, we do not introduce the notation “Ser

induct” for “ Ser a C*‘Cls induct,” because a series whose field is inductive
is-a well-ordered series, and therefore the notation “ ) induct ” gives all that
is wanted.

%26133. F:P,QeR.QCP.D.Qe induct

Dem.
F.%2042.3F: Hp.D.QeSer. QC P,
[%250'14] . QeSernBord.
[%250-12] 3.Qe0.
[%261-32] J.QeQinduct: D+ . Prop

This proposition (which is due to Cauntor) is of great importance in the
cheory of well-ordered series. It shows that, however great a well-ordered
series may be, any descending well-ordered series contained in it must be
finite. (A descending series in a given series is a series contained in the
couverse of the given series.)

¥26184. F:PeQ.QP,=0P.E!BP.D.CPeCls induct

Dem.
l-.ale250'23.a|e214'12.Dl-:.Hp.aCC‘P.D:E!maxp‘a.v.E!seqp‘a 0]
F.%206'181.0+:Hp.aCCP.q!a.Elseqpia.D.seqrac AP, .

[%204:7] J.E! P seqpa.
[%206-451] 3. E! max,‘a (2)
F.(1).(2). DF:@Hp.D:aCCP.qla.J,.El maxpa:

[%261-3] J:0*PeCls induct . D F . Prop

«726135. F: Pef).D:C“PeCls induct—tfA.
[%261-22:24-34]
Observe that “d‘P,=d‘P.E! BP” occurs as hypothesis in %253-51

and some succeeding propositions. Thus this hypothesis is equivalent to the
hypothesis that the field of P is an inductive existent class. It follows that

iil

‘P, =d‘P.E! BP
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if P is an inductive well-ordered series, Nr‘Ps = Nr‘P, whereas if P is a

well-ordered series which is not inductive, Nr*P; = Nr*P 41 ; also that

%261'36. F:.PeQ.D:CPeClsinduct — A .= . Nr'P+1+Nr'P
[#253°573 . %261-35]

%26137. F:.PeN.D:CPeClsinduct.=.14Nr'P=Nr‘P4i
[¥258'574 . 26135 . ¥161:2:201]

%26138. F:. Pe.D:CPeClsinduct —tA.D.Nr'P,=Nr‘P:

C*P~eCls induct —t‘A.D. Nr*Ps = Nr‘P+ i

[%253'56 . %261°35]

‘.—._
%2614 F:PecQ—Qinduct.D.{(P)y'B‘P}1 P eProg
Dem.

F.%2047. OF:Hp.R=P,.D.Rel—>1 @1
F.%120212.0F:. Hp.D:qq ! P:

[%250'13] J:E!B‘P:

[%250-21] D:R=P,.02.BPc¢D‘R (2)
F.%26022. DF:Hp.R=P,.D.R,,CJ (3)

F.%93:103 . %20252 . D
«— v o
F:PeQ.R=P,.q! RyB'P~DP.D.BPcRyBP.

[%93-101.%9154] >.(B‘P)R,,(B‘P).

[%260:27] >.(B‘P)P,, (B‘P).

[%261-2] J.C“P e Cls induct (4)
b.(4). Transp. Dk :Hp.R=P,. . Ry'B-PCDP,

[%250-21] 5. R BPCDR (5)

F.(1).(2).(3).(5).DF:Hp.R=P,.D.
«~
Rel—51.BPeD'‘R.~{(B‘P)R,,(B‘P)} . Ry!B‘PCD‘R.
[%122:52] D. (‘E*‘B‘P)“R e Prog: D} . Prop

%261401. F: P Q —Qinduct.D . I N, n ClI‘CP.CP ¢ Cls red
Dem.

b.%2614 . %1231 .3 F: Hp.D . DY((Py)gBP} 1 P, e X, (1)
b.%121805.  DF:Hp.d.DYP)BPI1PCCOP  (2)
Fo(1).(2). SF:Hp.D.q!Nn ClCP. 3)
[%124-15] D.CPeCls refl (4)

F.(3).(4).DF. Prop
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%26141. F.Q - Qinduct=Q infin [#261401.%261°11 . %124°271)
%26142. F. 0 fin = induct [%261-41. Transp . ¥124:271]
We shall henceforth use “ O fin ” in preference to “ Q induct.”
%261-43. F.C“Q CClsinduct v Cls refl [%261-401-14]
%261431. F: PeQ—1‘A.D.
— «— «—
(P B P{1P,= P, PtBP = P,} (“BP v Py B°E)

o —@WBP P BP)P,
b.#2501321. DF:Hp.D.BPeDP,. 1)
(%260'31 ] 3. 1BP U P B = (Pyg B 2)
F.(1).%26027. DF: Hp.).‘énfgp=(m;§jf.
[¥26034] >. PP Py BP= (PO B P P 3)
[(2)] —BPUP BIP (4

b (3).(4). #3511 . 3k : Hp. 3. (P BP|1P, = PL (1 BP v P B'P) (5)
F.(8).(4).(3).DF.Prop

&~
%26144. F:.Pef).D: P PBPeProg.=.PLe{)infin
Dem.

«—
Fo%1231.0F:PeQ.P [ P B PeProg.d.g! 8 naCICP.

[%124'15] D.CPeCls refl .

[%2611] 3.PeQinfin (1
&~

F.%261443141 . F: PeQintin. D. P, P, *BP ¢ Prog (2)

F.1).(2).DOF. Prop
26145, F.Qinfin=0Q B (P P BP e Prog] [#26144]

%26146. F:Pe.D.ClC‘P CCls induct v Cls refl

Dem.
F.%250:141 .%202'55.D

F:Hp.aCCP.a~el.D.PlaeQ.a=C(Pla).
[#261-43] D.aeCls induct v Cls refl (1)
F.%120218.DF:ael.D.aeCls induct (2)
F.(1).(2).2F. Prop
%26147. F:.Pc.aCCP.D:aeClsinduct.=.a~¢eClsrefl
[%261-46 . %124:271]
%2616, F:PecQ.CPCOQ.NcCP=vp.Dp. P
veNc induct — 0 —11: D :
QeQ.0QCO. Ne\C:Q=p+,1.q.[15Qc 2
Dem.
F.%204272.0F: Ne'DQ=1.QeSer.D.Qe?2,.
[%56:112] 2.0Qe2 (1)



SECTION h] FINITE AND INFINITE SERIES 129

Fo(1). Transp. DF: Qe Q. 0QC Q. Ne“C*Q=v+,1.
veNC induct — 10— ¢‘1.3.DQ~e 1 (2)

~

F.%261-24.3F:Hp(2).D.E! BQ.

[(2).%204461] 3.Q=Q[ DQp BQ.

[%172:32] I T14Q smor [14Q L DQ) x BQ (3)

F.%12063.DF: Hp(2).D. Ne‘DQ +, 1= v +,1.

[%120:311] 3. NeDQ =y (4)

F.(4).  DFeHp2):PeQ.0PCQ.NtCP=v.2p 1L e,
QL DQ) e .

[(3).%25155] 3. Qe (5)

F.(5).Exp.D
FrHp.D:QeQ.CQCQR. NesC:Q=v+,1.D. Qe Q2. DF. Prop

%26161. F:PecQfin.C:PCO.D.IIfPe )

Dem.
F.%2616. Obiigy.=,: PeQ.C‘PCO.NesCP=v.Dp.TI'PeN:.D:.
veNcinduct— 0 - ¢‘1.d:¢r. D . (v +.1) (1)
F.%20012.DF.~(qP). PeQ.CPCQ.NcCP=1.
[%10°53 JDF:Hp(1).d.¢1 (2)
F.#172:13 ., %2504, DF:Hp(1).D.¢0 3)
Fosl7223.%25155 .0k Y+Z. YV, ZeQ.D: 1I(Y | Z),NI{(Z | V)e Q:
[%55°54.%204-13) DiPeSer.CP=v'Yvi'Z.2.[1‘'PeQ2 (4
F.(4). %5401 .0+ Hp(1).D. ¢2 (5)
Fo(2).38).(3). DFe.Hp(1).D:¢p0:vetOvi‘l.¢v.D.p(rv+,1) (6)
F.(1).(6). JF:Hp(1).D:veNCinduct.¢pr.D, . p(r+,1): 90 :
[#120-13] J:ae NCinduct.J, . dpa )

F.(7).%13191.3F: PeQ.CPCQ . Ne!CP e NC induct. Dp. TP e O :
[%26114:42] DF:PeOtin.C°PCOQ.Ip.TI°PeN: D}, Prop

%26162. F:PeQ.QeQfin.D.Plc

Dem.
F.%25151. Sk:Hp.q!P.D.P|iQeQ (1
F.%16526. Dk:Hp.D>.CPL3QCO (2)
Fo(1).%165:25 . %26118. D ks Hp. g 1 P.D. P {iQeQfin  (3)
F.(1).(2).(3).%26161 . D F: Hp.g ! P.D. nfp;,;QeQ.
[%176:181:182] D.P%Q (4)
F.%176151.%2504. DF:P=A.D.P%Q (5)

F.(4).(5).DF.Prop
R. & W, IlIL.
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—
%26163. F:E!BR.PCQ.zeCQnap'Q“CP.D.
(L‘w) T C“Re C(QR npté_izuC(PR

Dem.
F.%116:12 . DF:Hp.D.(t2) T C‘Re(CQ 1 C°R)s‘C‘R .
[%176:14] D.(t2) T CReCQR (1)

F.%11612.%9311. D F . Hp. S e (C°P § C‘R)s‘C*R . T= (1a) } CR .D 1
(S‘B‘R)Q(T“B‘R): ~(qy).yR(B‘R):

[¥1053]  D:(SB‘R)Q(T“BR):yR(BR).y+BR.D,.Sy=T%:
[¥176:19.(1)] D : S(Q) T @)
F.(2).#17616.DF . Hp.D: Se C*PE. . S(QF) {(1'z) 1 C°R} 3)
F.(1).(3).dF. Prop
%26164. F:ReQfin —t‘A.PlessQ.D. P less QF

Dem.
F.%25455.3 F: Hp. D . (gP). P smor P. P' G Q.51 CQ n p O 5C° P
[%26163.%250:18] D .(gP’).P smor P. P CQ.q ! CQF n p-QReCH(P) .
[¥176:35:22] S.(gM). Msmor PE. M G Q" . q 1 CQF n p-QReC M .
[%254:55.%26162] D .PZFless @®:JF . Prop

%26165. F:PeQinfin.@QeNfin.d.Qless P

Dem.
F.%261°11'1442.2+:Hp.D.CP e Clsrefl . C°Q e Cls induct .
[%124-26] . Nc‘C*P > Nc‘C*Q.

[%255°75] J.QlessP:DF. Prop



%262. FINITE ORDINALS.

Summary of %262.

Finite ordinals are defined as the ordinals of finite well-ordered series;
infinite ordinals are defined as the ordinals of infinite well-ordered series.
In virtue of %261'42, finite ordinals are those whose members have fields
which are inductive, and are also those whose members have fields which are
not reflexive. Finite ordinals have the formal properties which cardinals have
but which relation-numbers and ordinals in general do not have, i.e. their
sums and products are commutative, and the distributive law holds in the
form . L

aX(v+w)=(pXv)+(pX®),
as well as in the form

+m)xp=@xXp)+(@Xp),
which was proved generally in %184:35.

The distinguishing properties of finite ordinals are most readily
established by means of their correspondence with inductive cardinals. In
general, two well-ordered series whose fields have the same cardinal need
not be ordinally similar, but when the cardinal of the fields is inductive,
the two series must be ordinally similar. Hence the ordinal of a finite well-
ordered series is determined by the cardinal of the field of the series We
put generally

pe=0n 5“;1. Df.

The result is that, if u is an inductive cardinal, u, is the ordinal of all those
series whose fields have u members. Thus there is a one-one correspondence
of inductive cardinals and finite ordinals ; and in virtue of this correspondence,
the formal properties of finite ordinals can be deduced from those of inductive
cardinals.

It will be observed that, according to the definitions already given,
F.0,= 0 n 0A by %25043,
F.2,=Qn 02 by %25044.
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Hence the notations 0,, 2, are particular cases of the general notation u,.
But in virtue of ¥200°12, we have, by the definition of u,,
F.l,=A,
so that 1, does not take its place in the serics of finite ordinals.
Our definitions in this number are
NO fin = Nr““QQ fin Dt
NO infin = Np¢‘Q infin  Df,
Hr=0n 5“/1, Df.
It will be observed that for the sake of convenience we have defined NO fin

and NO infin so as to exclude A. The definition of g, is chiefly useful when
w 18 an inductive cardinal.

The number begins with various clementary propositions, partly embody-
ing the definitions, partly concerned with u,. We have
%26212. F:Peu,.=.PeQ.CPep
%26218. F:pueNC.q!'p..Dd.p=0C%,

This proposition does not require that w, should be a relation-number.
If p is a reflexive cardinal, w, is not a relation-number unless it is null,
because series of many differcnt relation-numbers can be made with a given
cardinal number of terms. When g is a car'inal, “q7 ! &, means that classes
having u terms can bhe well-ordered.
%26219. FipurveNC.qlp,.dip=v.=.p=y,

Thus the relation of u to u, is one-one so long as u is the cardinal number
of a class which can be well-ordered.

We next prove that if u is an inductive cardinal other than A or 1, u, is
a finite ordinal, and that every finite ordinal is of the form u, for an appro-
priate u. We have
%26221. F:pueNCinduet—t‘A—t1.D.9 ! u,
%26224. F:peNCinduct — A —¢1.D . p, e NOfin

We prove this by means of an inductive proof that two series are similar
if their fields are inductive and similar.

%26226. F:aeNOfin.=.(gu).peN,Cinduct — 1. a= pu,

Hence we easily obtain the properties of finite ordinals from those of the
corresponding cardinals, Assuming that w, v are inductive cardinals other
than 1, we have

%26283. w4 v, = (u+, V),
%262:35. w41 =(u+,1), if u#$0,
%26243. . Xv,=(p X, )
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*262:63.  p,exp,v,=(u"),, if v$0,
*2627. w>v.=.p >
Henee if o, 8, vy are finite ordinals,
%2626. a4+B8=R+a
%26261. axpB=pBXa
%26262. ax(B+y)=(axB)+(aXry)
#26263. (a X B)cxp,y=(aexp,y)X(Bexp, y)

Thus the arithmetic of finite ordinals obeys the same formal laws as the
arithmetic of inductive cardinals.

#26201. NO fin= N0 fin Dt
#262:02. NO infin = No“Q wfin - Df
¥26208. 4 =0~ (4 bt
#2621, F:a2eNOfin.—~.(ql). LPeQfin.a=NyP [(%262:01))

#262111. F:aeNOinfin.=.(ql). Pe Qinfin.a=NrP [(¥26202)]
#262-111. F:.aeNOfin.=:aeNO:aflita.v.a=0,:

=taeNO:at+ita.v.a=0,
Dem.

Fo%2621.D
FroaeNOfin.=:ae NO: (). PeQfin.a=Nrl:

[%261:36] —1aeN,O:(gLP): Nr P 1 +NrP.v.P—=A:ra=NrP:
[(%25503)]  =:0eNO:at+ifa.v.a=0,: (D
[#180'+.%1555]=1ae NO:a+ i +a.v.a=0, (2)

Fo().(2).DF. Prop
%262112. F:ae NOinfin.~.aeNO =10, i +a=a
[%262:111 . Transp . 201°13]
¥262:12. b:lep,. . PeQ.(Pep [(%262:03)]
%¥262:13. F:Nt'PeNOtin.z.lPeQfin.=.Pe.C“PeClsindnet
Dem.
Fok2621.DF: NP e NOfin .- () - Qe Qfin. Nrt2 = Ny}

[#152:35.%15513] T Q) Qe Qfin P smor Q.
[%261°183] P eQtin, (h
(%2061 4214 e e Cls indnet 2)

}”.(l).(g).D".l)l‘ull
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%26214. F:NrfPeNOinfin.=.PeQinfin.=.Pec.CPeCClsrefl
[Proof as in #262:13]

#26215. F:aeNO.D:aeNOfin.=.C% e NC induct
Dem.

F.%262:13 .%12021.D
F:NyrPeNOfin.=.Pe). Nec‘C'Pe NCinduct 1)
F.o(1).%2511.D
FooNgefPeNO.D:NprfPe NOfin.
[%152:7]
F.(2).%1552.D+.Prop

. NycCP ¢ NC induct .
«C“Ng‘P e NCinduet  (2)

il

1}

%26216. F:aeN.O.D:

ae NOinfin.=.0~ ¢ NCinduct .= . O%“a ¢ NC refl
[Proof as in %262:15)

%26217. F:PeQ.D.Pe(NcC‘P),

Dem.
F.%1003.DF.C¢PeNc‘C‘P 1)

F.(1).%26212.DF . Prop
%26218 FipeNC.qlpu.D.pu=C%,

Dem.
F.%26212. DF.C,Cpu (4]
F.%26212. DFl:aep.Pep,.d.aq,CPep (2)
F.(2).%1005.0F:Hp.aep.Pep,.d.asm CP.
[%731] 2.(g8).Sel—1l.a=DS.CP=0‘S.

[#151°1.%15023] J.(qgS).SiPsmorP.CSiP=a.
[%251111.426212] 2. (gS). Si Pe Q. CSiP=a.
[%26212.Hp] J.(g8).SiPep, .CSiP=a.

[%37-6] d.aeCpu, 3)

F.(8).%1023.JF:Hp.D. uCC, (4)

F.(1).(4).DF . Prop

%26219. FipveNC.qlp.dip=rv.=.p=0y,
Dem.

Fo%26212. 0kt p=0.D. pr=v, 1)
F.%262:18. D+ :Hp.pr=v,. . u=C,
[%26218] = (@)

Fo().(2).DF. Prop
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%2622,  F.Clsinduct - 1=C(Q n Cnv*“Q))

Dem.
F.%26129. D}k, Clsinduct — 1 = C“(Q2 A CnvééQ2) — 1
[#20012] =C“(Q aCnv“Q).DF. Prop
%26221. F:peNCinduct— A —¢1.D.q ! uy
Dem.
F.%1202.%10043.DF: Hp.D.(qa).aep. . aeClsinduct .arel.
[#262-2] D.(gqa, Py.aep.PeQ.CP=a,
[%262:12] d. 4 u:DF. Prop
#262:211. F:aeClsinduct— 1.2 .5 ! (Nca), ntp‘a
Dem.
F.%262:21.%10312.3F: Hp.D.q 1 (Necfa), . ae Nca.
[%262:12] D.(gP). Fe(Nc‘a),.C‘PeNyc‘a.ae Nca.
[%63:13] 3.(q4P). Pe(Nca), . C°Petéa.
[%64:24.%35'9] 3. (gP). Pe(Nc‘a),. Pet‘(ata).
[*64-11] d.q I (Ncfa), n tya: D F. Prop
#262212. F:pu$0.pu$1.Pe(u+sl). 2. PLTAPep,
Dem.
F.%262:12, DF:Hp.D.CPeu+,1.PecQ2. N
[%110-4] D.peNC—*A (2)
F.%93103.%25013.0 F:Hp.D.CP=1‘B°PuvdP.BP~edT*P.
[%110-63] D.Nc*C‘P=Nc‘dP+.1.
[(1).(2)] 3. u4,1=Ne‘dP +,1.
[*120-311.(1)] d.u=Nc'dP.Pe).
[%202:55.%250'141] D.p=Ne‘C(PLA‘P). PLA‘Pe Q.
[#262:12.%100°3.(2)] JD.PLdAPep,:dF.Prop

%262213. F:.u40.u3+1:P Qep,.dp . PsmorQ:D:

P,Qe(u+c1).2p,o. Psmor@
Dem.

F.%262:212'12. %1201124. D
F:Hp.P,Qe(u+,1),.0.PLAP, QLU Qep,.P,Qe 2 —1A.
[#11-1.Hp] D.PLAPsmor QLAQ.P, Qe 2 — 1A .
[#250'17] J.Pswmor@:2J k. Prop
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%26222. F:ueNCinduct. P’ Qepu,. . Psmor)

Dem.
FLo153101 042621120 F: P, Qe 0,.D. P smor @ (1)
F.%200112. Dh.1,=A.
[%10°53] Dl Qel, .D. Psmor(Q) (2)
F.%153-202 . DF:P, Ge2..0. Pswmor (3)

Fo(2).(3). 4202, DbFip=0.v.u=1:

P Qep. . 2po - Psmor Q:D:P Qeluut,1).Dp g Lsmor) (1)
FLo(4).%262213. D
FeoP Qep . Dpg. PsmarQ:D: P Qelp+,1).Dp,. Psuor@ (3)
F.(3)y« (1) Indnet . D F . Prop

%26223. F:i P QeQfin.D: P xm Q.. P smor )
Den.
FL.%262:17'13.D
FrUHp. . CPstu CQ.D. P, Qe(Nc C*P), . Ne*(* P e NC induct .
[%262:22] J. Psmor @ 1)
F.o(1).%153118.DF . Prop

The above is the fundamental propasition in the theory of finite ordinals,
since it enables us to reduce relations among finite ordinals to relations among
the corresponding cardinals.

%26224. F:peNCinduct — A —11.D.4,eNOfin

Dem.

F.%26221. DF:Hp.J.y 'y, (1)
F.x26222. DF:Hp.Pep, .. u, TN1*P (2)
F.x26212. 15118 . D F: Pep, . D . Nr*PCp, (3)
Fo(2).(3). DF:Hp.Pep, .D p,=Nt'P (4)
F.o). (). DF:Hp.D.pu e NR—1A (5)
FLo%262:12. DF:Hp.Pep, .D.0LeClsinduct .
[%262:13.(4).(5)] D.u,eNOfin (6)
F.(D).(6).DF. Prop

%262241. F:. peNCinduct. Pef2. D, =Nr'L.=.u=Nc'CD
Dem. -

FL.x1003. Db:Hp.u=Ne'C'P.D2.CPep.

[%262:12] D.Peyp,.
[%15245.%26224] Jou =NtP (D)
Fox132:3.0%262 18 . D F:Hp g, = N2, Do =Nyl

[x152:7] .= Ne(p (2)

)".(]).(2).3}".1)“)1)
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%2622, F:(gu).pueNCinduct —t1—t‘A.a=p,.=.aeNO fin

Dem.
F.%2621-13.D
F:aeNOfin.D.(qP). PeQfin.a=Nr‘P.Nc‘C*Pe NC induct .
[%262241] D.(gP).PeQfin.a=Nr'P.(Nc‘C‘P),=Nr‘P.

Nc‘C*P e NC induct .

[%13-172] J3.(gP).a=(NcC*P),. Ne*t* P e NCinduct .
[%20012.%262'1.%15513] D . (5u)  pe NCinduct — 1 — 1A ca=p, (1)
F.%26424. D F 1 (gu) - we NCinduct — 11 - A . a=p,. . ae NO fin (2)
F.(1).(2).DF. Prop

%26226. F:aeNOfin.=.(qu). we N,Cinduct — ¢1 . a = p,
[%262:25 . %103:13:34]

%26227. t:a,8eNOfin.D.a+BeNO fin

Dem.
b.%18021. DF:Hp.Pea.QeB.D.P+Qecatp 1)
F.x25124. DF:Hp.D.a4BeNO (2)
F.%180111.DF: Hp (1).D.Nc‘CY(P + Q) = Nc(CP + CQ)
[¥110°3] = Nc‘C“P +, Nc“C“Q (3)
F.%26213. DF:Hp(1).D.Nc‘C*P,NcfC“Q e NCinduct .
[%120-45] D.NcéC¥P 4, Nc“CQ e NC indnct (4)
Fo(1).(2).%15526 . %251°122. D
F:Hp(1).D.P+QeQ.a+8=Ny‘(P+Q) (5)
Fo(3).(4). dt:Hp(1).D.C{P +Q)eClsinduct  (6)
F.(5).(6).%2621.%26142.DF: Hp(1).D.a+B8eNOfin (7)
Fox2621 . %15513. DF:Hp.D.qla.q!B (8)
Fo(7).(8).DF. Prop

%262271. +:0a,8e NOfin.D.aXx B¢ NO fin
[Proof as in 26227, using x184:12. %166:12 . ¥251'55 . ¥120°5]

%262272. F:a,3eNOfin.D.aexp,BeNO fin
[Proof as in ¥262:27, using #1861 . ¥176°14 . %261-62 . %12052]

#26231. F:pu,veNC.D. pa+ v, T 4o v)s

Dem.
F.%1802.D
FeZep4v,-=:(gP, Q) pur=NgrP.v,=Ngr‘Q.Zsmor (P +Q): )]
[¥180-111.%151-18] D : (P, Q) » sy = NorP . v, = Nr*Q . (“Z sm (C*P + (*Q) :
[*15512] 2:(gP,Q). Pep,.Qev,. CZsm(CP+CQ):
[%262-12] D:(gP, Q). CPep.CQev.CZsm(CP+CQ):
[¥110°21] 3:Hp.D.CZecpt,r (2)

10
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Fo(1).%26212.%15512.D
beZepr4v,.D.(GP, Q). P,Qe Q. Zsmor (P + ).
[%251:25.%180:1112.(%18001)] D . Ze Q2 (3)
F.(2).(8).%26212.0F . Hp.D: Zep,4v,. D . Ze (4 ¥)r 2. D+ . Prop
#26232. F:u,veNCinduct. Pep, . Qev,.D. P+ Qep +v,

Dem.
F.%200112.%26212.DF: Hp. D g, v e — 11 —t°A..

[#262:24] d.p,v,eNO.

[%180-21] D.P+Qep,+v:dF.Prop
#262:33. F:pu,ve NCinduct— 1. i+ v, = (u +, %),

Denm.

Fox26212.DFpu=A.v.v—A: Dy, =A.v.y,=A:
¥1804] Ddiprv,=A @)
F.#1104. Dbrp=A.v.v=A:D.u+,v=A.
[#26212] Do(p+v),=A 2)
F.%26232.0F:Hp.Pep,-Qevr.D. P+ Qeprtv,. 3)
[#18042.%152'45] d.ur+v,=Nr{(P+Q) (4)
F.(3).%262:31.0F:Hp(3).D. P+ Qe(u+ov)-
[*12045.%262-24] D.P4+Qe(+,v)r-(u+o,v)eNR.
[%152-45] d.(p+,v)=Nr(P+ Q) (5)

Fo(4).(5).#1023.%26221 . DF:Hp.qlu. v D ptr,=(u+,»)r (6)
F.(1).(2).(6).2+.Prop
The above proposition still holds (as we shall now prove) when one of

# and v is equal to 1, but not both. When both are equal to 1, et vr=A,
Whlle (.“ +° V)r =2,.

#26234 tF:ueNC—10.D. 4 +1C(u+1),

Dem.
F.%1812.0F: Zep, +1.=:(gP, z) . pr = Nor*P . Zsmor (P $» ) (1)
F.%181'6.%1527.DF:5 1 P.D. Ne‘C{P 4 x) = Ne‘C*P 4,1 (2

F.1).(2).2
FeoHp.D:Zep+1.D.(FP). pp= Nor*P . Nc*C“Z = Nc*C*P +, 1.

[%262:241-12] .(qL) . pr=Ng'P . N CZ=p+,1.

[¥100-3] D.CZep+,1 (3)
Fo(1).%26212.%15512.0F: Zep, +1.D . (FP). Pe Q. p, = Ng‘P.
[%251-1-132] d.u+1eNO.

[%251-122] D.Ze (4)

F.(3).(4).%26212.2F . Hp.D: Zep,+1.3.Ze(u+.1),2.DF . Prop
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#262:341. F:ueNCinduct. Pep,.Dd. P zep, +1

Dem.
F.%20012.%26212.0F:Hp.D . pe—t1 — 1A
[#262-24] J.ueNO.
[%181-21] dD.Pipreu,+1:DF.Prop

#26235. F:pueNCinduct—¢0—t1.D . p41=(n+,1)
Dem.
F.%26212. dbip=A.Dd.pu=A.

[%181-4] dip+l=A 1)
F.%1104. Dbip=A.d.p+,1=A.

[#262:12] d.(p+:1)y=A (2)
F.%262341. DJF:Hp.Pep,.d).Phrep+1. (3)
[#181:42.%152:45) d.u,+1=Nr{(P H =) 4)
F.(3).%26234.0F:Hp.Pep,.d. Pze(ut,l),.

[%120-45.%262-24] D.Phze(n+ol).(n+.1),eNR.
[*152:45] D.(u+1),=Nr{(P P ) (5)
F.4).(5). DH:Hp. gl . dp+il=(u4+.1),:

[#262-21] dDF:Hp.q!p.dopm+l=(+,1) (6)

F.(1).(2).(6).DF.Prop

#26236. F:peNCinduet —¢0—t0.D.14u, =1 4, p)
[Proof as in %262-35, by means of analogues of ¥262:34-341]

%26241. tF:p,veNC.D. pu Xy, C(u X, ),
[Proof as in %262-31, using *184:1-5 . %113-21}

#26242. t:pu,veNCinduct.Pepy.Qevy.D. P X Qep,Xv,
[Proof as in 26232, using %184:12]

%26243. t:pu,veNCinduet— ¢1.D . pu, Xy, = (p X, ),
[Proof as in %262:33, using *184:11 . %113-204 . ¥18415 . %120°5]

%26251. t:peNC.veNCinduct.D .y, exp,v, C(u*),

Dem.

F.%1865. Dt:ip,,v,e NR.v40. Rep,exp,v,.d. C‘Re(Cu,)™ (1)
F.%18611.DF: Rep,expev,. Dy, . J Loy (2)
F.(1).(2).%26218.0F:Hp.v40.Rep,exp,v,. D . C°Rep” (3)
F.o%26212, Db CQ.

[(2)-#251'1.%18611) DF: Repyexp, vy D ppe NO (4)
F.%262:24 . DF:Hp.v41.v4A.D.1,eNOfin (5)
Fo(2).(4).(5).%26162.DF:Hp.v$1.Rep,exp,v,.D.ReQ (6)
F.(2).%20012.0F: Rep,exp,v,.D.v¥1l (M

F.(8)-(6).(7).2te.Hp.D:Rep,exp,v,. 2. Re Q. CRep.
[#262-12] J.Re(u*) :.OF. Prop
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%26252. t:puveNCinduct.Pepy,.Qev,.D.(Pexp@)e(urexp,v,)
Dem.
F.%200'12.%26212.0F: Hp. Dy, ve— 11 — A
[%262-24] Dy, v, eNO.
[%186°13.%152:45] D.(Pexp@)e(urexp,v,): It . Prop

%26253. F:u,veNCinduct—t1.v+0.D. u, exp, v, = (1)
Dem.

F.o%20212.%18611. DbFp=A.v.v=A:D.y.exp,v,=A 1)
F.%116204 . %26212.DF s u=A.v.r=A:D.(p),=A (2)
F.%26252.0F:Hp. Pep, . Qev,. D . (Pexp@Q)e(u, exp,v,) - 3)
[%186:13.%152-45] J.Nr(Pexp Q)= pu, expyv, 4)
F.(3).%262:51. DF:Hp(3).2.(PexpQ)e(u), (5)
F.o(8).%120-52 ., Dt+:Hp(3).d.w eNCinduct (6)
F.(3). DF:Hp(3).2.q ! (uw"),.

[%200-12.%262°12] d.pr#l (7
Fo(6).(7).%26224.0F: Hp.J. (), e NO ®
F.(3).(8).%15245.3F: Hp(3). D . Nr‘(P exp Q) = (), -

[(#)] d.urexprv,= (1) 9
F.(9).%26221. DF:Hp.Hlu.qv.D. yexp, v, = () (10)

F.(1).(2).(10).DF. Prop

We are now in a position to establish the commutative property of
addition and multiplication of finite ordinals. This is effected by means
of %262-33 and %26243.

%2626. +:08e¢NOfin.D.a+B8=R+a

Dem,
F.%262:26.DF: Hp.D. (qu, v). p,ve NCinduct —tl.a=py,. B =»,.
[%13:12] 3.(E{p,v).p,yeNCinduct—L‘l.a-i-13=pr-i-vr-a=}br-,3=”r-
[#262:38]D . (Fu,») . u, v e NCinduct — t1 .a+ 8= (u 4, v), . a=p,. B=v,
[#110-51]D. (3, v) . p,ve NCinduet — t61 . a+ B= (v + p)r - a=p, . B=v,.
[%262:33]1D . (Fu, v)« p, ve NCinduct — !l ca+ B=v,+ p,. a=p, . B=v,.
[#1322] Z.a4B8=RB+4a:D}.Prop

%26261. t:a,8eNOfin.D.aXxB8=8Xa
[Proof as in %262-6, using ¥262'43 and %113-27]

%26262. F:a, B,7eNOfin.D.aX(B+y)=(aXB)+(aXy)

Dem.
F.#%262:2761.0F: Hp.D.ax(B+7)=(8+7) X«
[%184:35] =(BXa)+(yXa)

[%262:61] =(axB)+(aXy):DF.Prop
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%26263. r:a B,yeNOfin.Dd.(aXB)cxp,y=(aexp,qy)X(Bexp,y)
Dem.

F.%26226.D
F:Hp. .. (4, v, @) pyv,m e NCinduct — ¢l sa=p, . B=v,.v=w, 1)
F.%262:43.D
Fip v, e NCinduct — 1. . (u, X v,) exp, w, = (4 X v)y €XPp 2., )
F.%113602.0F:p=0.v=0.D.ux,v+1 (3)
Fo%ll7631.DF:pu,veNC—t0—¢1. D pux,v¥l (4)
Fo3).(4). DF:Hp(Q).D.ux,v#1 3)
F.%120'5. DF:Hp(2).D.u x.,veNCinduct (6)
F.(5).(6).%262533.0F: Hp(2). w40,..(u % v), exp, &, = {(u X, )7},
[¥116:55] — (7 X, (7)
F.o%117652.DF:Hp (D)o p$0,.2. 072 u x.
[%117:631] D.ur41 (8)
F.%116311.3F: Hp (7). p=0,.D.u"%1 €))
F.(8).(9). DF:Hp(7).D.u"#1 (10)
Similatly F:Hp(7).D.v=#1 (11)
F.(10). (11). %120'52 . 26243 . D b : Hp (7). D . (u® Xq ), = (u7), X (%),
[%262:53)] = (u, exp, w,) X (v, €Xp, o7,) (12)
F.(2).(7).(12).D
F:Hp(7).D.(u, Xv,) exp, w, = (4, €Xp, w,) X (v €XPy ;) (13)
F.(1).(13).%26219.D
F:Hp.q#40,.3.(axB)exp,v=(aexp,v)X(Bexp, (14)
F.%1862.%18416.2
F:Hp.y=0,.J.(axB)exp,y=0,.(xexp,y) X (Bexp,y)=0, (15)
F.(14).(15).2+F. Prop
%26264, F:a¢NOfin.D.afi=14«
Dem.
F.%262:3536'26 . %11051.DF: Hp.a$0,.D.at+i=1+a 1)
F.%161-2:201. dDb:a=0,.D.a+i=0,.1+a=0, (2)

F.(l).(?).D}‘.Prop

*26965. F:a,8eNOfin.B8+0,.D.a%x(8+1)=(axB)+a
Dem.
F.%26261.DF:Hp.D.ax(B+1)=(8+1)Xa
[%184:41] =(Bxa)+a
[%262°61] =(@xXB)+a:Dt.Prop

%26266. F:a,8eNOfin.B8+0,.d.ax(1+B)=a+(axp)
[Proof as in %262°65]
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%2627 tupveNCinduct—¢1.d:p>v.=.p0 >0
Dem.
Fo%262:21 .%11712.0F:Hp.p > v. Do tp, - lus -

[%262:18] Dop=C.v=00,. (1)
[#255°76.%262:24] Do, > v, (2)
F.%120441.DF:Hp.~o(p>0). D <y (3)
F.(). dFH:Hp.p<v.d << v, 4)
F.%26221 .0 F : Hp. p=smv.D.(gP). p= N‘C‘P . p=sm‘p.
[%1034) 3. (gP). p=NcC*P.v=Ne‘C‘P .
[%262:241] 3.(gP) . py= NP .v, = Nr‘P.
[%1554] 3. py = smory (5)
F.o(4).(5). %117104. 0 F : Hp. p < v Do iy S0y (6)
F.(3).(6). %255483. Dkt Hp.eo (u > 1) Do (i > ) (1)

Fo(2).(7).DF. Prop

#26271. F:aeNOfin—1¢0,.D.(gB) . BeNOfin—t0,vil.a=8+1

Dem.
F.o%26211.%26124. D0+ :Hp. D .y tan d9(B|Cov) )

F.(1). %204:483 . (¥18104). D . Prop
%2628 t:a,8eNO.yeNOfin.a<gcfB.D.aexp,qy<Bexp,q [#26164]

#26281. t:a BeN,O.q9eNOfin.aexp,y=8cxp,y.D.a=smorg
Dem.

F.%262'8. Transp . ¥25542. D+ : Hp.D. ~(a <€ B). ~(a > B).

[%255°112] D.a=smor“f:J . Prop

%x26282. t:aeNOfin.BeNOinfin.D.a<cB [#261:65]

%26283. F:2eNO—-10,.8,veNOfin.B<cy.D.aexp, B <aexp,y
Dem.

F.%25533.0+:.Hp.D:(g®). e NO -0,y = B+ w.v. B+ 0,.y=B+1 (1)
F.#%25451.0F:QGCP.D.~(PlessQ) (2)
F.o(2).%2551.DF:y=B4+w.d.~(y <o) (3)
F.(3).%262'82 . Transp. D F: Hp.y=8+=.D.we¢ NOfin 4)
F.%18614.0+: Hp(4).w40,.8+0,.D.aexp,y=(aexp, B) X (aexp, =) (5)
F.%262:71272.0F:Hp(5).D.(g8). 8¢ NR— 10, v ¢l .aexp, B=58+1.
[(5).(4).%255'573] J.aexp,y > aexp, S (6)
F.%255'51.0F:Hp(4).w+0,.8=0,.2.aexp,y> aexp, B (N
F.%18622.2+:Hp.B8+0,.y=8+1.D.aexp,y=(aexp,B)XS.
[#262-71.%255°573] J.aexp,y > aexp, S (8)

Fo(1).(6).(7).(8).2F:Hp.D.aexp,y>aexp,8: I . Prop
#26284. t:PeQ—tA.Q ReQfin.Qless R.D.Pless PR [%262:83]



%263. PROGRESSIONS.

Summary of %263.

If R is a progression in the sense defined in #122, i.e. a one-one relation
whose field is the posterity of its first term, then B, is a serial relation, and
the series generated by R,, i8 of the type which Cantor calls w, ie. the
smallest of infinite series. It is easy to prove that all progressions arc
ordinally similar, and that, if all inductive cardinals exist, the series of
inductive cardinals in order of magnitude is of the type w. Thus w is an
ordinal number, which is not null if the axiom of infinity holds.

Most of the properties of w are easily deduced from the corresponding
properties of “Prog,” which have been proved in %122. The definition is

w=P{@R).ReProg. P=R,} DL

The axiom of infinity implies that “less to greater” with its field con-
fined to inductive cardinals is a member of w, or, what comes to the same
thing but is easier to prove, that {(NCinduct)q(+,1)},, 1s a member of w
(#26312). Thus the axiom of infinity for the type of # implies the existence
of  in the type t*z (%¥263132); and generally the existence of @ in any
type of relations is equivalent to the existence of N, in the type of their
fields (¥263-131), because &, = Do = (“‘w (%263°101),

By using the fact that in a progression R (in the sense of ¥122) all the
terms are values of v, where every inductive cardinal occurs as a value of v
(which was proved in %122), we easily deduce that if there are progressions
they are the series that are ordinally similar to the series of inductive
cardinals (%263161). Hence both “Prog” and w are relation-numbers
(%263'162'19). Moreover, by %122:2123, » consists of well-ordered series
(#263:11). Hence o is an ordinal pumber (#263-2).

We next prove that progressions are infinite series (¥263:23), and that
a series contained in a progression is finite if it has a maximum (¥263:27),
and is a progression if it has no maximum (%263:26). It follows that,
assuming the existence of progressions or the axiom of infinity, @ is the
smallest ordinal which is greater than all the finite ordinals (%263:31:32).
Connected with this is the fact that the predecessors of any term 1in a
progression are an inductive class (%263-412).
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%263-44°48 give various formulae for w, any onc of which might be taken
as the definition. We have

426344 b.w=0—vAnP(@P,=AP.~E1BP)

Le. progressions arc cxistent well-ordered serics in which every term
cxcept the first has an immediate predecessor, and there is no last term.

426346, F.w=0n P11 BP,.~E1BP)

ILe. progressions are well-ordered series in which there is only one term
having an immediate successor but no immediatc predecessor, and there is

no last term.

A h vl
%26347. t.w=0nAP{@aCCP.I :aeClsinduct. =, 5 ! CP n p*P“al

Le. a progression is a well-ordered series in which any sub-class @ stops
short of some point of the serics if @ is inductive, Lut not otherwise. This
proposition will be useful in the next section.

%26349. F.Qfinvw=0nP(@‘P,=IP)=0n P (P=Py)

Ie. finite well-ordercd serics and progressions together are those well-
ordered series in which cvery term except the first has an immediate pre-
decessor, and arce also those 11 which every interval is an inductive class.

From %2145 it follows that, if P is an infinite wcll-ordered sertes, P
confined to the terms at a finite distance from BP is a progression, i.e.

‘_
%2635, F:PeQinfin.d. PLBLv P BPew

Hence it follows at onee that an infinite ordinal is at least as great as o,
and therefore infinite ordinals other than o are greater than o, ve.

%26354. F:aeNOinfin—t‘w.d.a>w

The remaining propositionsof this number are occupied in proving w X 2,=w
(%26363) and w X a = if a is finite and not zero (%263:66). It is not the
casc that 2, X w = w or aX 0w = w.

Canvor has varied his definitions of multiplication as regards the ovder of
the factors.  Originally, he adopted the same rule as we have adupted, but
in later works he inverted the rule, so that what we call 2. X @ he calls
w X 2,, and vice versa. Thus with his definitions in his later works, 2, X w'=
but @ X 2,4+ w. We have reverted to his earlier practice, for various reasons,
but chiefiy in order to have Nréll¢(P | @)= Nr‘P x Nr¢Q (cf. ¥172). Which-
ever rule we adopt, there are some inconveniences, so that the question as to
which is chosen is not of great importance.
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¥26301. =P {(gR).ReProg. = Ry} Df

%26302. N=fv{ueNCinduct.v=(u+,1)nt,‘ul DIt [%2€3]
The above temporary definition of IV is the same as that in %123,

%2631, F:Pew.=.(gqR).ReProg.l’=R,, [(%26301)]

%263101. F. N, =D“w = C*s  [%123'1.%122:141. %91°504]

*26311. F.wCQ
Dem.
P o%12223141.%2631.DF:Pew.aCCP.qla.d. Elminp‘a (1)
F.(1).%2501125.D F. Prop

%263'12. F:Infinux.Dd. N em [%12325.%2631]

%263'13. F:q!N(@).=.q4leont s

Dem.
F.#%263101 . (%6502). D

Fig!IN@).=.(qL). Pew.CP etét's.
[%64'57.%63'5]= . (gL) . Pew . Pet"z: D F . Prop

%263-131. F:q!(N)a-=.H o nly‘a [Proof as in #263'13]
%263'132. +: Infinax (z). = . o n ¥z,

Dem.
F.%12523.%26313.3F : Infinax (z). = . ! o n t1¢%x,
[(%54:011-014)] =.qlont*z: Dt . Prop

This proposition asserts that, if the number of individuals of the same
type as z is not an inductive number, then there is a progression whose
terms aie of the type of ¢*z. This progression will be that of the inductive’
cardinals which are applicable to classes whose terms are of the same type
as «.

%263'14. F:ReProg. P=R,.D.P=P,=R,,.R=P,

Dem.
F.%121'264.DF:Hp.D.P,=R,.

[#121:31.%122:1'16] DJ.I,=R. 1)
[Hp] d>.(P)o=P.

[%260-27.%263:117 >.P,=P. (2)
(%260-15.Hp] >.R,=P (3)

F.().(2)-(3).2F.Prop

R. & w. III
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%263141. F: Pew.D. Pye Prog. P=(Pm= (£

Dem.
F.%2631.0F:Hp.D.(§R).ReProg. P=R,,.
[%26314] J.(4R).ReProg. P,=R.P=R;,,.P=R,.
[%13:195] J.P,eProg. P=(L)y, = (FPr)p: D F. Prop

The above proposition shows that ‘every interval P (z+y) in a progres-
sion is an inductive class.

¥263142 F: R, SeProg.Rpo=5,.>.R=8

Dem.
F.%26314.3F:Hp.D.R=(S,)

[%263'14] =8:JF. Prop

%263143. F:P,Qew.P,=Q,.2.P=Q
Dem.

F.%2631.2F:Hp.D.(gR,S). R, SeProg. P=R,,.Q=8.. =4

[¥26314]D . (g R,8). R,SeProg. P=R,,.Q=8,,. R=P,.8=Q,. P,=Q,.

[¥1317] D.(gR,8).R,SeProg. P=R,,.Q=8,,.R=8.

[¥13:17] D.P=Q:DF.Prop

R
R

#263'16. F:ReProg.S=27 {reNCinduct.z=(v+,1)g}.D.Se Rsmor N
Dem.

F.%1233. DF:Hp.D.8el—>1.DS=D‘R.d*S=NCinduct (1)
F.%12321.23F .NCinduct=C‘N 2)
Fo*110:56643 .2 F: Hp (4 DN (040 1) . D v v 4o 1= i+, 2 3)
F.(3).9F:.Hp.D:

2@ N)y.=.(qu).we NCinduct . 2=(p+;De. y=(u +. 2)r -
[%121:332-131] =.(Wu).pu e NCinduct . (BR)R, z.(BR)(R.|R)y.
[%122:341.%121'342] =.zRy 4)

Fu(1).(2).(4).dF. Prop

*263'161. F: R e Prog.D . Rsmor N [%263:15]
%263152. F: R eProg.Qsmor k.D.QeProg  [%123:32]
#26316. - F: R e Prog.D.Prog=Nr‘R=Nr'N [%263151'152]
%263161. F: 5! Prog.D. Prog=Nr'N [%263:16]

%263162. F . Proge NR (263161 . %154:242]
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%26317. F:Pew.d.o=Nr'P=NrN_

Dem.
F.%2631. DF:Hp.D.(qR).Rebrog. P=R,,.
[%263-151] J.(gR).RsmorN.P=R,.
[%151°56] J.Psmor Ny,.
[%152:321) J.Nr‘P=Nr‘'N,,
F.*%151'59.DF: Pew.Qsmor P.D.Q, smor P,.
[%263141°152] J.Q;eProg
F.%15083.0F: Pew.Se@smor P.D.(Qh)y = S5(P)po
[%263:141] =8P
[¥15111] =Q

Fo@).(4).%2631.DF: Pew.@smorP.I).Qew

F.(1). dF:P,Qew.D.Psmor@
Fo(3).(6).dF:Pew.d.w=NrP

F.(7).(2).D . Prop

¥26318. Figlw.d.w=Nr'N, [%26317]

¥26319. F.wc¢NR [%26318 . ¥154:242]
¥2632. F.weNO [26319'11 . x256:54]

%26392. F:Pew.D.APCDP.vE!BL.EIBP
[#122:141 . %2631 . ¥12211]

%¥26323. F.wCQinfin
Dem.

147

H
(2)

(3)

(4)
(5)
(6)
(M

F.%26135. Transp . ¥263'1122 .0 F: Pew.D . 0P~ ¢ Clsinduct — ‘A (1)

F.%26322.0F:Pew.D.q! CP
F.(1).(2).2F:Pew.D.CP~eClsinduct.
[%261'14'41.%263-11] D.FPeQinfin:DF. Prop

¥26324. F:qlw.D.0eNOinfin [%26274.%26317-23]

%26326. F:Pew.qlanCP.~E!maxpa.d). Placw
Dem.
F . %2631 .%205123.D

F:Hp.D.(gR).ReProg. P=R,,.5ylanC‘R.an C‘RC R “a.
[#192:442:45]D . (gR) - ReProg. P=R,,. P[0 = (P[ a) e Prog.

(2)

Pla={Pa=(P [ afho-

[%2631]  D.Placw:DF.Prop

%26327. F:Pew.Elmaxpa.d.PlaeQfin
Dem.

b.#12243.%2631. DJF:Hp.J.an C‘PeClsinduct.
[#37-41.%120481] J.C«P[ a)eCls induct

F.%26311.%250141.DF: Hp.D.PlaeD
F.(1).(2).%261-1442.D . Prop

M

/
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%26328, F:Pc¢w.d).SeraRIFPCovQfin [%204421.%2632627]
%26329. F:Pecw.QeQfin.Dd.Qless P [%261-65 . %¥263-23]

_)
%2633 F:Pew.d.less*P=(fin

Dem.,
F. %2541 . %2z03°17.D

F:Pew.Qless P.O.q!Nr'QaRI‘P.Q~vew.Qel).

[%26317] J.(§R). ReNr'QnRI‘P. R~vew.
1%263°28] Jd.(qR).Re Nr‘Q n N fin.
[%261-183] J.Qefin m

F.(1).%26329.DF.Prop
%26331. Figlw.dia<cw.=.aeNOfin

Dem.
F.%25517 .%26317.0F: Pew . D: NrQ < w.=.Qless P.
[*263-3] =.Qeffin.
[%262-13] =.Nr‘Q eNOfin:
[%152-4] Jd:aeNR.a<cw.=.ae NR.ae NOfin:

[#25512.%262°1.%152-4] Jd:a<tw.=.aeNOfin:.DF. Prop
%26332. F:Infinax.d:ia<<w.=.aeNOfin [%26331'12]

%26333. F:a<tw.D.aeNOftin
Dem.
F.%2551.%15513.0F: Hp.D.qlw 1
F.(1).%26331.2F.Prop

%¥26334. F.i4w=w
Dem.
F.o%262'112.%26324 .0 F:Hp.glw.d. i 4 0=w (1)
F.ox1814, db:rw=A.D.14w=A (2)
F.(1).(2).DF. Prop

%26336. F:aeNOfin.d.at+w=0w

Dem,
F.%180:61.%26318.0F:q!'w.D.0, +w=w 1)
F.%1804. dFiw=A.2.0,+w=A (2)
F.(1).(2). dH0, tw=w 3)
F.%181'57 . %26334.0F.2, +o=1+w
[%263:34] =0 (4
F.%26236.0F: ueNCinduct—t0—¢1.D . (u+c 1), +o=p, + i
[#263:34.%181°5¢] —pto (5
Fu(5).dF:peNCinduct — 10—t l.p, +o=0.d.(u+,1), +0=0w (6)
F.(4).(6).Induct.dF: pe NCinduct —¢0—¢1.D.p, + o =0 )
Fo3).(D. DF:ueNCinduct—t1.J .y, +w=w:

[%262-26] JdF:aeNOfin.dD.a+w=w:DF.Prop
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%2634 t:Pew.d.DP;CQfin. Nr“D‘P;=NOfin

Dem.
F.%254182. 3 F: Hp.D . DF; Close‘P.
[%2633] 3.DP,C Q fin (1)
F.%263381. DF:i.Hp.D:a<Nr'P.=.aeNOfin:
[%256°11] D:aeNr“DPs.=.aeNOfin (2)

F.(1).(2).2F. Prop
#%263401. F: Pew.aesect’'P — ‘A - *C*P.D.E! maxy‘a

Dem.
F.%25065.3F:Hp.D.Pfa~eNrP.

[x26317] d.Pla~eow.
[*263-26.Transp] J. E!maxp‘a: D F. Prop

-
%263402. F:Pew.D.sect'P — 1A ~ 0P = Py<C‘P

rem.
F.%205131-22. %263401, D

, -
F:Hp.aesect’P— 1A —1CP.D.av Pa= P‘maxp‘a v t‘maxp‘a.

[¥2111.491-54] >.a=Py‘maxsa.
[%205:111] d.a e?*“a‘P @
F.A211813, Db, PyC<P CscctsP @)
F.%9012. dF .?*ffafp C—1A 3)
F.%205197 . DI-er.a:e(J‘P.‘J.E!maxP‘.I—)’*‘x.
[%263:22] 5. Pyat P (4)
F.(2).(3).(4). Dt Hp. . BpeC P C sectP — 1A — tCP 5)
F.(1).(5.DF. Prop
%2634l F:Pew.D.P, [ D‘P,= PliDP

Dem.

F.%213-11'141°151. 3

F2Hp.D:Q(P:s[ D'P)R.=.(qa,B).a Beoct: P~ i A—1°C‘P.aCB.a%p.
Q=rla:R=P[B.

[%263-402]

- - o - - =3
= (g2,Y) - 2,y e OP. Py'z C Py'y . Py'a Py'y .0 =P Pu‘o. R=P[ Py‘y.
[%200-391]

- - - -
=.(g2,y) . 2,y e CP. P s CPy 'y . a4u.Q=P[ Py‘c . R=P[ Pyy.
[#204:32.%90°12]
- - - -
=.(g2,y) - 2Pyy .24y . Pya CPyy. Q=P Pyz. R=P[ Py'y.
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I

[%201-1415]
[%201-18]
[%150°1)

- -
.(g{a;,y).xP*y.x:{:y.(_)_fP[P*‘x.I_ifP[P*‘y.
(@e.y)-2Py. Q= PL Pyw. R=PL Pyy.
Q(PLiPyP)R:.DF.Prop

I

—)
¥263411. F: Pew.D.CDP; = Py“d‘Pu ‘A
Dem.
F.%213'141 . %263402.D

F:Hp.D.C“DP; = C“P{:“_I-” “CeP

[%93:103] - C’“P[j“P “d<Pu L‘C"P[jP BP
[%201'521.4202°55] = P*“([‘P u (CPL PyBP
[¥201-521.%200:35] = By “Q*P v 1A : I + . Prop

- o
%263412, F: Pew.D. P2 PyzeClsinduct

Dem.
F.%205197 . O F:Hp.2eC*P.D. E ! ma.xP‘P*. z.
[%263-27.%202'55.%120°213] d. P* z ¢ Clsinduct . 1)
[%120481] D. P‘w € Clsinduct (2)

F.(1).(2).3F. Prop
%26342. F:Pew.d.sgm‘P=A | (C°P)
Dem.
F.%212:21.%211°12.D
Fe.Hp.D:a(sgmP)B.=.a=P“a.B=P“B.aCB.a+p 1
(1), %2111 . %205:123 . D
F:Hp.a(sgm‘P)B.D.a,Besect'P.~ E!maxp‘a.~E ! maxp3.

[#263-401] J.a,BetAvi‘C‘P (2)
Fe().(2). DF:Hp.a(sgmP)B.D.a=A.B8=CP 3)
F.%3729. Db:a=A.D.a=Pa 4)
F.%26322.0F:Hp.8=CP.D.B8=P“B (5)
Fo(1).(4).(5). DF:Hp.a=A.B8=CP.D.a(sgm‘P)B (6)
F.(3).(6).DF.Prop

%26343. t:Pew.d).AP,=U‘P

Dem.
F.o%263141.DF:Hp.D. I‘P=d(P),

[%91-504] ={‘P,:DF. Prop
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¥263431. F:PeQ— A .AP,=AP.~E!BP.J.Pew

Dem.
F.%261-35. Transp. D F:Hp.D. PeQinfin.
«—
[#261°44 D.P [ Pp*BPeProg.
«—
[%261-212] J.P, ' P‘BPeProg.
[%202524] J.P eProg 1)
F.%261-212, Dt:Hp.D.P=(P), (2)

F.(1).(2).%2631.DF. Prop
¥26344 F.w=0—AnD(@P,=P.~E1BP) [%2634322431)
x26345. F.w=Q—tAnP(P=P, .~E!BP) [%261°212 . %263-44]

¥26346. F.wo=0nP(E1BP,.~E1 BP)

Dem.
F. 121305 . ¥93101. D
F:PeQ.~EIBP.APHAP.D.q 1 AP —AP,.AP=1P—iRP.
[%250-21]

S .q ! DP,—Q'P,— BP.

[%03101] 3.1 B, — 6B )
F.#121-305.%25021.DF: PeQ —1*A.D. B‘PeE)‘PI (2)
F.).(2). DF:PeQ.~E1BP.AP4AP.D. BP~el.

[%53:3) 5.~E!BP, (3)
F.(3).Transp.DF: PeQ.E1BP,.~E1BP.D . AP, =AP.

[%263-44] D.Peow (4)
F.%25021 .%26344.3t: Pew.D. BP,= B'F .

[%25013] 3.E1BP, (5)
F.(5).%26344. OF-Pew.D.E1BP,.~E1BP (6)

F.(4).(6).DF.Prop

A ‘_
%26347. F.0=0QnAP{aCCP.d,:aeClsinduct.=.q! P npPaf

Dem.
F.%25452.9F: Pew.aCOP.q1CPnpPia.d.(PLa)less P.
[¥2633] >.PlacQfin.
[%261-42:14] D.0«L [ a)eClsinduct.
[¥202'55.4120-213] 3. acClsinduct (1)
F.%26126.DF:Pew.aCCP.aeClsinduct.jf!a.D.El maxpia.
[%263-22] 5. ! Pmaxpa.

‘_
[%205-65.%40:69] ~.q1CPapPa (2)
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Fo(1).(2).%402.D
‘_
2. Pew.aCCP.D:aeClsinduct.= .5 CP n p‘Pa (3)

|.

F.%402,.%120212.2

Fe:Pe:aCCP.D,:aeClsinduct. = .g!C‘Pnp‘(P—“a:.D AP (4)
F.(4).%200'51 .DF : Hp (4) . D . C*P~ve Cls induct (5)
F.%25016.D

F:Hp4).q!A‘P-A‘P,.D. ﬂminp‘(([‘P— d<P))e Clsinduct .
[¥26126] 3. B maxpPrming (AP — AP,) .
[%205-252] D . min AP —AP)e AP, (6)
F.(6).Transp. JDF:Hp(4).D.d*P,=0d‘P Q)
F.(5).(7).%26134. D F: Hp(4). D .~ E1 BP (8)
Fo(4).(7).(8). DF:Hp(4).D.Pcw )]

Fo(3).(9).2F.Prop

A £
%26348. F.w=0nP{aCCP.D,:a~eClsrefl. .5 ! CPnp‘P“al
[%263-47 . %261'47]

¥26349. F.Qfnvw=0nPAP,=0P)=0nPP=P,)
Dem.

F.%261:22.%26344.D0F: PeQfinvew.d . AP,=dP (1)
F.%261:34.%26344 . D}F: PeQ.AP,=UP.D.PeQfinvoe (2)
F.o(1).(2). dF.Qfinve=0nP (AP =UAP)
[%261-212] =0nP@P=P,).dF.Prop
#263491. F: PeQfinvw.d.P=(P),. Po=(P),
Dem,
F.%263:49 , ¥261:212. D F: Hp.D . P=(P))y0- 1)
[%91-602.%121-103] d.Plary)=P(zHy).
[¥121-11) d.P,=(P). (2)

F.(1).(2).2F.Prop

#2635, F:PcQinfin.d.P[(¢BPy PuBP)ew

Dem.
F.%26145. DF:Hp.D.P,[ Pp<BPeProg 1)
F.%2603327.3F: Hp.D. (P} P B P)y = Pru [ (“B*P v B, BCP)
[%260-32] — PL(“BPu P, BP) (2

F.(1).(2).%2631.DF. Prop
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%263561. F:PeQinfin.D.
«— «—
U'BPuPBPeD(PehAl).t’BPv PyB‘Pesgm‘P
Dem.

&
F.%263522.3F:Hp.Dd.~E! maxp‘(¢t‘!BP v P, *B‘P) ¢}
“—
F.%26011. DF:Hp.yedP— Py BP.se PpBP.2.
P (BPry)~eClsinduct . P (B*P —z)eClsinduct.

[*12049] . NefP(BPry) > Nc‘P (B a)
[%117-222.Transp] J . ~ (y.Px) (2)
«— e I =
F.(2).Transp. Dt :Hp.D.P“P ‘R‘PCBPv P, ‘BP (3)
<« «—

F.(3).%93101. D F: Hp.D. P*“(t‘B'¥ C P,*BP) C*BP u P, BP (4)
Fo(1).(4).%21141.3F : Hp. D . (“BPu P BP e D{Pe A I). (5)
[¥212152] 3. 8P u P, B'P e sgm‘P (6)
F.(5).(6).DF.Prop

« -
*263562. F:PeQinfin—w.d.(gz).z2¢AP. Py,BPvi'B‘P=P'x
Dem.
F.%26349.Transp. D r:Hp.D .51 AP -d‘P,.

[%260°27] 5. g1 AP =P BP.

[%250-121] 5. B miny«(A‘P — P, BP).

[%263-51.%206:25.4211726] . (). v e AP . PpBP v *B‘P=Pea:

JF.Prop
¥263563. F:PeQinfin—w.d).Nr'P>w
Dem.

F.%25313.%26352 .3 F: Hp.D . P} (P B'P v 1'BP) ¢ D*P; .
[%263-5] 3.q!wnDP,.
[%255'17.%263°18] D.Nr‘P>w:DF. Prop

The above proposition shows that w is the smallest of infinite ordinals.
The same fact is otherwise expressed by the following proposition.

%26364. F:aeNOinfin—t‘w.Dd.a> w0 [%263'53]

#26355. F:Pew.d.Picow+l.sPewtl

Dem. ..
b.o%253:511 . %26344.DF:Hp.D . Psew+1 (1)

F.%252:372.%26344.DF:Hp. J.¢Pew+l (2>
F.(1).(2).DF.Prop
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The following propositions are lemmas for proving w X 2, = w (¥263:63).

%2636. F::PeSer.z+y.M=Px(z|y).D:.RM,8.=:

(qu) veCP.R=zju.S=ylu.v.(qu,v). uPw.R=ylu.S=zlv

Dem.
F.%166111. D+, Hp.uPv.R=2}u:S8=z|v.v.S=y | v:D.

BRM(y | w).(y|w)MS.
[%201'63.%20455]  D.~(RM,S) 1)
Similarly F:Hp.uPv.R=ylu.8=y}lv.D.~(RMS) (2)
| .%166111.D
F:Hp.uPw.wPv.R=ylu.S=2}v.d.BRM(z | w).(z | w)MS.
[%201-63.%204°55] 3. ~(BM,8) (3)
F.(1).(2).(3). Transp.%166:111.D
F:.Hp. RM,8.D:(qu).R=axju.S=ylu.ueCP.v.
(qw,v) uPw.BR=ylu.S=z}v (4)

F.%166111.DF:Hp. R=2zu.S=y|u. RM(z | v).D.8M(z}v) (b)
F.%166111.DF:.Hp.R=2|u.S=y | u. RM(y}v).D:u=v.v.uPy:

[%166-111] d:ylv=8.v.SM(ylv) (6)
F.%166111.D
F:Hp.BR=ylu.S=z|v.uPw.RM(y}w).D.8M(y | w) W)

F.%166111.DF:.Hp.R=y | u.S=z}v.uPw.RM(z | w).D:
glw=8.v.SM(z | w) 8)
Fo(8).(6).(7).(8).dF:.Hp:ueCP.R=zlu.S=ylu.v.
wPpv.R=ylu.S8S=xz|v:D.RMS (9)
F.(4).(9).DF.Prop

%26361. F:PeSer.a+y . M=Px(zly).d.AM,=y |“CPuz |“A‘P,

[#263-6]
%26362. F:Pew.z$+y.d.Px(zlyew
Dem.
F.%2636143.0F:Hp.D.A{Px (2|l ph=y |“CPuz “dP
[%166-111] =AYP x (z | y)} 1
F.%251'55. DJF:Hp.D.Px(zly)eld 2)
F.%166:14. DF:Hp.D.Px(z]y)e—t‘A 3)
—
F.%166'16.%26322.0F:Hp.J.BCov{Px(z | y)}=A (4

Fo(1).(2).(3).(4).%26344 . DF:Hp.D. Px(z | ¥)ew:DF.Prop
%¥26363. F.oXx2,=w

Dem.
F.%263:62°17 . dDF:Pew.Qe2,.D.Nri(PxQ)=w )
Fox18413.%26317.0F: Pew.Qe2, . D. Nr' (P x Q) =w X2, (2)
Fo(1).(2). dFiqleo.q!12,.0.0X2,=0w 3

b.%184-11. dlrw=A.D.0X2,=A 4
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F.%12314.%263101.DF:qlew.3.q!2.
[%262-21} .92, (5)
F.(3.(4).(8).DF.Prop
The tollowing propositions are lemmas for proving %263-66.
%26364. t:P,QeSer.2eCP.2Quw. M=PxQ.D.(z)z)M (w] x)
Dem.

F.%166111.DF: Hp.D. (2| o) M(w | 2) 1)
F.%166111.DF:. Hp.(zl2) M(u} y).DitaPy.v.z=y.2Qu:
[%204-71] Di:zPy.viz=y.u=w.v.o=y.wQy:
[*166:111} di(wlayMuly).v.(wla)=(u]ly) (2)
Fo(2).%20455.DF: Hp(2). D .~ {(u | y) M(w ] )} (3)

Fo(1).(3).%201'63. D F . Prop
¥263641. F: P, QeSer.z=BQ.w=BQ.aP,y. M=PxQ.>.

(gl x) M,(wly)
Dem.
F.%166111.DF:Hp. 2.zl o) M(w | %) (1)
F.%166111.DF:. Hp.(z o) M (u ) v) . D:2Pu:
[%204-71] div=y.v.yPy 2)

F.(2).%166:111.D
FeHp.(2la)M@iv).Diulv=wly.v.(wly)M(ulv):
[%204:55] Dii(ul o) Mwly) 3)
F.(1).(3).%201'63. 2 F . Prop

%263642. F: P,QeSer. M=Px Q.D.(CPx A‘Q)CAM, [%26364]

¥263643. F: P, QeSer.E1 BQ.E1 BQ. M= PxQ.D.(BQ) | “AP,CAM,

[%263-64]
#26365. F.Pew.QeOfin—t‘A.D. PxQecw
Dem.
F.x25155.DF:Hp.D. PxQeQ @
F.%166'14.DF:Hp.D. PxQe—t‘A (2)

b . %263-642:643 . ¥261-24 . D
F:Hp.D. (CP x Q) v (BQ) | “AP, CAY(P, x Q) «

[%263-49] 3. (0P x AQ) v (BQ) L“TPCA(P x Q).
[%1661216] 5. C{(P x Q) — BYP x @) C AP X Q) -

[%93:101.%20163] D . A{P x Q) = AP x Q) (3)
F.%16616.%26322 .3 F 1 Hp. D . BCuv’(P x @)= A (4)

Fo(1).(2)-(3)-(4)-%26344.DF . Prop
%26366. F:aeNOfin—t0,.D.0Xa=w [%26365]
The proof proceeds as in %263-63.



%264 DERIVATIVES OF WELL-ORDERED SERIES.

Summary of %*264.

The principal purpose of the present number is to show that every
infinite well-ordered series is the sum of a series of progressions followed
by a finite tag, which may be null. For this purpose, we proceed as follows:
If # is any member of C*P, it must belong to the family, with respect

to P,, of some member of C¢P — (I“P,, unless z=BP and B‘ENGG‘Px-

Assuming that we have either ~E!B‘P or B‘P ¢(‘P,, and assuming
further that P is an infinite well-ordered series other than a progression,
it follows that every member of C‘P belongs to the family, with respect
to P,, of some member of C*V¢P, because, by ¥216611, C°V‘P=DP, — AP,
in the circumstances contemplated (#¥264:15). Now P limited to any one

family with respect to P, is a progression, unless that family includes B‘P;
and if it includes B‘;’, it is finite. Hence our proposition follows.

An important consequence of the above proposition is that every cardinal
which is not inductive and is applicable to classes that can be well-ordered is
a multiple of N, (#264-48).

For the purposes of this number we need a notation for the series of

series each of which consists of the family of some member of C*V‘P. We
therefore put

‘_——
P, = PL5(P)VP Dft [%264]

Here “pr” is intended to suggest “progression.” When PeQinfin—w,
Py, is the series of progressions (possibly ending in a tinite tag) whose
sum is P (or P[ D‘P, in one case). Before using this definition, some
preliminary considerations are necessary. VP is the series of limit-points
of P, including B‘P. In order that V‘P may exist, there must be at
least one limit-point besides B‘P. Now the limit-points of a series are
C‘P —{*P,, ie. the limit-points other than B‘P are (‘P — ‘P, (»216-21).
Hence when BP exists and (I‘P— ‘P, exists, VP exists. Hence by
*263-49,

%26413. F: PeD.D:51VP.=.PeQinfin —w
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Le. a well-ordered series whose derivative exists is one which is infinite
and not a progression. We have similarly
%26414. F:PeQinfin—w.d.0VP=CP-UAP,
and
%26412. F:PeQ.D.AVP=P-AP,
We next proceed (%264:2—'261) to study the posterity of a term &
‘_—.—_
with respect to P,, t.e. the series P[ (P)y‘c. We show that if this series
has & last term, it is finite (x264-21), and ends with B'P (¥264-2), whilc
if not, and if xeC*P,, 1.e. if & has either an immediate suceessor or an
immediate predecessor, the series is a progression (¥264:22). Hence we have
%26423, F:.PeQ.2eC*V‘PnCP,.D:
b—-—-— A4
El maxp‘(P)y‘z.=.2x=BCav*V‘P . E! B‘P

Moreover, if ze C*P,, the ancestry of # with respect to P, must end with
a member of the derivative of P, i.e.

——>
%264'233. F: PeQintin—w .26 CP;. D . minp(P)y‘e e CVP

We thus arrive at the result that if P has a last term, so has V¢F
(#¥264-24), and if 2 is any membe: of the derivative except the last, the

——
series P[ (P)g‘z 18 a progression (x264:25), while if « is the last term of

the derivative, and the series P has a last term, then Pt(‘l—’,)*‘w is finite
(%264'252). Moreover the supposition that P ends with a member of the
derivative is equivalent to the supposition that P ends with a term which
has no immediate predecessor (x264°26).

We now proceed (%264-3-—403) to consider the relation P, defined
above. If we take any term y in a well-ordered series, there is some term
z belonging to C‘P— ‘P, such that the family of y with respect to P,
is the posterity of z. This results from %264-233 above. Thus we may
divide the field of P into mntually exclusive stretches, each of which is the
posterity of some member of C¢P — (I‘P, with respect to P,. The series of
series thus obtained is P,,. There is an exceptional case, when the series
ends in a term having no immediate predecessor, for then the posterity of
this term with respect to P, is null, and therefore P, omits this term.
Otherwise, we shall have 2¢P,, = P; i.e. we have

¥26439. F:PeQinfin—o.~(BPeCVP).D. 5P, =P

x264:391. b: PecQ.BPeCVP.D.3P, = PLDP
Moreover we have

%264:36. F:PeQ.D.P,smorV‘P.P,eRelexcl
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From what was proved earlier we know that, assuming Pe(, we have
D‘P,, Cw (%264°401); if P has no last term, C*P,, Cw; if P is infinite and

has a last term, B‘;’p, is finite, and if the last term of P belongs to C*V¢P,

B‘I;pr= A. Hence, using %25163, which assures us that, in virtue of
%264°36 above, if CP,, Cw, 2P, is a multiple of w», we find (%264-44) that
every well-ordered series has an ordinal number of the form (aX )+ 3,
where « and 8 may be any ordinals, including 0, and 1 (putting 1Xa=a to
avoid exceptional cases). The above account omits the exceptional cases,
which require special treatment and render the proof long; hut in the end
the above simple result is obtained.

Since a multiple of 8, is not increased by the addition of an inductive
cardinal, it follows (%264:44) that the cardinal number of the field of an
infinite well-ordered series is always a multiple of N, (¥264-47). Hence
if all classes can be well-ordered, all cardinals which are not inductive are
multiples of N,. In virtue of Zermelo’s theorem, the same result follows if
the multiplicative axiom is true.

&, —_—
%#26401. P, =P[i(P)yV‘P Dit [%264]
%26411. F:.PeQ.D:r!lsgm‘P.=.PeQinfin

Dem.
F.%263'51. dt:PeQinfin.D.7q!sgm‘P )
FLo%212:152. 4211041 . DF: Pe Q. tsgmP. D . q!sect' P~ ‘A — T“maxp.
[%261-28.Transp} J.PeQinfin (2)
F.(1).(2).DF.Prop
%26412. F:PeQ.D.AV'P=UP-UAP,

Dem.

F.%21661. dt:Hp.q!L.0.AVP=AL-AP, (1)

F.%216612.%33241.DF: P=A.D.AVP=A.AP-AP,=A (2
F.(1).(2).DF.Prop

%264'13. F: PeQ.D:!VP.=.PeQinfin—w

Dem.
Fox26412.0F . Hp. DI VP, =. 1 AP A°P,.
[%263:49] =.PeQinfin—w:DF. Prop

%264'14. F:PeQinfin—-w.D.CVP=CP AP, [%26413.%216611]

¥26415. F:.PeQinfin—w:~E!BP.v.BPe P, :D.0vVP =73"P.1
Dem.

F.%264:14.%93103.DF: Hp. ~ E! BP.)>.CV¢P= C‘P-Q¢P,.C‘P=D‘P.

[%93'101.%250-21] 3.CV¢P=BP, (1)
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F.%93101.  DF:BPcUP,.D.CP—‘P,CDP
F.(2).%26414.DF: Hp. BPe“P,.D .CV<P=DP - A*P,
[%93101.%250:21] ~BP,
F.(1).(8).DF.Prop

—— - v
%2642. F:PeQ.E!maxp‘(P)g‘e.D . maxp(P))y‘e= BP
Dem.
F.%2064246.DF:Hp.D. seqp‘(P )* z= P ma.xp‘(P sz

[%90-16] J. seqp‘(P )xz € (P '@
[%206-2] D. seqp‘(P,);'e x=A.
‘_——_ A4
[%250126] J. maxp{(P)g‘c=BP:J} . Prop

%26421 F:PeQ.Etmaxs(P)yw.D.

— v
PL(P)g‘weQfin. P(x— BP)e Cls induct

Dem.
F.%20035.DF:Hp. (P )*‘w—L‘w D. P[(P )*‘w A 1)
F.%26027.DF:Hp. (P )*.‘a:={=L z D . 2Py, maxp (P )* z .
[%260-11] Jd.Plzm maxp‘(P,)*‘w} € Clsinduct. (2)
[%205-2] 3. P (P)yw e Cls induct (3)
F.(1).(2).(8).%2642.DF. Prop
%26422. F:Pel.~E! maxp‘&&‘w.we()‘l’, e P[:((ﬁg‘azew
Dem.
F.%260823427 .3 F: Hp.D. (P} (Poyxah = {(Px'el 1P, 1)
[%122:52) S (PL (Poy‘ah ¢ Prog @)
F.(1).%26083. DF:Hp.d.[{PL Pxcllo=PLPox's  (3)
F.(2).(3).%263'1.DF. Prop
%#264221. F: PeQ.2(VP)y.D.P(x—y)~eClsinduct
Dem.
F.%207-34.%2166.DF: Hp.D. 2Py .y= ltp‘}":l/ .
[%20725] >. 0Py .y =1t(Pa o] 7)"1,)._’
[%20713] P .(a:_PQy o E ! maxp{(Pézn Pty).
[%261-26] D.Pzn Py~eClsinduct : D F. Prop

—
%264222. F: Pe. PzeClsinduct.D,z~eDVP [%264:221 . Transp]
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%264223. F:PecQ.P(x~y)~eClsinduct . D . g ! AVP n P{z—y)
Dem.
F.%2613.0+:Hp.J.(ga).aCP(z~y). g a.~E! maxya.

[%250:122] d.(qa).aCP(z—y).qla.E!ltpa.
[%206-213] d.(qa).aCPx—y).qla.ltrac P(x—y).
[%206181] D.q!DltpandPaP(z—y).

[%216-602] D.q1AVPAP(z—y):DF.Prop

x264924. F:PeQ o= BCov'V<P.EIBP.D. Piwe Clsinduct
Dem.
F.%264:223. Transp. D+ :Hp.D. P(x — B‘P)eClsinduct : D F . Prop

— —
%264:225. F:. PeQ.2eC'P,.D: El maxp(P)y‘w. = . (P))g‘z € Cls induct
[%264:21:22]
%26423. F:PeQ.2eCVPAC‘P,.D:

E! maxﬂ(?’&‘w .= .0=BCav'VP . K1 B'P

Il

Dem.
F.%2642.  OF:Hp.E!maxs{Pl'e.d. Bt BP )
F.%26421222. O F : Hp(1). D .z~ e DVP.,
[%93:103] J.z=BCnvV‘P (2)
b.%264224. Ot:Hp.o=BCovV<P.E1BP.D. PeClsinduct.
[¥120:481-251] 5. (P)g‘we Clsinduct .
[%90-12. Hp.%261-26] 3. E ! maxyPg'z 3)

F.(1).(2).(8).DF.Prop

%264:231. F: PeQ.2e VP —C°P,.D .z = B<CnviVP = B‘P

Dem.
F.%25021.DF:Hp.D.a~eD‘P.

[%93103] >.z=RP. 1)
[%216°6] Dd.x~veDVP,

[%93°103] JD.z= BCnv‘V¢P (2)
E.(1).(2).DF. Prop

%264'232. F:. PeQ.zeC*V'P.D:
— v
(P)¢‘z e Clsinduct . = .= B‘Cav*V¢P.E! B‘P
This proposition differs from %264-23 by not assuming that ze C‘P,.

If BP has no immediate predecessor, B‘P¢C*V<P —(C“P,, so that B‘P
satisfies the hypothesis of %264:232, but not that of %264-23.
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Dem.
F.%9013. DF:Hp.(P)gw=A.D.z~eC P,
[%264-231] >.z= BCoveV*P.E1 BP )
b.#¥120212. D F s Hp(1). 3. (Py)y'e ¢ Uls induct @)
b %264225.

—— — . . —
o Hp. gl (Ply‘e. D : (P)y‘weClsinduct. = . El maxp(P)g‘z.
[%264'23] .o=BCov'VP.E1 BP (3)
F.(1).(2).(3).D2F. Prop

il

W

——
%264233. F: PeQinfin —w.xe CP,. D . minp*(P))y‘z e CV' P
Dem.

F.%250121. DF:Hp.D.E!ming(Pye 1)
k90172, DF:Hp.y(Poya.zPy.D.ze(Pgian boy.
[%20514] S>.y+ming Pz (2)
F.(2). Transp.D b Hp.y=minp(Poge. D .y~ e AP,
[%26414] >.ye (VP 3)
F.(1).(8).D2F.Prop

¥26424 t:PeQinfin.EtBP.D.E!BCavVeP

Dem.
F.%26412.3F:Hp. B‘Pve O°P,.D . BP ¢ VP
[%216°6] 3.BP= BV (1)

k. %264:233 . %263:22. D+ : Hp. B‘Pe()‘P, d. mmp‘(P )*‘B‘PGC‘V‘P @)
F.%205'55. 3 F s Hp (2) . o= ming(L)g BP . 3. BB = maxp" Pgte:

[%264-23.(2)] D.x= BCnv¢V‘P (3)
F.(1).(3).DF. Prop
F.—.—.
%26425. F:PeQ.z2eD'VP.D.PL(Pls'zrew
Dem.
‘_—_
F.%264:282.%25021 .DF: Hp.D.(P)y‘@~eClsinduct .z e DP,.
F__
[%264-225) J. ~ Etmaxp(P)y‘z.xe DP,.
‘P.—_
[%264-22] . Pl (P)y‘zew:DF.Prop

~ ‘__._
k264261 F: P Q.~E!BP.2eCVLP.D.Pl(P)s*cew
Dem.
F.%2502L.0F:Hp.D.2e DP,.

—
[%264-23.Hp] D.~E!maxp(P)y‘z.xeDP,.
F—_
[%264-22] S.Py(P)s‘wew:DF. Prop

R. & W, III,
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A4 (—_
%264262. F: Pe Q.E!B‘P.x=BCnv'V‘P.D.P[(P)y‘zeQ fin
Dem.
—
F.%26423.DF:Hp.z2e CP,.D. B! maxp‘(P)gw .

‘__._
[%264:21] 3. PL(P)y‘z e Qfin (1)
F.%9014. Dbizme CP,.D. PL(P)ya=A (2)

F.).(2).DF. Prop

%26426. F:.PeQ.D:BPeCVP.=.E1BP.BP~eUP,

]

Dem.
F.%1421. DF:BPeC‘VP.D>.Et BP (1)
F.%26412.DF: Hp. BP e C“V<P.D. B‘P v ¢ (IP, (@)
F.%26412.0F: Hp. BPe(P,.D. BPe(FVP 3)

F.(1).(2).(3).DF. Prop
¥264:261. F 1. PcQ.D:~(BPeCVP) . =, P =(*P,

Dem.
b.%26426.5Fs: Hp. D~ (BP e (“VP).=:~E1 BP.v.BP e AP, :
[%20252) = BPCaP:
[¥25021] =: C‘PCCP,
[%121-322] =:0‘P=CP,:: D} . Prop
%2643, F:iQP,R.=.(gsy).o(V'P)y.Q=PL(P)es. R=PL (Pyxy
[(%264-01)]

%26431. t: PeSer.d:QP, R.=.
— ——
(Fz,y) 2,y e P —-AP,.xPy . Q=P (P)g‘z. R=P[ (P)gy
[%207-35 . %2643 . ¥216°6]

26432, .CP, = PL(P)g“CcV<P [#150:22 . (%26401)]
F.__..
%264'321. F: PeSer.ae C°VP.D.(P)y‘v~el

Dem.
F.%216611.0F: Hp.D.oe P — AP, 1)
F.%9014. Db:g~eCP,.D.(Poga=A (@)
F.%121305. D F: Hp.ae DP,. D 5 ! (Poy'e — 1.
[¥9012] 5. Pywo~el (3)

F.(1).(2).(3).2F. Prop

——
#264:33. F:PeSer.d.04C P, = (P)yC*V*P
[%264321 . ¥20255 . ¥264:32]
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— —
26434 F:PeQ.a,yeCP.PL(P)x‘a=P[(P)y.d.z=y
Dem.

—— —
F.%264:321.%20255. 3 F: Hp. D . (P)y‘c = (P)y'y (1)
Fo(1).%9012.  Dt:Hp.aeCP.D.a(Pyy .y (Pya.
[%260-22.%91'541] dD.z=y (2)
F.%25021.  ODF:Hp.w~e(*P,.D.a=BP 3)
F.(1).%901214.DF: Hp.z~e U°P, . Dy~ e CP,.
[%250-21] J.y=B‘P (4)
F.(3).(4). Dt:Hp.a~eCP.D.z=y (5)
F.(2).(5).0F. Prop
%264:341. F:PeSer.a,ye C°VP.a(P)yy.D .=y
Den.
F.%216611.DF:Hp.D.y~e AP,.
[%91:504] D~ (2 (Pyoy) -
[%91-54] Dd.z=y:IF.Prop

—
%26435. F:PeSer.z,yeCVP. gl (LP)sen(P)y'y.d.z=y
Dem.
F.x96302.DF:. Hp.D:2(P)yy .V .y (Pga:
[#264-341] Jdiz=y:.dF. Prop

%26436. F:PeQ.D.P, smor VP, P, eRel?excl [%2643435]
The following propositions lead up to %264°39-391.

%26437. F:PeQinfin —w.d.§$CP,=0
Dem.
‘,.____
F.%26432.DF: Hp.D:2(5CP)y.=.(4a).aeC'VP.x, ye(P)y‘a.xPy.
—

[%260-32-27] =.(ga).a e CVP .z, ye(P)y'a. xl’my
[%264-233-35] =.(qa).a= mlnp‘(P,_):,e x = mmp‘(P )* y.xPuy.
[%13195] =. nunp‘(Pl—);,)6 z = mlnp‘(P)_*)J zPpy (1)
F.%26027.0F:Hp.aPyy.D. (Pl)* z C (P )* Y

[%205°5] . mlnp‘(P,)* x = mmp‘(P;; y (2)

F.(1).(2).OF:.Hp.D: 2 (5C°Py)y - = - xPry 1. D F . Prop
—
¥264:371. b1 PeSer.a(VEP)b.D . (Pgta C P

Dem.
—_
F.%216'6. DF:Hp.D.aeP% (1)
F.%20471.Dt:Hp.2Pb.xPy.~(yPb).D.y=>.
[%33-14] D.bedP, (2)

F.(2).Transp.%216:611.D+:. Hp.D:aPb.xPy.D.yPb 3)
Fo(1).(3).%90112.0F:.Hp.D:a(P)yx. D .aPb:. Dk . Prop
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%264:372. F:PeSer.D.FiP, CP~ P,
Dem.
b %264-3:321 . %202:55.D
— —
FeHp.d:z(FiP)y.-=.(Ha,b).a(VP)b.z e (P)g‘a -y e (Py‘b. ¢))

[*264-371] J.zPy 2)
—— —— “——
F.%26435.0F:Hp.a(VP)b.ze(Py‘a.ye(P)y‘d. . y~e(Py‘a.
[%90°17] d.y~e(P)g'z.
[*260'27] D.~(@Pny) 3

F.(1)-(2).(3).DF:Hp.D.FiP,,GP=P..: Dt.Prop

¥264:373. : PeQ.~(BP e UVP).D. P2 Py CFrry
Dem.
k. %264'261-233 . ¥26349 . D

— —>

F:Hp.2(P=Py)y.d . ming“(P)g‘e, minp‘(P,)y‘y € C*V'P O
— ——

F.%96:301.D F . Hp . minp‘(Py)y ‘e = minp‘(P)g‘y . D1 a (P)gy . v« y (P)g2 t

[%260-27] diz=y.~v.2Pyy.v.yPyz (2)

—> —y
F.(2).Ttansp. JF:Hp(1).D. mlnp‘(P )*‘w:f= Illlnp‘(Pl)* Yy (3)
F.(1).%264371.DF: Hp. mmp‘(P )* yP mmP‘(Pl)*‘ «J.yPx (4)
_’
F.(4).Transp. DF:Hp(1).D.~ mlnp‘(P )* yP P mlnp‘(Pl)* ) 5)
_’
F.(3).(5).DF:Hp(1).D . minp‘(P)y‘z P mlnp‘(P )* y (%)

F.(1).(6).2F: Hp(1).D.(5a,b). a(VP)b.a ¢ Pyt - y e (Piy'd
|%264:3:321.%202:55) D .a(F5P,)y: It . Prop

¥26438. F:PeQ.~(BPeC‘VP).D.FiP, =P=xP, [¥264372873]

264381 F:Pe(.BPe(*VP.D.FiP, = PLD‘P-P,
Dem.

F.%26433.D+: Hp.D.sC“C*P,, C (“P, .
[%264:26.442°2] >.BP~eCFiP,,.
[%264:372] >.FiP, GPLDP=-P, 1)
F.%25021.DF:Hp.2(P[ D‘P Pyy.Ddux,yeCP,.
[¥264-233.%265849] D . miny(Pyyew, miny (Pogtye CVP (2
Thence as in the proof of ¥264:373,
FiHp.2(PLDP<Py)y.D.a(F5P,)y (3)
F.(1).(8).DOF. Prop
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¥26439. F:PeQiufin—w.~(BPeCVP).D 5P, =P
[%264°37°38 . %260°12 . %162'1]

¥264391. F:PcQ.BPecC*VP.D.3P, = PLDP

Dem.
F.%26413.DF:Hp.D. PeQinfin—-w (1)
F.%26027.DF:Hp.D. Py =P, [ CP,
(%264-26] = P, [ DP (2)

F.(1).(2).%264:37 . 260-12. D+ : Hp. D.§C°P,, = P, . P, GPL D'P (3)
F.(3).%264:381 . D F. Prop

%2644 +:PeQ.~E1BP.D.CP,Co [¥26425132]

%264401. +:Pe0.D.D‘P, Cow
Dem.

F.%1515.426434. D F : Hp.D. DP,, = PLP)“DVP (1)
Fo(1).%26425.DF . Prop

¥264402. F: PeQinfin . E1BP.D.BP, e Qfin

Dem.
F.%26424.0F:Bp.D.E1BCnv‘V‘P.

v €——
[#151°5.%264:34] D.BP, =P[ (P)yBCnv‘VP.

[%264-252] D.BP,eNfin:D}F. Prop
¥264403. F: PeQ.BPeCVP.>.BP,=A
Dem.
F.%26426231.9F: Hp.D.BP e C°P,. BP = BCnv'VP.
[%90-14] 5. (P)yBCav VP =A.
[¥151-5.%264:34] >.BP, =A:DF. Prop

The following propositions deal with the various different cases that arise.
Their net result is expressed in %264-44.

¥26441. F:PcQufin—w.~E1BP.D.Nr'P=Nr'V’Pxw
Dem.
F.%264-364.DOF:Hp.D. P, eRelPexclanNrV‘P.0P,Co.
[%251'63] 3.5P, e NFVP X w.
[%264-39] D.PeNr‘'ViPXw:DF.Prop
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%26442,
Dem.

%264-421.

Dem.

SERIES [PART Vv
FiPeQ.BPaelVP.VPc2,.D . N‘Ps=wi NeBP,,
F.%26436.DF:np.D. P, = (BP,) | (BP,).

[%162:3.%2643913] D.P=B'P,+BP,.
[%264:36:401] 3.Nr'P=w+BP,:dF.Prop

F:PeQ.BPcCVP.VPe2,.). Ne‘P=w+1

F.x26436.D: Hp.D.P,.=(BP,) | (BP,).
[%162'3.%264:39113] 3. PL D‘P = B‘P,, A BP,,

[%264-403.%160-21] =BP,.
[%264-401] D.PlDPcw.
[%204-461] D.Pew+1:DF.Prop

%264'492. b: PeQinfin—w.B P e CVP. VP e, .D.

NP = [Nr{(V*P)} (DVP) X w} + Nr*B<P,,

Dem.
F.%264:36. %204272. D F: Hp. D . DP, ~el.
[%204:461.%264-24°36] >.P, =P, [ DP, 4> BPD,.
[¥16243.%26439] >.P=3P, [ DP,)LBP, (1)

F . %254:36'401 . %25163 .2

b

Hp.D.NrS4(P,[ D'P,)= Nr{(V<P)} (D'V'P) X w @)

F.(1).(2).%264:36 . D F. Prop

%264423 F:PeQ.BPcCVP.VPre2,.D.

Dem.

Nr‘P = (Nr{(VP)L (DV*P) % ) + 1

As in %264422,
b:Hp.D.P, =P, DP, 4> BP,.

[¥162:43.%264391] > . P} D'P=S4P, [ D‘P,) 2 BP,,
[%264-403] = S4P,[ DP,) Q)
F . %264:36:401 . %25163 . D

F:Hp.D.NrS{P, [ D'P,) = NIV'P)L (DVP) ko (2)
F.%204461.DF: Hp.D.Nr‘P = Nr(PL D*P) + 1 3)
F.(1).(2).(3).DF. Prop
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%264'429. ixa=a Df
This definition is werely intended to enable us to include 1 with ordinals
in general formulae.

*26444. F:Pe0.D.(qa,B).ae NOv 1.8eNO finvi‘l. Nr'P=(ax w)+ 8
Dem.

F.%16022.%16613.0F: PeQfin.D.Nr'P=(0, X 0)+ Nr‘P 1)
F.%160-21. dDF:P=w.D.Nr'P =(I X0)+0, @)
F.%264°41 . ¥16021.D

F:PeQinfin—w.~E!BP.D.(qa). e NO. NP = (ax )40, 3)
F.%26442402.D
F:PeQ.BPreCVP.VPe2,.D.(gR). BeNO fin . NrP=(i X w)+ 8 (4)
F.%264421. DF:PeQ.BPeCVP.VP2.INP=(ixw)bi (5)
F.%264:422402 . D F: Pe Qinfin — . BP e OV P,V Pe2,.D.

(g2, B)-2e NO.B8eNOfin . Nr'P=(aXw)+8 (6)
F.%264423.0F: PeQ. BPe (VP VP e2,.D.
(qe).2ae NO . Nr‘P=(axw)+1 (7)
Fo@).(2).(3).(4).(5).(6).(7).DF.Prop
The following propositions apply the above results to the cardinal number
of the field of a well-ordered series.
%26445. F:PeQ.VPe2,.D.Nc‘CP=N,
Dem.
F.%264:42'402. %180°71 . %1527 .D

F:Hp.BPeeCVP.D.(qp). pe NCinduct . Ne‘C'P = C0 +, pu -

[*263101.%12341] D.Nc‘C‘P=N, ey
F.%264421 . x181%62.D F: Hp. B‘Pe C*V*P.D . Nc‘C*P = C““w +, 1
[%263-101.%1234] =N, (2)

F.(1).(2).DF.Prop
¥264:451. F: PeQinfin— 0.~ E1BP.D. Ne‘CP=Nc‘CVP X, ¥,

Dem,
F.%264:41 . %x1845.DF: Hp.D . Nc*C*P = Nc‘CV'P x, 0w
[%¥263:101] = Ne‘C*V*P x,N,: D F . Prop

¥264:452. F:PeQinfin—w.VPre?,. BPre(*VP.D.

NefC P = NcDVP x . N,
Dem.

b . %264-422 . %1845 . %180'71.D
F:Hp.D.(gu). pe NCinduct . Nc‘CP=(Nc‘DVP x,R,) +, 1)
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b.%12343.%11762.DF: Hp.pe NCinduct.D . p << NeN VP x N,.
[%117°561] D . (Ne‘DVP X Ro)+op K (NeD VAP x, 8y) +, (N DV P x, N,)
[#123421.%11343] < NefDFVEP x N, (2)
F.(1).(2)-%117625.2F:Hp.D . Ne‘C*P=Nc*DVP x,N,: DF. Pror

¥264:453. F: P e Qinfin—w. E1BP.VPre2,.D.Ne‘C'P = NeDVP x, X,
Dem.
As in %264-452,
F.%264423.3F: Hp.BPe C*VP. . Ne‘OP = Ne D' VP x, 8, (1)
F.(1).%264452.DF. Prop
¥26446. F:PeQinfic — .. Ne®CP=Nc‘CVP x, N,
Dem.
F.x123421 . %26445. 0 F : Hp. V<P e2,.D. Ne‘C'F = N C V<P x, 8, (1)
F.%264453.D
FiHp.E1BP.VP e NeCVP=p+,1.D. Ne‘CF = p x, Ny
[¥123421.x11348] = (4 Xo No) +4 (1 X, No) @)
Fok117°5716 .
FrHp. D Ny <K (o 1) X Mo (ke 1) X0 Mo K (1 Xo M) o (0 X R (3)
Fo(2).(3).DF:Hp. D NeCP=(u+, 1) x, No
[Hp] = Ne*C*V<P x, N, )
Fo(1).(4). 264451, F. Prop
¥26447. F:PeQinfin.D.(5u). peNC 0. Ne\OP = p x, N, [#26446]
%264'48. F:aeC Q) — Clsinduct.D . Ncfae D(x, Ny) [%264-47]



#266. THE SERIES OF ALEPHS.

Summary of %265.

In the present number, we shall confine ourselves to the most elementary
properties of the ordinals and cardinals considered. The most important
propositions to be proved are the existence-theorems. These all depend
upon the axiom of infinity; moreover, as the numbers concerncd grow
greater, the existence-theorems require continually higher types.

In virtue of the definition in %262, (R,), is the class of well-ordered series
whose fields have N, terms. This is not an ordinal number, but the logical
sum of a certain class of ordinal numbers, namely of Nrf(N,),.

w, is the smallest ordinal whose ficld has more than N, terms. We do
not, however, take this as the definition of w,: we define w, as the class of
relations P such that the relations less than P (in the sense of %254) are
those well-ordered series which are finite or have N, terms in their fields, ..

A ™D
o= P {less’P=(R), v Q fin} Df.

By %254:401 it follows immediately that if Pew,, P is a well-ordered
series and o, 18 its ordinal number (¥26511). Hence o, is an ordinal number
(x265°'12), though we need the axiom of infinity to show that o, cxists.

Assuming the axiom of infinity, the existence-theorem for o, is derived

from the series of ordinals which are finite or belong to series of N, terms
For notational convenience, we temporarily define this series as N ; thus

N=(<)[ {NOfin u Nr*{(N,),} Dft [%265].
It is also convenient temporarily to write M for “ <¢”: thus
M=<¢ DIft [%265].

It is easy to prove that if N, exists, N is a1 o, (¥26525). Hence we
obtain the existence-theorem for e, in either of the forms:
%26527. F:q !N nta.Dd.q! o At ‘e
#26528. F:Infinax(z).d.q!w nt*3

It is easy to prove that e, is greater than the ordinal number of any
series of N, terms (%2653), and that if w, exists,

Mo = NO fin w Nr“i(,),  (+26535),

t.e. the ordinals less thar w, are those that apply to series of 8, terms or of

a finite number of terms.
12
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We define N, as C““w,, v.e. as the class of those classes which can be
arranged in a series whose ordinal number is ,. It follows from 15271
that N, so defined is a cardinal number (%¥265:33), and that if N, exists,
N, > N, (x26534).

In a precisely analogous fashion we can put
A =
w, = Plless*P=(N,)), v (X)), v Qfin] Df,
N, =C“, Df.

Theorems similar to those mentioned above can be proved for w, and N,
by similar methods. We can proceed to w, and X,, where » is any ordinal
number. But our methods of proving existence-theorems fail if » is not
finite, since at each stage the existence-theorem is proved in a higher type
and we know of no meaning that can be assigned to types whose order
is not finite.

It is easy to prove that the sum of two ordinals which are less than o, is
less than w,. Much of the accepted theory of (N;), and w, depends upon the
proposition that the limit of any progression of ordinals less than w, is less
than e, so that in the series N, every progression has a limit within the series.
This proposition—or at any rate the current proof of it—depends upon the
multiplicative axiom. The proof, in outline, is as follows:

It is easy to prove that an ordinal which has N, predecessors must be
a member of Nr‘(N,),, 7.e. must be, in Cantor’s language, an ordinal of the
second class. Now consider any progression P contained in N, i.e. consider
a series @y, a,,... a,,... of increasing ordinals of the second class. The interval
between any two consecutive terms of this series is either finite or has N,
terms. Hence N¢0“P, i.e. the class of ordinals preceding the limit of our
series, is the sum of N, classes each of which is finite or has N, terms. It is
then argued that, because N, x, N, =N,, the whole class N“C*P must consist
of N, terms. This conclusion, however, except 1n special cases, requires the
multiplicative axiom, since it depends upon 11832, ..

FeMultax.D:u,ve NC.xeva Clexcls.D . s%eu X, v.

It follows that, unless for those who regard the multiplicative axiom as
certain, it cannot be regarded as proved that e, is not the limit of a pro-
gression of smaller ordinals. With this, much of the recognized theory of
ordinals of the second class becomes doubtful. For example, Cantor pro-
ceeds to define a host of ordinals of the second class as the limits of given
series of such ordinals. It is probable that,in regard to all the ordinals which
he has defined in this way, a proof that they belong to the second class can
be found, by actually arranging the finite integers in a series of the specified
type. But the mere fact that they are limits of progressions of numbers of
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the second class does not, of itself, suffice to prove that they are of the second
class.

As another example we may mention the very interesting work of
Hausdorff*, much of which is based upon the proposition that a term which
is the limit of an w, chosen out of a given series cannot be the limit of an
o chosen out of the same series. This proposition is a consequence of the
proposition that w, is not the limit of a progression of smaller ordinals, and
must therefore be regarded as doubtful. Hausdorff constructs by means of
it many remarkable series, for example, compact series in which no pro-
gression or regression has a limit. The existence of such series appears,
however, to be open to question, unless the multiplicative axiom is assumed.

It is not improbable that a proof, independent of the multiplicative axiom,
can be found for the proposition that e, is not the limit of a progression; but
until such a proof is forthcoming, the proposition cannot be regarded as
certain,

26501, = B {loss P = (N,), v Q fin} Df
26502, N, = 0w, Df
26508, w,= D {less P = (), v (M), v Q fin} Df
¥26504 N, =0, Df
ete.
#¥26506. M=< Dft [%265]
This definition is revived from %256,
¥26506. N = M [o{NO fin v Nr(Ny),} Dft [%265]

The existence-theorem for w, is derived from N, siuce, if 8, exists, N e w,.

%2651 t:iPew.=:QlessP.=¢.Qe.CQeClsinduct v

[(%265:01)]
%265'11. F:Pew.D.w,=Nr'P.PeQ)
Dem.

F.%2651. DF:Hp.D.Aless P.

[%2541] 5.PeQ (1)
F . %254'401 . (1) . (%26501). D+ : Hp. Qew,.D . Qsmor P @)

——,

F.%254:401.(1). (%265:01). D F: Hp.@Qsmor P.D.less@=(N,), v 2 fin.
[(%26501)] J.Qew {3)

F.(1).(2).(8).-DF. Prop

* Untersuchungen iiber Ordnungstypen. Berichte der mathematisch.-physischen Klasse der
Koniglich Sichsischen Gesellschaft der Wissenschaften zu Leipzig, Feb. 1906 and Feb. 1907.
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#26512. F.w,e NO [%26511.%256:54]

—>
%26613. F:aeNOinfin.D.M[ Maca

Dem.
F.%956:202.0F : Pe Qinfin. D . NeM [ (MNr<P)= Nr{(PL 4 P)
[%262112] — Nr‘P (1)

F.1).%26211.0F. Prop
<
%2652, F.dN=NO fin - 10, u Nr(X,), = N0, [%255'51]
%26621. F:q!N,.aeNO fin v Nr{(N,),.D.
- —
M[ Maless N.aM (Nr‘N).aCless‘N-

Dem.

F.#25313.%2652. O F : Hp. ae NO fin u Nr(Ny), . D . M| Mea c DN, .
[¥254182] 3. M Mealess N (1)
F.(1).%26513.  DF:Hp.ae Nr“®),. . oM (NrN) 2)
F.(2).%26331'101. D+ : Hp.aeNO fin. 3. aMw . oM (NrN) .

[%256:1] >.al (Nr'N) )
F.(2).(3). SF:Hp.aeNOfinu NrN), . D . aM (NrN).  (4)
[¥25517] 3. aCloss'N (5)

F.(1).(4).(3).DF . Prop
¥26522. Frm!N,.D. 0 finu(N,), ClossN [26521]

—
%26623. F:PeD‘N;.D.(qa).aeNO fin v Nr{(N,),. P=M[Ma.Nr‘P=a
[%265°2 . %253°13 . 26513 . x262°7 . x120°429]

%26624. F:PeD‘N;.D.PeQfinu(N,), [%26523] *
%265626. F:qIN,.D.New,
Dem.
F.%25441112. DtF:PlessN.D.(qQ)- Qe D‘Ns. Psmor Q.
[%26524.%261°18.%151°18)] D.PeQfinu(N,), 05
F.(1).%26522.3F s Hp.D.less'N = Q fin u (), -
[%2651] D.New:DF.Prop
¥26526. F:aeR,.D. Nori(less| O“Cléa) e w, . Nori(less | C<Clia) = N
Dem.
F.%254431.%150-37.D
b Nyri(less [ 0“Cléa) = (Nyriless) b Nred(Q » 0<Clfa) 1)
Fox12316.DF:aeN,. D . N “(Q n E’“Cl‘a) CNO fin u N 4Ry), (2)



SECTION E] THE SERIES OF ALEPHS 173

F.#12314.%2621821. Dt zaeN,. e NCinduch — 1. . q ! 1, n 0l -

[%262-25] DF:aeN,.2eNOfin.D.q!vn C“Cla,
[¥15245] d.peNgCuClle (3)
Fox1527 . DF:Pe(N,),-0eN;. D.acC NP,

[%60-34] > . NrP ¢ No¥“0¥“Cla (4)

F.(3).(#).DF1ae®. . NOfinu NK{R,), C N “(CClélan ) (5)
Fo(2).(5).DF:aeN,. D NOfin u Ne(R,), = N (0“Cléan Q) (6)
F.(1)- (6). (25501 . %26505:06) . D b : ae Ny . D . Nori(less [ “Cléa) = N .

[%265-25] >. Nyri(less | “Cléa) e w, 1 D+, Prop
*26527. F:q!N,nta.d.q !, n % a
Dem.,
F.%6435.0F: Bet'a. CPCR.D. Petyla 1)
F.(1). DF:Beta.d.0“ClBCtya.
[¥15512.%63'5] D Nyr““C“ClB C t“tya
[%6457] . Nyri(less] O“ClB) e it (2)

F.(2).%26526.2F. Prop
#%26528. F:Infinax (z).D.q e, ntt 3y

Dem.
F.%12337.DF:Hp.D.qIN, att% .
[%265-27] D g e At t¥,
[#64:312] d.qlw At ®z: Dk, Prop

Propositions concerning N; and o,, and generally N, and o,, where v is
an inductive cardinal, are proved precisely as the above propositions are
proved. There is not, however, so far as we know, any proof of the existence
of Alephs and Omegas with infinite suffixes, owing to the fact that the type
increases with each successive existence-theorem, and that infinite types
appear to be meaningless.

%2653, F:aeNr“{(N,),.D.a<cw, [%26522:25]
%26531. FigIN.D.N=N,

Dem.
F.%26525. DF:Hp.D.C'NeR, 1
F . %2652. DF-NOfin—1¢0,CC'N (2)
F.o%2621921.%12327 .0 F: Hp.D.NO fin— 10, ¢ N, (3)
F.(2).(3). DF:Hp.J.Nc‘C*N =R, €))
F.(1).(4).D+.Prop
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%265:32. F:!IN,.J.NEN, . NaN,=A

Dem.
F.%2653.0F:PeQ.CPeNy.D. Pvew;.
[(%265°02)] D.0PeeN,
F.(1).%26218. (¥265:02) . DF . Nyn N,=A . D k. Prop
%265:33. +.N eNC [%152:71 . %265-12]

X26534. Fig1e,.D.N, >N, [2653132:33. 25574]
26535, b la,.D. Mo =NOfin v NI(N,),
Dem.
F. %2653 .%263:31 . D+ : Hp. D . NO fin v Nr'(Xy), € Mo,
F.%26511.3F: Pew,. Ni‘Qe M, D . Qless P.

[#2651] D.Nr‘Q e NO fin v Nrf¢(X,),
F.(1).(2).DF.Prop
%266'351. F: Pew,.=. o, « Nr“D*Ps = NO fin v Nréé(R,),
Dem.

F.%256°11 .%265'35.D

Figlw . Nr!DPs = NO fin v Nrf(N,), . =
[%256°1.%204-34] =.Pew:DF. Prop

—+
%265352. F:Pew,.D. Nr*'DP;= M‘w, [%26535351]
%26636. F:a, BeNr ‘(Ny), - J.a+ B8 e Nré(N,),

Tem.
F.#18071. D F: Hp.D. 0a+B8) = Ca+,08
[%262:12] =N+, N
[¥123-491] =N,.
[%26212] D.a+BeNr{(N,),: D+ . Prop

*266:361. I.a,8¢NO fin v Nr‘‘(N,), . D.a+ B¢ NO fin v Nre{(R,),
[Proof as in %265°36, using %12045 and %123-41]

—
*¥2664. F:Pew.aCTCP.PyacClsinduct N, .D.q ! p‘Pa
Dem. .
F.%2651.0F:Hp.D.(P[ Py“‘a)less P.
[%254-51] J.Pyad CP.
P
[%202-504] D.q!p‘Péa: Dt . Prop
P
%265401. F: Pew,.aCCP., PaeClsinduct v R, . D . ! p* P “a
Dem.
-—’
F.%205131.DF: Hp.D. Py““a= P““a v maxs‘a.
[%2053.%120251.%123'4] D . Py “ae Cls induct v N, .
P
[%2654] >.q!p Pz Dt . Prop

— —
qlo . MNr‘'P = Mw,.

(L

(1)

@
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- -
%26541. F:Pew,.D.P“C*PCNR,vClsinduct. Py C*P CR, u Clsinduct
Dem.

b . %254:182. Dl—:.Hp.D:xeC‘P.D.(Ptl_)"x)lessP.
[%265°1] J. I_-’zm e®, v Cls induci (1)
F.(1).¥120:251 . $1234. D b Hp. D1 oe (P D. Pyfoe®, v Clsinduct (2)
F.(1).(2).DF.Prop
¥26542. F:Pea,.d.APCDP
Dem.

F.%265441.0F: Hp.2eP.D.q! p Psa.

[%53-:01-31] D.xeDP:DF. Prop
¥26543. F:Pew.2eCP.d.PLPuwew.Ellip Pyt

Dem.

b.#2642.%26542. D F: Hp.D .~ E ! maxsPya. 1)
[%26422] 3.PlPhwen @)
F.(2).%26541 . %123421. D F: Hp.D. P“Dp e N, .

[%265401] >.q1p PP a.
[(1)-%250123) >.E!NipPyt )
F.(2).(3).DF. Prop

— «—
%265431. F: Pew, . QCP.2eCQ.QcCPyx.D. g p PCQ
Dem.
>
F.%26543.DF:Hp.D.C‘QC Pltp Py, “z: Dt . Prop

¥26544. F:Pew,.xcCP.d. Pl Pycea,

Dem.
».*253-13.»:Hp.).D‘(Pt‘F*‘x),=fz{(gy).xp*y.1z=1;tp(x+-y)} (1)
l-.ale254"101.DI—:Hp.xP*y.D.Nr‘PtP(wt——y)ng:Ir‘PtP‘y.

[%265°352] D.Nr‘PL P(a+y)e Mo, (2)
B 4 -
F.%265352.D0F:Hp.D. NP Pz e M0, (3)

F.(3).%26536135.D
- - . >
t:Hp.ae Mo, .D . NrP[ Pztae Mw, . N
-2 .
[#265:351] D.(qy) . Nv*P[ Pz+a=Nr‘P[ P. N
- .
[%253-47-11] D.(qy). 2Pyy . Nr‘P[ P‘z+a=Nr‘P[ P‘y.
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[¥20445] D.(qy).ePyy. NePL Poia= NP} Piad NePLP (a+9).
[%255564] D . (Hy) . 2Pyy.a=NrP[ (z+y).
(D] D.aeNr<D(PL Pyla): (4)
F.(2).(4).DF: Hp.D . Nr“D{P [ Pya)s = Mew,.
[%265:35:351] 3. PLPywew:dF. Prop
%265441. F: PeSer. @, Reon RIFP.RCQ.D.

P“C*R = P“C*Q. Q“C°R = Q)

Dem.
F.%263-27 . Transp. D F: Hp.D.~E! maxo‘C‘R.
[%205°123] D.C‘RCQ“CR. 1)
[%37:2) D.PCRC PeQ“C‘R
{*37152] C pPexQ (2)
b %26347 . Transp. D+ Hp. D . prQCR = A.
[(1).%202:51)] D.0Q=QCR. 3
[%201-5.Hp] D.PHCQC P“C‘R.
[(2)] D.P“CR=P“CQ €))
F.(3).(4).2F.Prop

—
%26545. F: Pew,.QCP:0e¢0Q.0,.q!1Q¢—-Pr,v:Qcw.
. & « «
S=29{zeCQ.y=ming Q@ — Pp‘x)} . R=S8[ Sy*BQ:D.
Ryecw.R,CQ.P“C‘R,,=P“Q

Dem.
F.%32181.0F:Hp.D.SCQ. (1)
[%91-59.%201-18) D.R,CQ (2)
F.%26311.F 1. Hp.D:2e Q. D, . E1 S:
[*71571] J:8e¢Cls—>1.CQCDS:
[(1)] D:8eCls—1.dSCDS:
[%122:51.%9G-21] D:ReProg:
[%263°1] dD:Rgcw 3)
F.(2).(3). %265441 . D F: Hp. D . PU“C*R=PC*Q (4)

F.(2).(3).(4).DF. Prop

¥265:451. F:. Hp26545.:2e¢C'R.D. P(z— Rz)eN,
Dem.

F.%26545.%26514.0F 5. Hp.D: v C'R. D . Riw= S .

N
[Hp) JD.RfzePw— P fx.
[%260-131] J.P(z—Rz)~eClsinduct (1)
F.%26541 .2+ Hp.D:i2eC‘R.D.P(2+— Rfz)eNy v Cls induct (2)

Fo(1).(2). D F.Prop
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265462 F : Hp#26545 . ! P(¢— Re2) n P (y—Ryy). D.a=y
Dem,

F.%20118.D k. Hp. D : 2P (Ryy) . yP (Ry‘a) :

e H
[#*14-21] Jdiz,ye C°R.aP (R*y). yP (1\%1‘.1:) :
[%20441.%26545] D :aRy (Riy) . yRyo (Ri'w):
[#204-71] Jdiz=y.v.zR y:y=2.v.yR a:
[%4-41] Jdiz=y.v.zB, y.yR,z:
J:

[%20413.%265'45 ]

¥266-453. +: Hp 26545 . x =& {(§2). v O°R . a= P (- Ri)} . D.
k eRyn Clexcl'®; . s = P“C°R n Py““C‘R  [%265'451-452)

z=y:.JF.Prop

%266'464. |:. Hp%265453: ke R, n Cl excl'R, . D, . s',c e Ny : D
PeC'Rn Py “C°R e, [%265453)

¥26546. F:Pew.QewnRIP:igeC Q.. 5! Qa—Pyia:
ke®RynClexcl*V, . D sk eNy: D, PHCQe N,
[%26541°454 . %123421)
&~
¥265461. F: Hp26546.D .5 ! p PCQ  [%26546401]

#26647. F:.Pew,.QewnRI‘PixeN,nCl excl‘RLD,.s‘xeRO: D.
gl p PO Q  [%265461°431]
%26548. F:.xeN,nClexcl‘DN,.Dc.5%eXe:D: Pew,.Qew nRIFP.D Et0Q
[%265'47 . %250'123]
#2656481. I: Multax.D.Hp*26548 [%11332.%12352]

%26649. F:Multax.D:Pew;.QewnRI‘P.D.E!tpCQ [%26548481]
This proposition shows that, assuming the multiplicative axiom, any
progression of ordinals of the second class (v.e. consisting of series having N,
terms) has a limit in the second class, because N e w,.
%2665, F:Pew .Qew.CQCUP,.~E! maxpCQ).
L e e -
R=2§{xeCQ.y=ming(Pz n Qz)} .S=R[ By‘BQ.D.
Spoe® .8y, CP . PCS,, = P“C*Q

Dem,
F.%20511. DF:Hp.D.RCGP.RCGQ. ¢))
[#201-18) J.8,,CP.8,,CQ (2)
- - «
F.#%205'197 . DF:Hp.xeCQ.Qx‘aC Py‘c. D . x=maxpQy‘c (3)
-—»
F.%263412.%261'26.DF: Hp.2edQ.D.E! max‘Qz (4)

R & W. 1L
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— >
F.(8).(4).%205193. DF: Hp.xe CQ. Qu‘ac C Pyc.D. F:"maxP‘C"Q (5)
P

F.(5). Transp. DF:Hp.D:0e0Q.D.q ! Qe — Py'x.
[%91'542.%202:103] >.q!0%n P,

[%250-121] >.E1 R (6)
F.(1).(6).x12251. DF:Hp.D.SeProg.

[%2631] 3.8, cw )
F.(2). (7). 265441 . D F: Hp.D. PCeS,, = PCQ (8)

F.(2).(7).(8).DF.Prop

%266:61. F:Hp%26548.Pew .aeN, nClCP.~E!maxpa.d.E!ltp‘a
Dem.
“.%2655.DF:Hp.D.(@8).Sewn RI‘P. P“C‘S=a @
F.(1).%26548.DF. Prop
The following propositions follow easily.
%26662. F:. Hp#%26548.Pew,.D:
«—
anCPeX, v Clsinduct.=.q!CP np*P(an C*P) [%26551'41]
%2656'63. F::Hp*26548.0:. Pew,.=:
PeQianCP el uClsinduct.=,.5q! CP np P an CP)
#26664. F:Pew .D.AVPCltp 0w n RI‘P) [#2655]
Le. every limit-point in'an w, is the limit of a progression, which is what
(following Hausdorff) may be conveniently called an c-limit.

¥26655. F:Pew, .. AVP =1t,“C(wn RI‘P) [¥265:54 . %216:602]

This proposition does not, like %265'48, assert that every progression in
P has a limit, and therefore it does not require the hypothesis of ¥26548.



SECTION F.
COMPACT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES.

Summary of Section F.

A compact series is one in which there is a term between any two,
te. in which P G P? where P is the generating relation. We may call
any relation P compact when P G P?; then a transitive compact relation
will be one for which P = P2 Hence a serial relation Pis compact when-
ever P= P%. C(Compact series in general have certain properties, some of
which have been already proved; but the majority of the interesting pro-
positions in this subject come from adding some other condition besides
compactness. Thus series having Dedekindian continuity, which have many
important properties, are such as are compact and Dedekindian. Rational
series (t.e. such as are ordinally similar to the series of all rational numbers,
positive and negative, or, what is equivalent, to the series of rational proper
fractions) are defined as such as are compact, without beginning or end, and
consisting of N, terms. Such series, alsu, have many important properties.
A continuous series (in Cantor’s sense) is a Dedekindian series containing
a rational series in such a way that there are terms of the rational series
between any two terms of the given series, This species of compact series
also has many important properties. It consists of all series ordinally similar
to the series of real numbers including 0 and .



*270. COMPACT SERIES.

Summary of #270.

The propositions of the present number are mostly either obvious or
repetitions of previously proved propositions. The latter are repeated here
for convenience of reference.

We put comp =P (PGP D,
so that the class of compact series is Ser n comp. We have
« >
#270'11. F: Pecomp.=:2Py.D,,.q! Pzn Py

%27034. |: Petrans mcomp.D.s‘P =sgm‘P

The proposition §¢Py = sgm*Py, which was proved in %212, is a particular
case of the above,

*270'41. F:PeSerncomp.d.Nr‘P CSer ncomp
Le. a series which is similar to a compact series is a compact series.

%27056. +:PeSer.QeQ.E!BP.~E!BQ.D . PeSer acomp

This proposition gives us a means of manufacturing compact series of
various types, such as w exp, w, @ exp, o, efc.

*27001. comp=P (PG P? Df

Here “comp” is an abbreviation for “compact.” “Compact” series are
the same as the series which Cantor calls “iberall dicht.”

%2701, Ft:Pecomp.=.PCP? [(*270-01)]

#27011. F:. Pecomp.=:aPy.D,,.q 1P n_P"y [%270-1]

#2702, F:Pecomp.=.Pecomp [%270'11]

#27013. F:Petransncomp.=.P =P? [#2701 . %201-1]

%27014. F: PeSerncomp.=.PeRI‘J nconnex.P=P?.=. PeSer. P= P*
[%27013)

*27015 t:PeSerncomp.=.PeSer.P,= A [%201'65 . %270-14]
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- -
%2702. F:Pecomp.D.~7q! maxp‘Pie [%20525.%270:1)

- -
%270201. F:Pecomp.D .~ ! minp*d*P .~ 7! maxp,DP
Dem.

e ~ ~
F.o%3725. D F.ominpd“P = P<DCP — (P*“D‘P (1)

_'

F.(1).%2701.DF:Hp. . min,d“‘P=A (©))
_'

Similarly F:Hp.D.maxpDP=A (3)

F.(2).(3).DF. Prop

- v -
%270202. F: Pecomp.D.~ 5 ! minp*Pa. ~ 5 ! maxp‘P*“a
[Proof as in %270-201)

_'
%270203. |: Pecomp.D.~7 !seqpt‘a [%206-42 . %270-1]

%270204. i PeSer ncomp. Elseqp‘a. D .~ E! max,‘a
[%206-451 . %270-15]

%270205. | : PeSerncomp.D.ltp =seqp (%2071 . 270204 ]
—

#27021. F:PeRl‘Jncomp.zeCP.D.xltp(P2) [#207-31.%2701)

%270211. F: PeRIJ A comp. D . Dfltp= CP [%270-21]

Thus if a relation is compact and contained in diversity, every member
of its field is a limit-point.

%270212. t+: Peconnex.Dfltp = C*P.D. Pecomp

Dem.
F.%207'34.DF:Hp.D.CP C - AP~ P?).
[%33-251] D.dYP-P)=A.
[%270-1] D.Pecomp:Dt.Prop

*27022. F:. PeRI“Jn connex.d:Pecomp.=.DUtp=CP.=. AP CDtp
[%270211-212 . %207-18)

*27023. F: Pecomp—¢‘A.D.P~eBord
Dem.
-
F.%270201.D+F:Hp.D.(ga).aCC‘P.qla.~ 5 ! minp‘a.
(%250'101] 3.P~eBord: dF. Prop

*270-24. F: PeSerncomp— ‘A .D.CP~ eClsinduct

Dem.
F.%27023.D2F: Hp.D.P~efl.

[%261-31] D.(0P~eClsinduct : D+ . Prop

#270'3. F:PeSerncomp.D.sect‘P — DfPe= Pyf“C‘P
[%211-351 . %270'15)
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%27031. F:Petransmcomp.d.DPe=D{(PeAI) [%211'51.%27014]
_'
%270-32. F:Petransncomp.d.PreD(PeAl) [%211-452 . %270°1]

270321, F: P<C<P CDYP.A ). . Pecomp [¥211451 . %2701 ]
270322, 1. Pe trans. D : B4C'P CD{PeAI).=. Pecomp
[%270-32:321]

%27033. F:.PeSer.D:Pecomp.=.UmaxpnUSeqp=A
[%211°551 . %270°14]

#27034. :Petransncomp.D.s'P=sgm‘P [%27031.(%2120102)]

%270:35. F:. Petrans m connex ncomp.d: PeDed.=. U ‘maxp=— U‘seqp
[%214°4 . %270°13]
%270361. F:. PeSer.D: PecompnDed.=.d‘maxp=—Useqp
[%214°41 . %270°14)
A series which is compact and Dedekindian is one which has Dedekindian
continuity. Thus the above proposition states that a series which has Dede-

kindian continuity is a series such that every class has either a maximum or
a sequent, but not both.

%270:3562. F: PeSer ncomp n Ded .aesect'P.D . limaxp‘a=liminp (C“P — a)
[%214-42]

%27036. F:PeRl‘Uncomp.D.8pC°P=dP.V‘P=P
[%216-2 . %270°211 . (%216°05)]

%2704,  F:Pecomp.D.Nr‘P Ccomp

Dem.
F.%201-2. DF:8ePsimor @.D.(S3Q)7=8iQ*. P=S8iQ 1)
F.(1).%2701.DF: Pecomp.SePsmor Q.D.S5QCS5Q.
[%150:31) 3. GBQEISiQr.
[%151-252] D.QCQ*:DF.Prop
#270401. F: Pecomp.=.Nyx‘P C comp (#2704 . %155:12]

#270'41. F:PeSerncomp.d.Nr‘PCSerncomp [#2704.%204:22]

#270411. F: PeSerncomp.=. NP CSerncomp [#270'41.%155'12]
e

¥27042. F:Pecomp.D. P Pya, P Pyloecomp

Dem.
F.%27011.2F: Hp.y,z¢ Pyl yPz. D . (qu). yPw. wPs.
[#90'16] d.(quw).w e‘I;*‘m yPw.wPz (1)
F.(1).%27011.DF: Hp.D. P} Pyw ¢ comp @)
Similarly F:Hp.D.P t?*‘w € comp (3)

F.(2).(3).DF. Prop
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¥2705. t:P,QeSerncomp.CPaCQ=A.~(E!BP.E1BQ).D.
P2QeSerncomp
Dem.

F.%16051. DF:Hp.D.(P4Qy=P'uQuDPLCQuCPTdQ
[%93103.Hp] =P'uQ uC*P}CQ 1)
F.(1).%2701.D+:Hp.D.P2QC(P2Qy @)
F.(2).%2045. D F . Prog

#27051. F:PeSerncomp.C'PCSerncomp.PeRel?excl.D.
2¢P e Ser n comp

F.%20452.D+F:Hp.D.3‘PeSer 1)
F.%1621.D

F.(SPY = (¥CPy u (F3Py u (5°CP) | (F5P) u (F3P) | (+C°P)  (2)
F.%2701.3F: Hp.o(3¥C°P)y. . (4Q) - @ OP . oy .

[%4113] D . (#0Pyy 3)
F.%2701.DF:Hp.a(FiP)y.d.a(F5PYy.

[%16312.%201°2] >.a(FiPyy )
F.(2).(3).(4).¥1621. D F: Hp.D .3¢P G(3°P): (5)
F.(1).(5).DF.Prop

The hypothesis of %270-51 is in excess of what is required for the
conclusion, which only requires, in place of Pecomp, that there should be
no two consecutive relations in C*P of which the first has a last term while
the second has a first term. This is proved in the following proposition.

#27052 +: PeSern Rel?> excl. 0P CSer ncomp.
B«“P (P n Cove“d*By= A . D . 5P ¢ Ser n comp

Nem,.
F.%270'1.%16312.DF: Hp. D . §CP C(5°CPy ')
F.%20163. D+:Hp.D.FiP=FiP,u FiP? 2)
t.%93103 . DFuHp.QPR.D:DQ=0Q.v.I‘R=CR (3)

F.(3).DF:.Hp.«(FsP)y.D:
(HQ R):2eDQ.yeCR.v.2eCQ.ye I‘R: QP,R:
[%3313131'17]
D:(Q R, 2):2Qz.2¢CQ.yc C°R.v.2eCQ.2eC‘R.2Ry: QP,R:
[%150-52.%201°63] D :a {(5C°P)|(F3P) y.v.z{(FiP)|(5CP)| y:

[*16211] D:z(SPry (%)
F.%163:12.%201°2. D F: Hp. D . F5P* = (F5 Py (5)
F.(2).(5).%1621.DF:Hp.D. F5P G (3Py (6)
F.(1).(6).%1621.2F:Hp.D.3¢PC (3Py (7)

F.(4). (7). %20452 . D F . Prop
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%*270521. F:. PeSer n Rel?excl. C*P C Ser n comp :
CPACvd‘B=A.v.CPand‘B=A:D.3PeSerncomp [%270-52]

%270:53. F:PeSer.QeSer ncomp. ~(E!B‘Q.E!B‘é).3.Px Q e Ser n comp
Dem.

F.%1661. DF.PxQ=2Q|5P (1)
F.%16521.DF. Q,& 3P e Rel? e’xcl (2)
F.%16525.%20421. Dk 1 Hp. 1 P. 3. Q| P eSer 3)
F.%16526.%2704.0F: Hp.3.0Q ;PC, Ser ~ comp ©)]
F.*151'5.*165'26.DI-:Hp.NE!B‘b.D.C‘Qi;PnC[‘BzA (5)
Fo#1515 . 416526 . D b1 Hp.wE1BQ.D . 0Q | 3PaCav*“d‘B=A (6)
Fo(1). (2).(3). (4).(5).(6). %270:521 . D

F:Hp. ! P.D.P x QeSerncomp )
F.%16613.DF: P=A.D.P x Qe Ser ncomp 8)

F.(7).(8).DF.Prop
%27054. F:PeSerncomp.~E!BP.z~eCP.D.P P zeSerncomp

Dem.
F.%20451. ODF:Hp.D.PaeSer 1)
F.x1611. DF:Hp.D.(PPap=PouDPlis
[%93:103) =Py CP%tis (2)
F.o(2).#2701.0 F:Hp.D. Pz C(PPpa)y 3

F.(1).(3).2F.Prop

%270541. F: PeSerncomp.~E!B‘P.a~eC*P.D.z¢ P eSeracomp
{Proof as in %270-54]

%27055. F:PeQ.0PCSer.~E!BP.CPaCavdB=A.D.

II¢P e Ser n comp
Dem.

F.%2513.DF:Hp.D. I*PeSer (1)
F.%25021 . %03103. D
FiHp.QeCP. McFyCP.D . (5z) . (MPQ)(PrQ) e (2)
F.%20043.D
b Hp(2).(MPeQ)(PrQ)z. L= M| (~*PrQyua | (PQ).D. M(TI'PY L (3)
k. %20043 . D ,
F:Hp(3). Ne FaC°P. Q) Q(N°Q) . M} PQ= N} 7Q. 5. LAI'P) N (4)
Fo(2).(3).(4).D . .
FiHp. M, NeFaCP.QeCP.(MQ)QNQ). MIPQ= NI PQ.D.

@L). M(IP)L.L(II‘P)N (5)
F.(5).%20043.D F: Hp.D. [IP C(TI‘P) (6)

F.(1).(6).DF. Prop
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*27056. F:PeSer.QeQ.~EIBP.~E!BQ.D. PeeSerncomp
Dem.

F.%176:151. DbF:P=A.D.P%Serncomp (1)
F.x176-181'182. Jt. Plsmor II‘P ) iQ (2)
l‘.*165'25.*251'121.3F:Hp.[{{!P.D.’P.l;QeQ (3)
b ¥165:26.%20421. b1 Hp.D.CP|5Q C Ser (4)
F.%16525 . %151°5. 3!‘:Hp.[{{!P.D.&»E!B‘Cnv‘P_l;;Q (5)
F.%16526.%151'5. DI-:Hp.:).C‘P_l’;Qn Coved‘B= A (6)
F.(3).(4).(5).(6).%270'55.DF:Hp.jy! P.2 .II‘P_l,;QeSerncomp.
[(2).%270°41] J. P Ser n comp (N
F.().(7).D . Prop

By means of the above proposition, compact series can be manufactured by
taking series of such types as w exp, w, w exp, ®,, w, exp, w, etc. Any power
aexp, B consists of compact series, if B is an ordinal having no immediate
predecessor, and a is any serial number having no immediate predecessor
(t.e. not formed by adding 1 to a serial number).



*271. MEDIAN CLASSES IN SERIES.

Summary of %271.

We shall call a class @ a “ median” ¢lass in P if a CC*P and there is a
member of a between any two terms of which one has the relation P to the
other. When this is the case, we have

2Py .0y, (f2) .26 . 2Pz . 2Py,

te. PCPla|P.

Thus P cannot contain any median class unless P is compact. Conversely,
if Pis compact, C‘P is a median class. Hence relations containing median
classes are the same as compact relations. Median classes are important in
dealing with rational and continuous series: the rationals are a median class
in the series of real numbers, and the series which Cantor calls continuous
are characterized by the fact that, in addition to being Dedekindian, they
contain a median class which forms a series of the same type as the rationals.

—
If P is a compact series, the class P“(‘P is a median class in the series ‘P
(%271-81). This fact is used in proving that the series of segments of a
rational series is a continuous series.

Our definition is
med =28 (@ COP.PCPla|P) Df
-y
Thus med‘P will be the median classes of P, and “ P e{I*med ” means that
there are median classes of P. We have (I‘med = comp (%271°18); also

#271'15. t:amed P.D.P,P[ aecomp

*27116. t:(an C'P)med P.=.(anD‘P)med P.=.(anT*P)med P.
(anDPAd‘P)med P

If P is a series,and @ C C*P, a is a median class when, and only when, its
derivative is A*P, i.e.

#2712 F:.PeSer.aCC'P.D:amed P.=.dP =8pa

An important proposition is

*27139. +:P,QeSernDed.amed P. Bmed Q. (P [ @)smor (@[ B).D.
Psmor @
Le if P and @ are Dedekindian series, and a, 8 are median classes of P
and @ respectively, then if P a and Q[ B are similar, so are P and Q. This

i
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proposition is proved by showing that P is similar to the series of segments
of P[ a, the correlator being ltp with its converse domain limited (%271-37),
Another important proposition is

#2714, F:SePsSmorQ.Bmed@.D.(S“B)med P

ILe. a correlator of P with ¢ correlates median classes with median
classes,

The above two propositions are used in %275'3-31, which prove that two
series which are continuous (in Cantor’s sense) are similar, and that a series
similar to a continuous series is continuous,

*27101. med=aP(aCCP.PGCPla|P) Df

#2711, tiamed P.=:aCCP.PCPla|P:=:
aCCP:aPy.D,,.q!a n‘l_"w nj”‘y [(»271-01)]

%27111. F:amed P.=.amed P [%2711]

*27113. t:amed P.BCCP.D.(avfB)med P [%2711]

*271'14. t:amed P.D.CP [ amed (Pl a)

Dem.

F.#2711.D
FiamedP.D:z,yea.2Py.D,y.(q2) . 2ea.sPz. 2Py.
[%35:102] Dy (g2).zea.a(Pla)yz.2(Pla)yy:

[#35:102.%271°1] D : C“P [ amed (P[ a):. D }. Prop
#27116. F:amed P.D.P,Placcomp

Dem.
F.ox2711. JDt:Hp.D.PCP2.
[%270°1] . Pecomp 1
F.(1).%271'14 . D+ :Hp.D. P[ aecomp (2)
F.o(1).(2).DF. Prop
#27116. t:(an C°P)med P.=.(anD‘P)med P.=.(anT*P)med P.
=.(anD‘PAd‘P)med P
Dem.
F.%271'1.%8315.D
« -
Fr.(@nCPymed P.=:2Py.D,,.qlanD'Pn Pzcn Py:
[%271°1] =:(anD‘P)med P (1)
F.#2711.%83151.0F: (an CP)med P.=. (¢ n AP) med P (@)

F.%271'1.%3315151.D -

—
Fi(@an CP)med P.=:2Py.3; ,.qlanD‘PAdPnPzn PYy:
[%271°1] =:(anDPAd‘P)med P (3)
F.(1).(2).(3).DF. Prop
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—’
%27117. +:Pecomp.D.CP,D'P,d‘Pemed‘P

Do b.%35452.%2701.0F: Pecomp.D.PCP[A‘P|P.
[¥271°1] 5. dPemedP. )
[%27113] 5. 0P emed<P. )
[%27116] 5. D*PemedP 3)

F.(1).(2).(8).DF. Prop
%*271118. F.d‘med =comp [*271'151/]
#2712, F:i PeSer.aCOP.D:amed P.=.(‘P = 8p‘a [%21613.%271'1]

—’
%271 8. t:PeRI‘Jntrans.amed P.D. P“amed (s‘P)
Dem.
F.%27115.%27034.DF:Hp.D.s'P=sgm‘P.

[%212:11] D.sP=R5{B yeD{(PAIl).gly—B} (1)
F.o(1).%211112. 0+ : Hp. 8(s*P)y.d.qly—B. Py=y. P“g=4.
[%37-1] d.(gz,y).xey—B.2Py.yey.

[%271°1] d.(qz,y,2).xey—B.xPz.2Py.zea.yevy.

[%201-12] d.(qz, y,2) x ey~ ,8 xzPz.zPy. zea.yey. .~ (yP2).
[%32:18] J.(q42)-zeqa. g!P‘z—,B g{!«y P‘z

[(1).%270-322] J.(qz).2z¢a. ,B(g‘P)(P‘z) (P‘z)(g‘P)ey (2)

F.(2).%271'1. D F. Prop

%*271-31. t: PeRIJ A trans n comp.D .—1-”“C[‘P med (s‘P) [%271:3:17]
The following propositions lead up to the proposition

#27137. t:PeSernDed.amed P.D.ltp} (P a) e P smor {s(P [a)}

whence, if & is a median class of P, P is similar to the series of segments of
Pla This proposition is used in proving that every continuous series is
similar to the series of segments of a rational series.

—’
%27132. F:PeSer.R=Pla.BeD‘R.E!1t;*8.D.8=R“B=anPlty'8
Dem.

- -
F.%2059.DF:Hp.anC'P~el.D.maxp'B =maxp(anB)
—’

[%37-418.%21111] = maxp 8
[%207-18] =A (1)
—’
F.(1).%20035.0F: Hp.D.maxp'B=A.
[%21142:12] D>.8=R“B (2)
F.%207231. DF:Hp.D.P«g= Pl g.
—
[#87-413] D.R“B=an Plt;B (3)

F.(2).(3).DF.Prop
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*271821. F: PeSer. R=Pla.D.ltp[ D‘RBcel—1
Dem.

F.%271132.0F:Hp. B, ye DR Itp'B=1ltp'y. D. B=y: D}, Prop

%271322. F: PeSer. R=Pla.D.ltpisRCP
Dem,
F.%21223. 3 Hp. D : a(ltpis‘R)y. =
(@B, 7)- B, ye DRe. /3C'1 B+y. w—lfp‘B y—ltp'v

189

[+207:231]  O.(@Bv)- By e DRe.BCry. B4y Pia=Peg. Py = Py

[*37-2.%271 321]3 P‘wCP‘y z¥y.

[%204-33] D.zPy:. D} . Prop
- -
%27133. F:Petrans.amed P.D.Pz=P“(an Pz)
Dem.
o A |
F.%201501.D+: Hp.D . P“Ps C Pis.
- -
[%37-2] J.Pan Pz) C Pz
F.*271'1. Dt Hp.D:yPz.D.(y42).yPz.2¢ea.zPx.
-
[%37°1] J.yeP(an Pu)

F.(1).(2).DF.Prop
- -
*271331. +:Hp#27183.R=Pla.d.an Pz = R*(a n P'z)
Dem.
- -
F.%27183.DOF:Hp.D.an Pz=an P(an Px)
-
[%37-413] = R“(an P‘z): D }. Prop
e 4
%#271332. F: PeSer.amed P.ze C‘P.D .z =ltp(an Pxz)
Dem.
- -
F.%271'831.DF:Hp.D.an P'o C P“(an Pz).
-y
[%205'123] S . mazpian Pi)= A
F.(1).%27183.2
- - g
F:Hp.D.2e¢C'P.Pa=Pan Pz).~E! maxp(an Pz).
-
[#207°521]1D .z =ltp‘(an Péz) : D+ . Prop
#27134. t:PeSer.amed P.D.P=ltpis{(P[ a)
Dem.
—_
b.#271:331 . %21111. D+ : Hp. R=Pla.D.an P e DR
- -
F.%20433. DF:Hp.2Py.d.an P2 Can Py o
—_
F.%271:832.DF:Hp.2Py.D.x =l1tp(an Pz) .y =ltp(an PYy).
- -
[%204-1] d.an Piotan Py

(1)

2

M

L
(2)
&)
(4)
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Fo(l).(2).(4). 421223, D

I-:.Hp.R:P[a.D:wa.D.(an;"w)(g‘R)(an?‘y) (5)
F.(8).(5).DF . Hp.D:2Py.D .2 {ltp’s (Pl a)l y (6)

F.(6).%271:322.D }. Prop
%271835. F:amed P.D.D(P[ a) C — T*maxp

Dem.
F.%37413 .%211'11.D
Fi.BeD{(Pla).D:(Hp).B=anPpna): 1)
[%371] d:i(gp):ixeB.y.(AY) . yepna.azPy 2)

F.(2).%271'1.D
F:i.HBp.ReD(Pla)e.D:(Hp)ixeR.D,.(qy,2) . xPz.2¢a.2Py.yepna.
[(1)] J,.(ge).aPz.zeB.

[*37°1] ;. xe PR 3)

, -
F.(3).%205123.DF:Hp.BeDY(P[ o). O . waxp’B=A:D} . Prop
%271'36. F:PeDed.amed P.D.DYP[a)CUlt, [%271-35.%214'101]

*27137. F:PeSernDed.amed P.D.1tp [ Cs(P[ a)e Psmor [s‘(P[ a)}
[#271°321°34-36 . ¥151°22]

%271-38. F:Pe¢SernDed.amed P.D. Psmor{s(P[a) [#271:37]

#271:39. F:P,QeSernDed.amed P.Bmed Q. (P[a)smor(Q[B8).D.
Psmor Q
Dem.
F.%21272.03+F:Hp.D. {s“(P[ @)} smor {s(P[ B)} 4]
F.%271-38.DF:Hp.D.Psmor (s(P[ a)}. @smor {s(Q[ B)} 2)
F.(1).(2). DF. Prop
This proposition is used in proving that all continuous series are similar,
by means of the fact that such series contain rational series as medians, and
that all rational series are similar.

%2714, F:SePsmor@.Rmed@.D.(583) med P

Dem.

F.ox35354. ¥7414.0 F: Hp.D. Q18| S=Q|S T 548.

[¥1501] 3.8 Q[ B)=(SiQ | §«8.

[%151-11] 2.SQIBISIQ=(PTS“B) P (1)
F.%726. St:Hp.D.(QIB)IS|S=QI8.

[¥1501] 2. SQI AN (S =81QT8IQIS (@
F.o(2).%2711.  DF:Hp.D.S|QISC(SHQ B (S5Q).
[¥15111.(1)] 3.PG(P[S“B)|P.

[%271°1] J.(8“B)med P: D} . Prop



%272. SIMILARITY OF POSITION.

Summary of *272.

If P, Q are two serial relations, and 7 is a correlator which correlates
some terms of C“P with some terms of C“Q, we say that two terms x and v,
of which z belongs to C“P and y to C‘Q, have similar positions with respect
to T if y comes after the correlates of all members of DT which x comes
after, and y comes before the correlates of all members of DT which z comes
before. This notion is useful for inductive definitions of correlations. If we
start by correlating any two terms z,, y,, and take another term z, coming
(say) after z,, a term y, having similarity of position with respect to z, | ¥,
must come after y,. Suppose now we take #; between z, and z,. Then
a term ¥, having similarity of position with respect to #, | ¥, v 2, | y, must
come between ¥ and y,; and so on. A correlation 7' constructed in this way
will be such that T7Q G P. ;';P G Q. If the whole of C*P and C‘Q can be
obtained by prolonging the construction long enough, T’ will at last become

a correlator of P and Q. This is the principle of Cantor’s proof that any two
rational series are similar.

As a rule, when the notion of similarity of position is useful, the relation
T will be one-one, but this is not assumed in the definition. We write
“aTpqy” for “z and y have similar positions in P and @ respectively with
respect to 7,” or, as we may express it more shortly, “ the P-position of © is
T-similar to the @Q-position of .” The definition is

- - — —
Tre=29{xeC'P.yeCQ.DT A P'x CT“QY .DTn Pz CT“QY.
-y
D'TAvaCTy} DE
This definition states that the predecessors of # which have T-correlates are
to be correlated with predecessors of y, the successors of # which have

T-correlates are to be correlated with successors of y, and if « itself has
a T-correlate, y is to be a T-correlate of =.

When T is 2 many-one relation, the definition becomes somewhat simpler.
We then have

%27213. FuTeCls—>1.D:alpy.=:
- ) «— v
zeCP.yeCQ:2eDTnPz.D,.T2Qy:2¢ DT n Pz.D,.yQTz:
zeDT.D.y=T%
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We have
%27216. +.(D‘T)] TpeCT

That is,a term which has a correlate cannot have similarity of position with
any term except oune with which it is correlated. A member of C‘P A D‘T
will have similarity of position with its correlate (assuming TeCls—1) if
PLDTCTiQ.T“C*PCCQ (%27218).

Under ordinary circumstances, a term which is not a member of DT
cannot have similarity of position with any member of QT (%272'2). When

T is many-one and its domain is contained in C*P, and P and @) are series,
and z has no 7-correlate, we have (%272-21)

- “
2Tpoy.=:2eCP.yeCQ:2¢DT n Piw.=,.TQy,

t.e. in this case, # and y have similar positions if the predecessors of 2 which
have correlates are the terms whose correlates precede y. In this case. if
zeC‘P, we have (%272:212)

— - — « —
Trz=C:Qn (DT n Pio=T“QY=CQn ) (DT n P'z=T“Q%%).

We next investigate the condition for C“P=D‘Tpq, te. the condition
required in order that every member of C“P may have similarity of position
with some member of Q. A sufficient condition is

P,QeSer.Qecomp.TeCls—1.DTeClsinduct . P DTCTiQ.71!Q.
T“C‘PCDQnAUQ

as is proved in %27234,

We next consider the reversibility of Ty, t.6 the condition that the
converse of T'py should be (T)gp. A sufficient condition is

P,QeSer.Telo1.DTCCP.ATCCQ (%27242).

Finally, we have two propositions on the addition of another couple z | y to

I. With the above-mentioned hypothesis of ¥272:42, if 2Tpqy and T35Q G P,

putting W=Twz | y, we shall have P[ D‘W = W3Q (¥272:51), so that the
hypothesis we had for 7' still holds for W.

The propositions of this number are in the nature of lemmas for
Cantor’s proof that any two rational series are similar, which is given
in *273.

- -~y
*27201. Tro=2§{ze CP.ye CQ. DT n Px C TQ%y .
«— — -
DT n P'o C T“Q . DT n 1z C Ty} Df
- —~»
#2721, b:iaThgy.=.2eCP.yeCQ. DT n Plx CT“Qy.
“«— «— -
DT A P CTUQY . DT n 'z CT¢y  [(%272:01))
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*27211. b:ze(C‘P.D,
«— v 4~ e d €— —
Loyl =0 n p QTDT n Plr) n pQ““T(DT A Py

—
n pTDT i)
Dem.

F.*2721.DF:Hp.D.
- - — o
Tre=CQnafi{ze DT aPw.D,.2T QuizeDTn Pr.D,. 2T Qy:
ze DT nit‘a.2,. 2Ty}
v e - — “—
[#40'51°58] =C“Q n p*Q<T“(DT ~n Pia)n p*Q“T“(DT n Px)
€
Ap‘T“DTnit‘c): D k. Prop
*272111. bz e C°P.D.
— v e - — — o«
Tro‘z = CQ A p{Q““T“(DT n Péx) v Q““T“DT n Péz) v T“D‘T )}
[%272111 . x40'18]
*27212. FiaTpey.=1.2eCP.yeCQi.zeDV.D,:2P2.2.2T|Qy:
2Pr.D.2T|Qyiz=x.D.2Ty [%2721]

#27213. t:uTeCls—>1.Dnalpy.=:2eCP.yeCQ:
-y (%) € v (o)
2eDTAaP2.D,.T2Qy:2e DT Piw.0, . yQT2:2¢ DT.D .y =Tz
[#272:12 . %71-701]
#272131. F:TeClsl.2eCP.D.
«— — v —> - v «—
TPQ"Z — C(Q ﬂp‘{Q“T“P‘(C v Q“T“P‘.T v T(((D(T " L‘(E)}
[#272:111 . %71-613]
#272'14. F:zeCP-DT.D.
«— v o - “— —
TPQ‘w — OtQ n p‘Q“‘T“(D‘T n P‘.l') n p‘Qu(Tu(D(T n P‘J/')
[#272:111 . %40°18)]
#272'141. F: 2 e C°P-DT.D.
“— — — “— «—
Tpgz =0Q n §(DT n Pz CT“Qy . DT n Pz C TQy)
[%272:1]
#272:15. F:TeCls—ol.2eC*P-DT.D.
“— — v — I
T]’Q“Z = O‘Q nj)‘Q“T“P‘J: n p‘Q“T“P‘-‘I:
[%272-131 . %40'18]
*272:16. . (DY TpeCT
Dem.
F.ox27212.D5F:2e DT . 2Tppy .. 2Ty : Dt . Prop

R. & W, IIL
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£272161. b : TeCls—1. PL DT C T5Q. D . (DT)] Too= C P T} OQ
Dem.
F.¥15041. StiHp.ze DT Po.oTy. D T2Qy (1)
F.%x15041 . DF:Hp.zeD‘T.sz.wTy.D.yQi"z (2)
Fo(1).(2).#27213.3 bt Hp . oTy . ae CP.yeCQ. . aTpey (3)
F.(3).%27216.DF. Prop

#27217. F:TeCls—»1.PLDTCTiQ. DI CCP.ATCCQ.D.
T=(DT) Tpy [#272161]
The hypothesis of #272'17 is satisied in all the important uses of T'pq.

‘— s
2272171, F: Hp %27217.2e¢DT. D, Tppfaz= 1Tz [%27217]
%272'18. t:TeCls—»1.P[DTCT3Q. T«(“P C CQ.zeC‘PnDT.D.

TPQ‘{Z/'= 57‘.”1/'
Dem.,
——> ~ ~

Fo#15041 . O FnHp.D:2e DT n Pe.d,. (1) Q(Tz) (1)
b.%15041.DF . Hp.D:2e DT n P, d, . (T%) Q(T2)  (2)
F.#3761. dF:Hp.D. Twe(qQ 3)
Fo(l).(2).(3).#27218. Dk : Hp . D . ol (T%) (4)
F.%27213.3F: Hp . aTrpy.D . y= T (5)
F.(4).(5).2F. Prop

%2722, F:TeCls>1.DTCCP.Peconnex.QCJ.2~eDT.D.
‘_
Teznd*T=A

Dem.
—> ~
F.o%27213.0F:Hp.aTpgy.2e DT A Pa.D . T2 %y (1)
Lo ~
F.ox27213 .DF:Hp.aTry.2eDTaP2.D. T2 %y (2)

Fo().(2) .0 F:Hp.aTpy.2eDT.D. Tz4y:F. Prop
*272201. +:TeCls>1.DTCCP.econnex .| ! DTpg— DT.D.

AT CCQ
Dem.
F.%202104.DtF:. Hp.2e DT alpgy.a~eDT'.D: 2Pz . v.2Pz:
[%27213) J:T%2Qy.v.yQ (T 2):
[%33'132] D:T2¢CQ:.D+ . Prop

%27221. F::TeCls—>1.DTCCP.P,QeSer.z~eDT.D:.

B 4 w
aTpoy.=tx0eCP.yeCQ:2eDTn Pig.=,. T2Qy
Dem.,

F.%2722.0F:. Hp.2e DT . 2Thoy .2 :w#z.y%:i‘z:
[%204-3.%272:201] DiaPz.=.~(2P2):yQ (T2). =.~{(T2) Qy} (1)
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F.(1).%272183.0F:. Hp. Dt aTpey . =
weC‘P.yeC‘Q:.zeD‘T.Dz:sz.3.i"zQy:N(sz).D.N(i"z)Qy (2)
F.(2).ObuHp.Dtalpgy.=:2eCPoyeCQ:ze DT 2Px. =, T%Qy ;:
D +. Prop

]

%272:211. F:: Hp%272:21.D: 2Tpey . =
& 154
2eCP.yeCQ:2eDT'n P'z.=,.yQ(T*2) [Proofasin %272:21)
%272212. F: Hp 27221 .2 C‘P.D.
« - — “« —
Trofe=CQn ) (DT n Pz =T“QY) = C°Q n § (DT n Pix = TQ¢y)
[%272-21°211]
%27222. F:TeCls—o1.P,Qetrans.aTpey.2,we DT 2e P(z—w).D.

€Q 'i"z - f‘w)
Dem. vt '

F.%272:13.DF:Hp.D. i"zQy.yQi‘w :DF+. Prop
¥272:221. b: TeCls—1. P, Qetrans. q ! D Tpgn P(z—~w). . (1) Q (Tw)
[%272-22] Zawe DT
%27223. F:TeCls—1. P Qetrans:
2(PLDTYw .00 - A DTpgn P(z—w): 2. P DTCT5Q

Dem.
F.x272221. 0k Hp. D1 2(PL DTYw. D . (T%) Q(Tw).
[¥150:41] 3. 2(T5Q)w:. D k. Prop

¥27224. F:DTaCP=A.D.To=CP1CQ [x2721]
%2723 F:TEOIS%I-SGT.D.TPQGSPQ

Dem.
F.%27213.DF: Hp. 2 Tpey - :zeD‘T.sz.D.i“ng/:
[¥729] :2eDS.2Px.D.S2Qy 1)

Similarly FoHp.2Tproy.D:2eDS.aP2.0.yQ8 (2
F.%27218.0 ks Hp.aTpy. Dt 2e DT . 2=2.D. Pz=y:
(%729] 3:izeDS.2=2.3.82=y (3)
Fo(1).(2)-(3)-%27213.DF: Hp.aTpgy . DaSpey: 2t . Prop
The following propositions lead up to %272-34.
%*272:31. F:P,QeSer. TeCls—>1 z~eDT. z—ma,xP‘(D‘TnP‘w)
'w-~m1np‘(D‘TnP‘x) PLDUTCTiQ.D. TpQw—-Q(I"z—-T‘w)

o
o
o
pl

Dem.
—)
F.%20521.DF:Hp.ueDT'n Pla—12.D . ulz.
[%150'41.Hp] 2. TuQT 2 1)
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b.(1).2F:Hp.ye@(Io—Tw).ueDTabw.d. TuQy  (2)
Similarly F: Hp.ye @ (i"z - 5;‘10) ‘U € D‘Tn‘I_"w .. yQ\ZJ"u 3)
F.(2).(3).%27213. 0 F: Hp.ye Q(T2— Tw).D.aTrey  (4)
b %272:22. St:Hp.D. Tptw C Q (T — Tw) 5)
F.(4).(5).DF.Prop

%27232. F:P,QeSer. TeCls—1.DTC Piw.
«— “— v
PILDTCTQ.2=maxpDT.D. Tp‘ac= QT2

Dem.
F.%27213. 2k Hp. Dt aTpgy. = t ue DT. D, . Tuy 1)
F.%20521 . DF:Hp.ueDT— ‘2.3 uPz.
[%150-41.Hp] > TuQTs (@)
F.o2). DI':.Hp.yéfQ_‘\j"z.D:ueD‘T.Du.i"qu:
(D] '-3 :aTpy (3)
Fo(D).  DF:Hp.aTrey.D. T%Qy (4)
F.(8).(4).DF. Prop

¥272:321. F: P,QeSer. TeCls—1. DT C Pz
PL DTG T5Q. w=minyDT. 3 . Trgo = QT¥w
[Proof as in %272:32]

%27233. F:P,QeSer.Qecomp.TeCls—1.DTeClsinduct.

b PEDTGTQ: D . (P“DET n P4DAT) — DT C D Tpq
em.

F.%26126.3F: Hp.qq ! DT n Bw.D. E! maxs(DT n Bia) (1)
N
F.%26126.D F: Hp. g ! DT n Piw. D . Bt munp{DT n Pi) @)
F.%20511111. D
- «—
F:Hp.z~eDT.2=maxp(D‘Tn P‘z) . w=minp (DT n Pz).D.z2Pw.

[%150:41] 5. T2QTw.

[¥270°11] 3. g1 Q (T — Tew).

[%27231] >. 5! Tre's )
Fo(1).(2).(3).D

- «
F:Hp.2~eDT.q!DTAaPa.q!DTaPaz.d.zeDTpy: Dt . Prop
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o «—
%272:331. F:Hp#%27233.0!1Q.7T“C‘PCDQ.D.CPnap‘ P DTC D<Tp,
Dem.

F.%26126.DF:Hp. ! DT n C“P.D.E! maxp DT (1)
F.%27282.DF : Hp. wep P“DT . s = maxp DT, D . Tpglo= QT .

[%33-4] >.q1 Thea (2)
F.(1).(2).DF:Hp.aepPeDT. g1 DT n CP.D . ae DT 3)
b. %3585 . %27224. D F: Hp. DT n CP=A .. C“P C DTq 4)

F.(3)-(4).DF.Prop

*272:332. F:Hp%27233.7!1Q. Te(ep C asQ.>.c<pP np‘_ﬁ“D‘T C DTy,
[Proof as in %272-331]

%272:34. F:Hp%27233.4q!Q. TeC<PC DQadQ.D.CP=DTpq
[%272:33-331-332'18 . %202:505]

The following propositions are lemmas for %272'42.
%2724, F:P,QeSer.Tel—o1.DTCCP.ATCCQ.
&Ze~€ D‘T.:Z‘Tpey . y(T)pr

Dem.
F.%27221.DF:. Hp. 3:weC"P.yeO‘Q:zeD‘Tn?‘w.Ez. %‘zQy:
[%72-243] D:zgeCP.yeCQ:(Tw)Pr.=p. . weTT.wly:
[¥272:21] S y(Tgpa:. D F. Prop

%27241. F:P,QeSer.Tel—1.DTCCFH.ATCCQ.

weDT.aTrey. D y(Thope
Dem.

F.%27213.0 b Hp. Do CP.y=Tiu:

Ze€ D‘Tn?‘w e TN ;"zQy 12e DT n‘lj‘x .D,. yQ(\i"z) .
[¥2043] DioeCP.y= f‘w zeDs Tn'i)"w >,. FQy:

zeD‘T—Lw—P‘w J,. T‘z#y N{(T‘Z)Qy}
[Transp] D:azeC‘P.y= Tea . 2e DT —°x.0,:2Px. (T‘z)Qy:.
[%2041] 3:.weC"P.y=T‘ ..zeD‘T.DZ:ZPw.E.(;‘z)Qy:.
[*72:243] D:zeC‘P. y*i‘ (TwyPr.=, . wedT.wQy:.
[%71:862] DiyeCQ.o="Toy: (Tw) Pr.=,.weTT. wQy:.
[¥14-21.%3343]1D 1.y e CQ. 2= Ty . we AT, 3,,, (T*w) Px .= . wQy :.
[%204-3] 3..yeO‘Q.w=T‘y..we(I‘TnQy.'.),,,.Twa.

wedTnQy. Dy sP(TW) .

[%272'13] 3. y(Tyopas: D F . Prop
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%27242. F:P,QeSer.Tel—1.DTCCP.ATCCQ.D.(T)er=Trq
Dem.

FLo272441 D F:Hp. D. Tpo G (T)er (1)
7,Q,P <
F g %Q.DI-:HP. 3. Cov{(T)er € Trg @)

F.(1).(2).DF.Prop
%27243. F:P,QeSeracomp—t‘A.Tela1.DTCDPad‘P.
ITCDQAdQ.PLDT=T35Q.DTeClsinduct. D .
D Tpg=CP .0 Tpe=C“Q

Dem.

F.x27234.DF: Hp.D . DTy = C<P )
F.x15086.DF. 15Q=T5QL AT. T5P= T3P} DT (@)
F.(2). F:Hp.D.PLDI'=TiQ[ A‘T.

[¥15125] >.QL AT =T5PL DT

[(2)] =TP (3)
F.o%120214. JF:Hp.D.dTeClsinduct (4)
F.(3).(4).%272:34 . D F: Hp.D. “Q=DXT)ep

[%272:42] =“Tpq (5)

F'(1).(8).DF. Prop
#2725. F:P,QeSer.TeCls—1.DTCCP.aTpey. 15QCP.D.

TozlyypQECP

Dem.

F.%15075.D

) . — «—
F:Hp.D.(Tualy)pQ=TiQo Qyti'zviat T¢QY 1)
- - "

h.o%272212.0 b1 Hp. o~ e DT D, T4Q% C Pia. T“Qy C Pi  (2)
F.(1).(2). DF:Hp.z~eDT.D>.(Tua|yyQCP (3)
F.%27216. DF:zeDT.D. Tuwa|y="T (4)

F.(3).(4).DF. Prop

¥27251. F:P,QeSer.Tel—1.DTCCP.ATCCQ.
#Tpoy - PLDT=T5Q. W=Twaly.d.PLDW=W;3Q

Dem.

k%2725 St:Hp.D.WiQCP 1)
F.¥27242. St:Hp.d.y(Tope @)
k. %150:36 . ¥15126. D F: Hp.D. T3P = QL AT (3)
F.(2).(3).%2725. DF:Hp.D.WiPGQ (4)
Fo(1).(4).%15036. DF:Hp.D. WiQG PLDW. W3(PLDW)C Q.
[%151-26] D.PIDW=WiQ:DF. Prop



%273. RATIONAL SERIES.

Summary of %273.

A “rational series” is a series ordinally similar to the series of all positive
and negative rational numbers in order of magnitude, or, what is equi-
valent, a series ordinally similar to the series of all rational proper fractions
(0 excluded). This characteristic of rational series is not, however, the most
convenient for purposes of definition. Following Cantor, we define a rational
series as one which is compact, has no beginning or end, and has 8, terms in
its field. Thus the field of a rational series can be arranged in a progression,
and this is the source of the special properties which distinguish rational
series from other compact series.

Rational proper fractions can be arranged in a progression in many ways,
for example the following : If two fractions (in their lowest terms) have the
same denominator, put the one with the smaller numerator first; if they have
different denominators, put the one with the smaller denominator first. We
thus obtain the series

bbb EL L L
This series is a progression, and contains all rational proper fractions.

Conversely, the natural numbers can be arranged in a rational series.
Take, eg., the following arrangement: Express the numbers in the dyadic
scale, so that every number is of the form

24 (u e x),

where « is a finite class of integers. The relation of the number to « is
.one-one. Arrange the various «’s by the principle of first differences, ..
form the series M, [ (Cls induct — t“A), where M is the relation “less than”
among finite integers. The resulting series is a rational series; thus the
integers are arranged in a rational series by virtue of their correlation with
the classes x. This arrangement places all the odd numbers before all the
even numbers, all numbers of the form 4v+ 2 before all numbers of the
form 4w, and so on. If two numbers are expressed in the dyadic scale,
their relative position in the series is determined by the first digit (starting
from the right) which is not the same in the two numbers : the one in which
this digit is 1 precedes the one in which it is 0.
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The two chief propositions in regard to rational series are (1) that any
two rational series are ordinally similar, (2) that if R is a progression, its
finite existent stb-classes arranged by the principle of first differences form
a rational series. The second of these propositions is proved by showing
(¢) that the finite existent sub-classes arranged by first differences form
a compact series, (b) that the finite existent sub-classes arranged by last
differences form a progression. By this means, given any progression, we
can specify a relation which arranges its terms in a rational series. Forif T
is a correlator of our progression R with the progression

Ry [ (Cls induct — ¢A),
then T5R,; [ (Clsinduct — ¢‘A)
18 a rational series whose field is C*R. Hence rational series exist in any
type in which progressions exist.
The arrangement of the finite sub-classes of a progression, with the
resultant existence-theorem for rational series, will be dealt with in the

following number. In the present number, we shall be concerned with the
proof that any two rational series are ordinally similar.

The proof of the similarity of any two rational series is due to Cantor.
It is long and rather complica¥ed ; in outline, it is as follows.

Let P, @ be two rational series, and R, S two progressions whose tields
are (“P and C“Q respectively. Coustruct a series of correlations of parts of P
with parts of @ on the following plan: Begin with A, and if 7' is any correla-
tion, let the next be

&
TwseqpDT | mingTpyseqr'DT.
Then the sum of all the correlations generated from A by this law of

succession will be a correlation of P with Q. It will be seen that, if
we put

W=X7 {X =seqpDT | mins‘?pQ‘seqR‘D‘Tj,
the relation which is to be shown to be a correlator of P and Q is W, in the
sense defined in ¥259. Thus we have to prove
Wiel—=1. AW, =0CQ.P=WQ
W4 e1—1 results immediately from %259-15.
Pl DWW, =W 5Q results immediately from 25916 and %272'51.
Thus it remains to prove DWW, =CP. AW, = C*Q.

DfW, = CP is easily proved. By induction, if T is one of the series
of partial correlators, DT e Cls induct, and therefore E!seq,‘D¢T, by 26347,

‘.—
and by %27234, C*P=D*Tpy; hence q!Tp,seqr'DT, and therefore, by

‘_
*250:121, EYminTp fscq,DT. Hence T has n successor, which correlates
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L
seqpDT with ming‘Tpyseq,DT. Hence the successor, in R, of every
member of C*R which has a correlate, has a correlate; hence by induction
every member of CR (i.e. of C“P) has a correlate. Hence DW= C‘P.

The proof of AW, = CQ is more difficult. As before, let T be one of the
series of partial correlators. We have to prove that there is a correlator which
has seqs“d“T in its converse domain; when this is proved, the result follows
by induction. To prove this, put

o= miln ‘—T) ‘seq AT
= r 1 ppsS€qg .

x exists, in virtue of ¥272:43. Also since DW= C*P, it follows from %259:13
that there is a partial correlator U such that

= seqg*DU.
€&
We then have to prove  seqe*d‘7T = ming‘ Upya.
- -
Put y=seqg‘d‘T. Then Sy CAT. Hence, by 2722, Sy n Upy‘z = A.
Thus if 2Upqy, it follows that y = mins‘(ﬁu@‘w. To prove #Upqy, observe that
TCU.UpgCTpy. PLDU=U3Q.

We have ue D‘U. D . ~(uTpqy), by ¥272:2. Hence, by the definition of T'pq,
we have, if ue DU,

(q2).2¢ DT . 2Pu .~ (\]J"zQy) V.o (q2) ze DT uPz. e~ (yQi"z).

In the first case, we have (f[2).zeDT.zPu.~(2Px), because zTpoy
Hence, since w2 because z~ e DT,

(2) . 2e DT, 2Pu . xPx.
Similarly, in the second case,
e).ze DT . uPz . 2Pw.
The second case is incompatible with #Pu, and the first with Pz, Hence
zPu.D.(q2).2e DT . 2Pz .zPu:uPzx .D . (q2) . 2¢ DT . uPz. 2Pz
But, since #Tpqy, #Pz.D . yQ(T%). D . yQ (U*z), because T G U, and since
PLDT=U3Q, 2Pu.Dd.(U%)Q(Uw).
Hence @Pu .. yQ(U), and similarly wPz.D.(U%)Qy. Hence aUsey.

Hence y = ming* Upg*®, and therefore y belongs to the converse domain of the
next correlator after U. Hence every term of C*Q belongs to the converse
domain of some correlator, and therefore to A*W,. Hence W, correlates P
and @, and P and Q are ordinally similar.

14



202 SERIES [PART v

¥27301. 7 = Ser ncompn C“N,n B(D‘P=A‘P) Df

Following Cantor, we use 5 for the class of rational series.

‘_
%278:02. Rgp‘T =T wseqr‘DT | ming*Try'seqp DT DAt [%273]

.—_—) .
¥27308. (BS)pg = (Rspo)x‘ A Dft [%273]
¥27304.  Tyopo = $(BS)pq Dft [%273]

Trspe Will be shown to be a correlator of P with @ when P and @ are
rational series, and R and S are progressions whose fields are C*P and (“Q
respectively.

#2731, F:Pen.=.PeSerncomp.CPeR,.D!P=UP [(%27301)]
%27311. F: Pen.=:PeSerncomp.D'P=UP:(gR). Rew.*P=CR
[%273'1 . %263:101]
AN €
%2732 F:W=XT{X =seqp‘DT | mingTpefseqpDT}.D.
Ropg=Ay - (BS)pg C(AyxAYA . Trspg C W 4. Tropge (Ap*AYFA
[*257-125 . ¥258:242 . (¥273:02:03:04 . ¥259:02:03)]
Here the temporary definitions of %259 are revived.
The second of the above inclusions might be changed into an equality,

but it is not necessary for our purposes to prove this.

%27321. +:Hp*2732.D.D'W,CC‘R.U‘W,CCS

Dem.
F.%25913.DF:Hp.D.DW, = sD“W(A %A )A 1)
F.%20618.DF:Hp. X e DW.D.D‘X CC‘R (2)
F.(1).(2).2F:Hp.D.DW,CCR (3)
Similarly  F:Hp.D.dW,C (S (4)
F.(3).(4).DF. Prop

¥273211. F: Hp#2732. Te M W.D. DT aDWT=A [%2062]

*273212. F: Hp%2732.2.W,eCls > 1. D[ (4d%4)Ael o1
[%273-211 . %259:141:171]

*27322. F:Hp%2732.CP=C‘R.Peconnex.QCJ.D.
Wiel—1. Al (dp*d)Aecl—1
Dem.

F.%273211-212-21 . %2062 . (%25908). D
FiHp.D:Te(d % A)YAnTW.D. TeCls— 1. DTC CP. seqp D Troe DT

‘_
[%272:2] D . ming* Tpefseqp DT ~ e AT 1)
F.(D)OFHp. . D: Te(Ap*AYAnTW. 2. AT AW T=A:
[%2591417] D:W,el - Cls. AP (4dyp*xd)el—>1 (2)

F.(2).%273-212.D . Prop
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%27323. F:Hpx2732.P,QeSer.C‘P=CR.CQ=CS.Te(Ap*A4)A.D.
PLDT=TiQ
Dem.

F.%272:51 .%27321.DF:Hp. Ted*W.D. P D‘ZW‘T=(ZW‘T)5Q (1)
F.(1).%25916 . D F . Prop

%278324 +:Te(RS)pg.D . DT AT ¢ Cls induct

Dem.
F.%120251.D

FeHp.D:TeDfAy . DTeClsinduct.d . D4 ,<T e Cls induct :

[%90:112] D:AAp)xT.D.DTeClsinduct:
[%273-2.(%27303)] D :Te(RS)pe.D . DT eClsinduct (1)
Similarly F:.Hp.2:Te(RS)pg.d . dAT¢Cls induct 2)
F.(1).(2).DF.Prop

%27825. F:P,Qen.CP=C‘R.CQ=C*S.Te(RS)pg.D.
D‘TPQ = O‘.P . q‘TpQ = O‘Q

Dem.

F.%2731.D
F:Hp.D.P,QeSeracomp.CP=DP=TP.CQ=DQ=CT¢ (1)
F.%2731.%26344.DF:Hp.D. ! P.q!1Q (2)

Fo(1).(2).%273:22:23'24 . %272'43 . D . Prop
%27326. F:.PQen.R Sew.C-P=CR.CQ=CS.D:
(—.—
Te(RS)pg.D . ElseqrDT . El mingTro‘seqp DT

Dem.
&
F.%27321 . %26347 . %27324. Dt : Hp. Te (RS)pg . D . A L C‘R n p*R“DT.
[%250-122] J.EtseqrDT 1)
L

F.(1).%27325.DF:Hp.D.q! TryfseqpDT.

, “—

[%250°121.%272:1] 3. B mingTpgfseqpDT (2)

F.1).(2).DF. Prop
¥273:27. F: Hp %2732, Hp %278:26 .2 . (BS)po C A‘W . (RS)pe CD 4y
[%273:26]

%273-271. : Hp 27326 . T e (RS)pg . D . 8eqz“D*T € DTgspo

Dem.
#2732.DF: Hp . Hp#2732.D. Te(RS)pgn DAy . D . AT e(RS)pg (1)
%2732,
: Hp. Hp%273:2. Te (RS)pg . E1 A <T. D . sequ DT« DA T (2)
((1).(2).%273:27.D
:Hp. Hp#2732.2 . 4,,T ¢ (RS)pq . sqp'DT e D4 ,*T.
¥2732.(¥273:04)] D . seqpD*T ¢ DTpgpy: D F . Prop

T T T T T

™
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273272, F : Hp#273:2C . D . D(RS)p0 = RUC R

Dem.
F.%206401.2 F: Hp. Te(RS)pq. DT = Réx.ae C°R.D .o =seq DT
[420471425021] D .D‘Repg'T = BiBfa ®
F.%25013. DF:Hp.D. DA = BBR @
Fo(1).(2).%90131. D F . Hp. D : T(Rgp)xA . D D‘Tef“o‘R :
[(x273:03)] > : D“(RS)pe C RUC<R 3)
F.(1). (427303). D
FiHp.D:weC'R. Bwe D(RS)po. D . Beltw e D(RS)pe (4)
F.2). St:Hp.D.RBR e DYRS)r )
F.(%).(5).%90112. D F 5. Hp. D1z e (RgBR.D . Biwe D“(RS)rg  (6)
b .¥26345 . %25021 . D F: Hp. . ‘R = C‘R, . B'R = B'R, 1)
F.(6). (7). %263141 . ¥1221141 . D
FiHp.D:weCR.D. Riw e DYRS)p (8)
F.(3).(8).DF.Prop

*27328. F H Hp*27226 .. TRSPQE 1-1. D‘TRSPQ = O‘.P . .P= TRSPQ;Q
Dem.

F.%273:222 .0 b Hp.D. Tyspeel — 1 0
F.%273272. DF:Hp.D . DTrepe=s‘RECR

[%263-22] =C'R (2)
F.%273223.DF:Hp.D. P D*Tyspo = Trsra’Q -

[(2)] D.P="Trepe’@Q 3)

F.(1).(2).(3).DF. Prop

In order to prove T'gspy e P Smor @), it only remains o prove

A Trspg = C*Q.

¥2733. F: Hp#2732.T, Ue(Ay*A)A.D: DTCDU.=.TCU

Dem.
k. %33263. DQF:TCU.D.DTCDU )]
F.%259°111. Dk Hp.D:TCU.v.UGT (2)
F.%33:263 . DQE:UCT.DTCDU.I.DT=DU 3)
F.(3).%273212. DF: Hp . UGT.DTCDU.3.T=U 4)
F.(2).(4). OF:Hp.DTCDU.D.TCU (5)
F.(1).(53).2F. Prop
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27331 F: Hpa27326. Te(BS)pq ye CS— AT . Sy CAT. S .
—'
(Ha,,U) L= minR‘qu‘y Ve (RS)pQ - L= sequDxU

Dem.
F.%27325.%2501121. D F: Hp.D.(q2). 2 = minR‘—Y-')PQ‘y 1)
F.%273272.0F: Hp .o = mingTrey . D . (gU) . U e (RS)pg - DU = B
[%206°401] 2.(HU).Ue(RS)pg.x=35eqx' DU (2)
F.(1).(2).DF. Prop

_’
*273'32 F: Hp %2733l .2 = minR‘TpQ‘y Ue (RS)PQ = seqR‘D‘U. D.

Dem. cUpy.TCU
F.%20514.OF:. Hp. uBRz. D~ (uTpgy):
[%272:13] D:(Hz):zeD‘T:zPu.N(%‘zQy).v .uPz.N(yQi"z) (1)
F.%272:2:42. DF:Hp.d.z2~eDT. (2)
[%273:272] 3.DTC R 3)
F.%273272.  DF:Hp.d.R%=DU %)
F.(3).(4).%2733.0F:Hp.D.TCU (5)
F.(1).%272:13.2
F:Hp.uRz.D:(q2):2eDT: 2Pu.~(2Pz).v.uPz.~ (2P2) (6)
F.%2041.DF:. Hp.D:uPz.2Pu.d.2Pr:2Pu.uPz.D. 2Pz )
Fo8).(7)-(4).OF:.Hp.ueDU.D:uPz.D.(q2). 2e DT, uPz .~(2Pz):

aPu.D.(q2).2e DT 2Pu . ~(2Px):

[0 Jd:ulr.d.(q2).2e DT .uPz.2Px:
zPu.D.(g2).2eDT.2Pu. 2Pz (8)
F.%272:13.%27323.0

F:Hp.ueDU.2e DT uPz. 2Pz, . (Uu) Q(Ue2) . () Qy .

[(5)] D>. () Qy 9)
Similarly  F:Hp.ueDU.zeDT. 2Pu.aPz. D . yQ(Uw) (10)
F.(8).(9).(10).D

bF:.Hp.ueDU.J:uPx.D .(ff‘u)Qy:.z'Pu.D . yQ((\}‘u) (11)
F.(11).%27213.0F:Hp. D .aUpyy (12)

F.(3).(12).DF . Prop
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—
%273'33. +:Hp*27332.0.y=mingUpp‘z.z(Rspo'U) y
Dem.
e 4
F.%27332.0F:Hp.D.8yCulU.
2"
[#272-242] .8 naUpfs=A )
—
F.(1).%27332.%205:14. D} :Hp. D . y =ming* Upe“z (2
F.(2).(%27302). D F:Hp.D. 2 (Rspo'U)y:dF . Prop
%273:34. F:Hp*27331.D.yeUATrspq

Dem.
F.%273:3183.3 k1 Hp.D. (qU). Ue (BS)pg-y e ARyop U -
[%00°16.(x273:03)] D (GW).We(BS)pg.yedW.
[(*27304')] D. ye G‘TRSPQ o 3 o Pl‘Op
%27386. I: Hp *27326.D. ([‘TRSPQ = C‘Q
Dem.

—_
f'-*'273'34'-3f':Hp.yGC‘S-S‘yCG‘TMPQ-D-yEG‘TRSPQ (1)
F.(1).%250:834.2F . Prop

*273:36. +:Hp*27326.D . Trspge Psmor @ [%273:28:35]
%2734, F:P,Qen.D.Psmor@Q

Dem.
F.%27311.0F:Hp.d.(4R,S).R,Scw.CP=CR.CQ=CS
[%273-36] D. (AR, 8) . Tgspge Psmor @ : I+ . Prop

#27341. F:Pen.PsmorQ.D.Qeq

Dem.

F.%27041. JDt:Hp.D.QeSerncomp 1)
F.#15118 . %123:321 . D b : Hp.D. 0“Qe N, 2)
F.x1515. Dt:Hp.D.DQ=0dQ (3)

Fo(1).(2).(8).#%2731 .2t . Prop
*%27342. F:Pen.D.n=Nr'P [%273441]
#27343. +.neNR [%27342 . %256-54]
The following propositions are easy to prove:
F:QeSern O“N,. Pen.D.Qx Pen,
whence F:ae NRAaClSer.Ca=NR,.D.a X n=19;
and
F:Pen.QeSern 0Ny .2¢CP.D.2 |3QeNr‘Qn RISQ x P).Q x Pen,
whence, from the fact that all 's are similar,
F:Pen.QeSern 0“N,.D.q! Nr‘Q n RIP.

Thus an 5 contains series of all the order-types composed of N, terms.



%274. ON SERIES OF FINITE SUB-CLASSES OF A SERIES,

Summary of %274

In the present number, we shall be concerned with the construction of
a rational series consisting of the finite existent sub-classes of a progression.
When the finite sub-classes of a progression (excluding A) are arranged by
the principle of first differences, the result is a rational series. When they
are arranged by the principle of last differences, the result is a progression.
These two propositions, with the consequent existence-theorems, are to be
proved in the present number.

We define “P,” as P, with its field limited to finite existent classes.
(For the definition of Py, see ¥170-01.) In the present number, we shall be
chiefly concerned with P, when Pew, but it has interesting properties in
many other cases.

Our definition is

P,=P,[ (Clsinduct — ¢“A) Df.
We shall be concerned in this number not only with P,, but also with

P,[ (Clsinduct — tA). This is Cav¥(P),. Thus if we put P=0@Q, the
hypothesis that PeQ as used in studying Py [ (Cls induct —¢‘A) is
equivalent to the hypothesis that Qe as used in studying Cnv‘Q,,
€. Z),,. Thus the study of Py and P, with their fields limited to inductive
existent classes may be replaced by the study of P, in the two cases where

u
(1) Pe,(2) PeQ. The second case is the simpler, and is considered first.
We have first, however, a collection of propositions which only assume that
P is a series.

Since an inductive existent class in a series must have a maximum and
a minimum, we have

#274'12. F::PeSer.Dial,B.=: N 5
a,BeClinduct’CP— t’A:(q[z).zea—B.an P2=Fn P2
We have
¥27417. F:CP~el.D.CP,=Clinduct’CP —1fA
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Whenever P is a series, P, is a series (¥274'18). If P has a last term, the
class consisting of this last term only is the last term of P,; if P has no last
term, P, has no last term (¥274:191). If C‘P is an inductive existent class,
the first term of P, is C“P (%274:194); if not, P, has no first term (%274°195).
Hence if P has no last term, P, has no first or last term, and we have
D¢P, =P, (#274'196). Thus of the characteristics used in defining 7,

we have P, eSer whenever PeSer, and D*P,=U‘P, whenever ~E1BP

We next prove

¥27422. F:PeQ.D.P,c0
which, in virtue of what was said above, is equivalent to.
Pe.d.P [ (Clsinduct — t‘’A) e Q,

that is: The principle of last differences applied to the inductive existent
sub-classes of any well-ordered series gives a well-ordered series.

To prove %274:22, since we already know that P, is a series, we only have
to prove that every existent sub-class of C‘P, has a maximum with respect
to P,. This is proved as follows.

Let « be any existent sub-class of Clinduct‘C*P — ¢*A. Consider the
minima of all the members of «: these minima all exist, because « is
composed of inductive classes. Then in virtue of the nature of the principle
of first differences, members of « which have a later minimum come later
than those that have an earlier minimum. Hence if we consider minp¢éx,
the classes whose minimum is the maximum of minp“x (which exists, because
;Je ) are later than any other members of . Put

7, = maxpminpg“c . £, = Kk n m‘i—l.lp‘-’bl.
Thus «, consists of those members of ¥ which have the largest minimum,
and members of «, come later than any other members of x. Similarly the
latest members of «, will be those that have the greatest second term.
That 1s, if we take away the (common) first term from each member of «;,
and if A, is the resulting class of classes, we have to apply to A, precisely
the same process as we have already applied to «. Thus we are led
to put
P

@, = maxp'minp*c . &, =« Aminp‘s, . A, = (— t‘z)x,,

X, = maxp‘ming‘ A, . k,=A; A n(li—np‘ac2 s A= (— )y,
and so on. The series @, @,, ... 1s an ascending series in P, and is therefore
finite, by %261:33. It therefore has a last term, say z,. Then the class
'z, v iz, v ... v ‘e, 1s a member of «, and is easily shown to be its
maximum. Hence every existent sub-class ¢ of C“P, has a maximum, and

therefore f’,, e ().
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In order to symbolize the above process, we put

_Pm‘K = maxp‘minp“x th,

~ «—

Tp'e = (— 1P, x)(x a minp* Ppfe)— 1A Dft,
A

MP‘IC = Pm“(Tp)*.‘K th.

v —
Then P,‘x is what we called z,, Tp* is what we called A, (Tp)yx is
the class «, A, Ay, ... Ay—y, and M pk is the class oy, @, @, ... 2,. Thus what
we have to prove is

Mp'e = max (P,)’x,
which is proved in %274-215.

We prove next

*274:26. f':;)ew.:).;),,ew

For this purpose we use %263-44, namely

=0 — 1A n P(QP,= AP .~E 1 BP).
Thus it only remains to prove
D«P,),=DP,.~E ! B‘P,.

~E!BP, follows from #274'195, and D¢(P,), = D‘P, is proved without any
difficulty ; hence our proposition follows.

From %274:2517, by substituting P for P, we obtain
%27426. F:Pew.D,. P} (Clsinduct—t‘A)ew.

0P, [ (Cls induct — ¢‘A) = Clinduct‘C*P — ‘A
whence it follows, immediately that

#27427. F:aeN,.D.Clinduct‘ae®,. Clinduct‘a — ‘A e N,
Te. a class of N, terms contains 8, inductive sub-classes.

We now have to prove

%274'33. F:Pew.d.P,eq

In virtue of %274:17-27, we have (“P,eN,; and by %274'18, P, e Ser.
Thus it only remains to prove P,ecomp.D¢P,=0‘P,. The second of
these results immediately from %*274196. As for P, e comp, if aP,3,

— —

a v B eCls induct, and therefore 5 ! p*P“(a v B); but if zep‘P“(a v B), we
have aP, (8 v ¢‘z). (8 v t‘z) P,B; hence P,C P2 This completes the proof
that P,en.

The proposition holds not only if P e, but if P is any series which has
no last term and whose field has &, terms (%274-32).

Finally, we deal with the existence of n (¥2744—46). If Pew, P is
similar to P, [ (Clsinduct —¢A), by %274:26; and if T is a correlator of

R. & W, 1I1L
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these two, T3P, is an 7 whose field is C‘P (¥2744). Hence the existence
of n in any type is equivalent to the existence of w in that type (¥274-41).
Hence we have merely to apply previous propositions on the existence of w.

%*27401. P,=P,[ (Clsinduct —i‘A) Df
*274:02. P,.°k =maxp‘minp‘‘x Dft [274]

v «
¥27403. Ty = (= 1°Pps)*“( A minp Ppe) — 1A
Dft [%274]

4—._—.
¥2T404. My = Pu(To)y's Dft [#274]
%2741, F:aP,B.=.a,8¢Clinduct‘C‘P - (‘A . 5 1a— B— P43 —d)
[%170°1 . (%274°01)]

#27411. F:PeSer.aeClinductCP — ‘A .D . E! minp‘a . E ! maxp‘a
[#26126]

$2T4111. F: PeSer.~E1BP.aeClinduct'CP .. 5 1 p‘ D

Dem.
F.%27411.DOF:Hp.q!a.D.maxp‘ae DP.

P
[%20565] >.q ! pPra (1)
F.(1).%402.DF . Prop
*274'12. F::PeSer.Dd:aP,B.=:

- -
D a, 8 eCl induct‘C*P —~t*A: (g2).zea—B.an P’2=8n P2
em.

F.%1702.D
e 4
F:a,BeClinduct‘CP— ‘Az (g2)-2ea—B.anPz=p n?‘z :D.aP,B (1)
F.%27411.3F:Hp.aP,B.D . E! minpf{a— B — P(B—a)}.
[¥17023.%205192] D.(qe).zca—B.an D=8 n P (@)
F.(1).(2).DF. Prop
¥27413. F. P, (Clsinduct — 1A) = Cnv¥(P), [¥170-101 . (+27401)]
*%274'14. tF::PeSer.d:na{P, [ (Clsinduct—t‘A)}B.=:
—
&, B e Clinduct‘CP — t’A : (d2) . zeB—a.an P‘z=Bn‘17‘z
[%274'1213]
*274'16. F:a,B8eClinduct‘C‘P—t‘’A.BCa.B%a.d.aP,B
[#170016 . %274°1]
#274'161. F:aeClinduct‘CP—~1.zea.d.aP(t's) [%27415]
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*27416. F:g!P,.=.0P~eOvl

Dem.

F.os2741. DF:q!P,.D.q!1C0P (1)
F.%274151.0F: C‘P~eOvwl.D.q! P, (2)
F.%6038. JF:CPel.d.~(qa,B).a,BeCl‘C‘P—t'A.q'a—g.
[%274°1] J2.P,=A 3)

F.(1).(2).(8).3F.Prop
*274'17. F:CP~el.D.CP,=Clinduct'C‘P— ‘A

Dem. )
F.%274'151.0 F. Clinduct‘C*P — ‘A —1 CD*P, (1)
F.%274151 .0 F:2eCP.CP+ia.d . t‘ve AP, (2)
F.(2). JDF:Hp.J.ClC'Pa1CU‘P, 3)
F.(1).(3). DF:Hp.D.Clinduct‘C‘P—t*’ACCP, (4)
F.(4).%2741.DF. Prop

¥274171. F: P*GJ.2Py.D . () P,(1y) [¥2741]

%27418 t+:PeSer.D.P,eSer
Dem.
F.%20114.D
- - -~ -
I-:.Hp.zea—B.weB—-ry.anP‘z=BnP‘z.BnP‘w:fynP‘w_.)D:
zPw.D.zea—y.an Pz=gyn Pz (1)
F.%201'14. 5 F 2. Hp(1). D1 wPz. D wea—y .an Pu=ynPw  (2)
F.(1).(2).%202103 . %27412 . D+ : Hp.aP,8.8P,y.D.aP,y (3)
F.%272-11.D
F:Hp.a,BeClinduct‘C‘P— ‘A .a+B.].(42).2= migf‘ {(a—-B)_\-;(B—a)}-
[%205-14] d.(qe).2e(a—-B)v(B—a).an Pr=BnPsz.
[%27412] >.a(P,uP)B 4)
F.(3).(4).%170'17. D F. Prop

—_p —
*27419. F: Peconnex.»CJ.D.BP,=1“B‘P

Dem.
F.%274:151. D+.Clinduct‘C‘P -1 CDP, (1)
F.%274171. Dk:Hp.D.tD‘PCDFP, )
> v o et
F.(1).(2).%27417 .DF:Hp.D. BP, CL“B‘P 3)
F.%202:524. D
FiHp.zeBP.BeClHCP A .ameB.D . ae DB — 15a) 4)



212 SERIES [PART V

Fo(4).D

F:Hp.2eBP.D.~(5A). B eClinduct’CP— ‘A . g ! t'— B~ P(B— 1)

[#2741] d.i'z~eDP, (5)
S>v v

F.(5).%27417.DF: Hp.D . «“BP CB*P, (6)

F.(3).(6).2F.Prop

274191, F:. Peconnex. P*GJ.D:E1BP.D. BP,=uBP:

~E1BDP.D.BP,=A [¥27419]
4274192, F:. P econnex. P*GJ.D:E1BP.=.E1BDP, [%274191]
%274:198. . B<P, = 1“C“P n (Cls induct — ‘A —1)

Dem.
_’
F.%274151. JDF:C*PeClsinduct—¢‘A—1.3.CPeBP, 1)
F.%27416°17.DF : C“P~ e(Clsinduct — t’A —1) . D . C‘P~¢ CP, (2)
F.%27415. Dt:aeClinduct'CP—1‘A.2eC‘P—a.Dd.(avi‘z) P,a (3)
F.(3). Jt.Clinduct‘C“P — t)A — *'C*P CA*P, 4)
—_>
F.(4).Transp.%2741.0+. B‘P, C(Clinduct‘C‘P — t*A) n t“C*P 5)
—_>
F.(5).%274:16. JF.B‘P,C(Clsinduct — t‘A — 1) n 1°C*P (6)
F.(1).(2).(6).DF.Prop
*274'194. F:C‘PeClsinduct — ‘A —1.D.BP,=CP  [%274'193]
—_>
%274:196. +: C‘P ~¢Clsinduct . D . B‘P,=A [%274193]
%274196. F: PeSer.~E!B‘P.D.DP,=0‘P,
—_) W
Dem. | sor4192. St:Hp.d.BP,=A )
_’
F.%27419516 . %26124. D F: Hp.D . B*P,= A (@)
F.(1).(2).DF.Prop

The following propositions give the proof of b e.D. ;’,, € 0 (%27422).

%2742, F:PeQ.cCCOP,.qle.d.El Ppr. Pufe e mingc
[#274111 . ¥250'121 . (+274:02)]

#274:201. F: B¢ \j’p‘x. =.(ga). aex.minp‘a= P,k . f=a—t‘P,c.q!8
[(27403)]
¥274202. F:E1P,%.D.E1T,% [(x27403).%1421]

%274203. F:. Hp#2742.D: i’p‘x =A.=.«n r;li_llp‘ i =L10P, '«
Dem.

F.%274:2:202.D
FaHp. Do Tre=A.=:~(qa,B).ac . minpa= Pphc . B=a—t*Ppx . q ! B:
[%13191] =10ekn m(-axp‘Pm‘x.Da.a—L‘Pm‘x=A:

: “—
[%274-2] si1aex Aaming Pfx.=.. a=tPpc:: D . Prop
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¥274:204. +:x CCP,. k (Tr)eh . D .ACCP,

Dem.
F.#%120:481 . %274201. D b : « C Clsinduct . 1 Tpéx.D. Tp% € Cls induct (1)
F.%274:201. D F; k CCICP. B To'u. D Tptx C CICC°P — 1A (2)
Fo(1).(2).%27416 .DF: « C O°P, . E1 To% . D . Tpx C C°P, (3)

t.(3).Induct.D . Prop

274206, b1 PeSer. Bl PuTpn. . (Puh) P(PnTrN)
Dem.

~ «—
F.%274201.%20521 . D F:Hp.Be Tpr.D. B CPPyr (1)
F.%205°11 . (%274:02) . D F: Hp. D . P Tr\ € sTH A (2)

F.(1).(2).DF.Prop

*274°206.  : Hp 274205 . & (Tl » D« (Poit) P (P TrN)
Dem.

Fal42]. (427402). D F: B PpTpn . DL B Puin (1)
F.(1). Induct. JDF:Hp.D.E! P« (2)

F.(2).%274205. Induct . D +. Prop

¥274:207. F: P e Q. x (To)h . P = maxpMpéc . D .

~FEUPTen . Ton = A
Dem.

k. %274205 . Transp. D F: Hp. D .~ E1 P, Tsn.
[%274-204-2. Transp] D.TpA=A:DF+.Prop

¥274208. 2. PeQ.kCOP, . qlu.D:

— «— v
A e(To)w'x : (AN) « & (Tp)h « A A minp Ppn = 0PN . Tp A=A
Dem.
F.%250:121 . D F:Hp.D . E! maxpMp«x 1)

F.(1).%274:207:203:204 . D F . Prop

%2421, F:BeTpx.D.B v tPuikeck [%2T4201]

#274211. bk (Tp)gh-Ber. D . BV P “Tp(k—A)ex
Dem.

Fox27421.0 b Hp: Berh.Ds. BY PuTr(k—A)en: D

veTpA.D, .y v Py Tp(x—=TpN)ex (1)
F.%274:21.(1).Induct.dF. Prop
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¥274212. F:PeQ.kCOP,.qlx.D. Mpxen
Dem.
F.%274:208211 .
FrHp. D (@) (To)h . TEA=A . PN e X . ' PrfA v PptTp(st=N) e
[¥121103] D . () « PunbTp (1A € &« Pr¥Tp (1 =0) = Ppu(Tp)gs ¢
Jt.Prop

—)
*274:213. F: PeSer.« CCP,.aex .k (Tp)gr . P PyAn MpcCa.D.
—)
a— (PPpr o Mp‘c) el

Dem.
_)
F.%274-201 OF:Hp.k=A.D.a—(PPprn Mp‘s)=a.
_)
[%13:12] Jdia— (PPp Ao Mpe)ex (1)

F.%274206.D
FiHp:Bek. PPuhn Mpx C 8.5 B— (B Puh n Mpk)eh: D
Bex.PiP, ‘f,,‘ngMc,e 3. PPon o Myt €CR.PuineB.
iB— (P‘P An Mpe)ler. P, ‘XG{B (P‘P An Mpix)}.
[¥274201]  D.(8— (P‘P Ao Myh) - 1Pu N} e Tpn.
[%274206] . (8 —(PPulrh n Mpti)} e Tpr @)
F.(1).(2).Induct.DF. Prop

274214, F:Pe Q. COP,.ack—1Mpn.D . aPy(Mp'e)

Dem.
F.%274212. DF:Hp.D: Mp'ceClsinduct: (1)
[¥170'16] 3: My Ca.d.aP,(Mp) @)
Fo%27411.(1).DF:Hp.q! Mp‘c —a.D. E!minp‘(Mp/c—a)
[#20514.(4274:04)] D . (A) « & (To) A« Pk ~ e . PP *hn Mpte Ca.

[%274-213] D.(gN) - k (Tp)e N« Ppr~ea. a—(P‘P AnMpe)en.
P‘P mAn Mp'c Ca.
[%274-201] D.(gN2) 6 (Tp)ge A« 2=minp {a-—(P‘P ‘An Mpic)] .
zP(P ). P‘P mAa Mp‘cCa.
[%31'18] D.((g{z).zea—Mp‘x.Mpan‘zCa.
[*17011] >.aP,(Mpc) 3)

F.(2).(3).DF.Prop
¥274216. F: PeQ .k COP,.g1x.D . Mp'u=max (P,)x [#274:212:214]
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x27422. F:PeQ.3.B c0
Dem.
F.%274215. D F: Hp. D . E 1l max (P,)*Cl exC*P, .

[%250'125] 5.P,eQ:dF. Prop
The following propositions constitute the proof of
P €w.D. ﬁ,, cw (¥274°25).,
— ~
#274:221. F : PeSer. P‘maxp‘a e Clsinduct . a e Cl induct‘C¢P — (‘A — l‘—l-;‘P .

—
B =(a—t‘maxp‘a) v P‘maxp‘a.d.aP B

Dem.
F.%205°55. 3}-:Hp.B‘f’ea.D.g!a—L‘maxP‘a @
F.%202:511. DF:Hp.B‘E’Nea. S>.BP G‘I_’-‘max,a‘a 2
F.%93101. OF:Hp.~E1BP.d.q! Pmaxsa 3)
F.(1).(2).(3).DF:Hp.D.q!8 (4)
F.%12048171.JF:Hp.J. B ¢Clsinduct (5)
F.%205-21 . %200:861. O F : Hp. D . 8 n Pmaxpla=an Pmaxpéa  (6)
F.(4).(5).(6).DF:Hp.J.a BeClinductC*P — 1A . maxp‘aca—p.

o n—;"max,:‘a =8 n—;‘maxP‘a .
[%274:12] J.aP,B:2F. Prop
%274:222. F: Hp*274-221 . aP,y. maxpacy.d. B8P,y
Dem.

- -
F.%27412.0F:Hp.D.(q2).2€a—y. 2+ maxp‘a.an Pz=yn P
- -
[%20114.%20521.Hp] D .(5y2) . 2e B—y.Ba Pz =y n Pz
[%27412] J.BP,y:dt.Prop

*274'223. F: Hp %274:221 . aP,y . maxp‘a~ey. 9+ 8.2 .6y
Dem.

- -
F.%27412.DF:. Hp.D:(2). 2ea— gy — t‘maxp‘a.an Pz=yn Pz.v.
- -
an P‘maxp‘a =g n P‘maxp‘a (1)
F.%201-14 . %20521 . D
- -
F:.Hp:(q2).2ea—y—t‘maxp‘a.an Pz=ya Pz:D.8Py (2)
- ~
F.%20521. DF:Hp.an P‘maxpa=qn P‘maxp‘a.D.
e d
a—t‘maxp‘a =y n P‘maxpa  (3)
~ “—
F.%202101.DF:Hp.D.yC P‘maxp‘av Pémaxpia (4
~ -
F.(3).(4). DF:Hp.an P‘maxp‘a=ryn Pmaxpfa.d:yCH:
[*170°16.(%274-01)] D:y+8.3.8P,y (5)

F.(1).(2).(5).OF.Prop
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¥274'224. b: Hp 274221 .aP,y. B4 y.D. AP,y [#274:222:223]

¥27423. F:Hp#274221.2 . a(P,), 8 [%274:221°224 . %20472]
¥27425. F:Pew.d.Pew
Dem.
F.%2749216.3F: Hp.D. B, e — 1A (1)
b 27419117,
b:Hp.aeDP,.D . aeClinductsCP — ‘A — (‘BP )
F.%263412 . #27411.D
F:Hp.aeClinduct‘C*P—1*A.D. ‘P_‘maxp‘a ¢ Cls induct 3)
b.(2).(3).%27428.DF : Hp. ae DP,.D.a e DP,), (4)
Fo(1). (4). %274195 . ¥121:323 . D
l,.

:Hp.D.P,eQ—t*A.DP, = D{P,),.~ELBP,.

[#26344]D. P,ew:DF . Prop
#27426. F:Pew.D.P, [ (Clsinduct —t‘A)e w.

CPy. [ (Clsinduct — ¢t“A) = Clinduct‘C*P — t‘A

Dem.
F.x27413.0F: Q=P.D. P [(Clsinduct —t‘A) = @, (1
F.%27425.0F: Pew.Q=P.D.Q,co (2)
Fox27417.9F: Pew.Q=P.D.0Q,= Clinduct’C:P— 'A  (3)
F.(1).(2).(3).dF. Prop
*27427. F:ae®,.D.Clinduct‘aeN,.Clinductéa — ‘A ¢ N,
Dem.
F.%263101.2F:Hp.D.(gP). Pew.a=C‘P,
[%274°26) dD.(qM). Mew.Clinducta — 1°A =CM .,
[%263101] 3. Clinductéa — tA ¢ N, . (1)
[%123-4] J.Clinduct‘ae 8, (2)

F.(1).(2).DF. Prop

The following propositions constitute the proof of

Pew.D.Pen (x27433).

‘_
*2743. F:PeSer.alP,B.zepP“@aup).d.aP,(Bviz).(Bu t'z) P8
Dem.
— -
F.%20053, dt:Hp.zea.D.BnPiz=(Bvie)n P2z (1)
F. %2005, JDt:Hp.zea—fB.D.zea—(Buia) (2)
Fo(1).(2).%27412.0F : Hp. D aP, (B u %) (3)
F.%2005.%17016. DF:Hp.D.(Bvi2) P8 (4)
F.@3).(4).2t.Prop
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¥27431. F:PeSer.~E1BP.D. P, eSer ncomp
Dem.
F.%2741.%12071.DF:aP,B.D.av B eClsinduct — ¢ A 1
F.(1). %27411. JDF:Hp.aP,B.D.E!maxp‘(av B).
‘_.

[%93:103] J.q! P‘maxpi(avB).
[%205-67] S>.q1pPau B).
[%274-3] 3.aP28 @)

F.(2).%27418. 2 . Prop
¥27432. F:PeSern 0“N,.~E1BP.D.P, ey

Dem.
F.%27431. DF:Hp.D.P,eSerncomp M
F.%274196. DF:Hp.D.DP,=UP, (2)
F.%274:2717.DF:Hp.D. CP,e X, 3)

F.(1).(2).(3).%2731.DF. Prop
*%27433. F:Pew.d.Pyen [%27432.%263101'1122]

This is the principal proposition of the present number.

‘_-
#27434. F:aed,.D.q! 9 C{Clinduct‘a — t‘A)

Dem.
F.%263101.DF:Hp.D.(gP). Pew.CP=a.
[%274-33:17] d.(M). Men.CM = Cl induct‘a — 1A : D F . Prop

The following propositions are concerned with the existence-theorem
for n. They all follow from %274-33.

v «
%2744, t:Peow.T=1Psmor {P.[ (Clsindact —t‘A)}.D.TiP,enn CCP
Dem.

F.#274:26:17. JDF:Hp.d.dT=C*P, 1)

F.(1).%151-11'181 . D F: Hp. D . T3P, smor P, . C“TiP,= C*P.

[%274-33.%273°41) D.TiP,en.CTiP,=C‘P:JF.Prop

%27441 F:qlont'P.=.qlynat‘P
Dem.

F.%2744. DF:Qewnt‘P.D.(gR).Ren.C‘R=CQ.
[%64-24] d.qinpntlP ¢y
F.%27311.DF:Renpnt‘P.D.(4Q).Qew.CQ=CR.
[%64-24) d.qlentP (2)

F.(1).(2).DF. Prop

27442, FiaeN,.D.qlnn Cla [K274426 . 526317 . %250'6 . ¥263-101]
*27443. +.NR,= 0% [%273:1 . %274-42]

*27444. F:qq!IR nt‘a.=.qlnnty‘a [%263131.%274°41]

*27445. F:igq IR (z).=.q!pntV [%263-13 . %274-41]

*274:46. | :Iofin ax(z).=.q ! npn e [%263132.%27441]

15



*275. CONTINUOUS SERIES.

Summary of %275.

The definition of continuity to be given in this number is due to Cantor.
A different and not equivalent definition was given by Dedekind: series
which are continuous in Cantor’s sense are also continuous in ‘Dedekind’s
sense, but not vice versa. Cantor’s definition has the advantage (among
others) that two series which are continuous in his sense are ordinally
similar, which is not necessarily the case with series that are continuous in
Dedekind’s sense. Dedekind’s definition of “continuous series” is, in our
language, “series which are compact and Dedekindian.” Cantor’s definition
(after a certain amount of simplification) is “series which are Dedekindian
and contain an &, as a median class,” In the case of the real numbers, the
rationals are a median class of this sort.

An equivalent definition to the above is that a continuous series is a
Dedekindian series whose converse domain is the derivative of a contained
rational series (%275'13).

Following Cantor, we shall use 6 for the class of continuous series.
In what follows, we prove first that the series of segments of a rational

series is a continuous series, t.e.

*27521. F:Peyn.D.sPeb

-
The contained N, is P¢“C‘P. The proposition follows at once from
%271'31. On its importance, see remarks on %27521 below.

From this proposition, it follows that if 5 exists in any type, 6 exists in
the next type (275'22), whence the existence of 6 in sufficiently high types
follows from the axiom of infinity (%275:25).

To prove that any two continuous series are similar, we use ¥271:39. By
the definition, if P and  are continuous, they contain respectively two
median classes @ and B, such that P[ a and Q[ B are rational series. Hence
by %2734, P[ asmor@[ 3, and therefore P smor ), by %271-39. Also
obviously Pe¢f.Psmor@.J.Qef. Hence

%27532. F:Pef.D.8=Nr‘P
and
#276'33. F.0¢NR
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*2760L 6= Ser n Ded m med“N, Df

%2761, F:Pe6.=.PeSernDed.q !N nmedP
[(%275:01)]

*276'11. F:.Pef.=:PeSernDed:(qa).aeN,.épa=UP.aCCP
(%2751 . %271°2]
*#27612. F:i:Pef.=:.PeSern Ded:.(ga):aeN,:
ePy.Dpy.qlanP(@—y):aCOP [%2751.x2711]
*275'13. F:.Pef.=:PeSernDed:(qR). RCP.Ren.5C‘R=U‘P

Dem.
F.%2731.%271:2.D

—-)
F:PeSeraDed. RCGP.Ren.8-CR=U‘P.D.C‘ReN,.C‘RemedP.

[%2751 ] D.Pcb 1)
F.*271'16.DF:amed P.B=anD'Pad‘P.D:Bmed P. (2)
[%27115] J.P[ Becomp 3
F.%123:17.DF:Hp(2). PeSer.aeNR,n CI‘CP.D.8eNn CI'C'P  (4)
F.%2711. DF:8med P.D.P“B=DP.Pg= P (5)
F.(3).%3741.(2). DF:Hp(2).D.DY(PLR)=8.TAPLB =B (6)
F.(3).(4).(6).%273'1.DF: Hp(4).D. Pl Ben (M)
F.(2).%2712.DF: Hp(4).D. 50« PL B) = A‘P (8)
Fo(7).(8).%2751.0F: Pef.D.(gB) . PL Ben .8 C{(PL B =WP (9)
F.(1).(9).DF.Prop

*276'14. F. 8= Cnvd
Dem.

—-)
F.%21414.2%271'11.DF: PeSernDed.aeN,amed‘P.=.
V] -y W
PeSernDed.aeN,nmed'P 1)
F.(1).%2751.2F. Prop

- - -
%2762, F:Pen.D.s'PeSernDed. P“CPeN,. P“C'Pe¢med‘s‘P

Dem,
F.%214:33. DF:Hp.D.sPeSern Ded 1)
b %204:35. St:Hp.D. PUC‘Psm CP.
[%2731.%123321] 5. PUCPeN, 2)
b.#27181. %2781, 3 F: Hp. D . BUC“P e mod‘s‘P 3)

F.o(1).(2).(3).DF. Prop
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*27621. F:Pen.D.sPefd [%27521]

This proposition is of great importance, particularly in the theory of real
numbers. We shall define the real numbers as segments of the series of
rational numbers, in order to be sure of their existence. Thus if P is the
series of rational numbers, sP, which may be taken to be the series of real
numbers, is continuous. If P is the series of rational proper fractions,
excluding 0, s*P is the series of real proper fractions together with 0 and 1:
this series is continuous in virtue of the above proposition.

The above proposition is also useful as enabling us to deduce the existence
of 8 1rom that of », and thence from that of N,, and thence from the axiom
of infinity. A rise of type is, however, required for the existence-theorems,
which are given in the following propositions.

#27622. F:glgpatea.d.qlonta

Dem.
F.x6455. Dk tqinpniga.d . (FP).Pey.CPCtfua.
[%63:371] Jd.(gP).Pey.CPetta.
[%27521] 2.(§Q)-Qeb.CQCta.
[#64-57] d.glénat*z:dtF.Prop

#27623. F:q !N ata.D.q!10n " a [+27444.%27522]

*27524. F:igIN(2).D.q!0nt [%275:23 . %64:31°312 . (¥65:02)]
27526, F:Infinax(z).D.q!0 At

Dem.
F.%12337.0F: Hp.D.q I N, ().
[%27524] D.q 10 A=y,
[%64:312) d.q'0nt*x:DF. Prop
#2753 F:P,Qef@.D.Psmor@)
Dem.

F.%27513.JF:. Hp.D: P,QeSernDed:
— -
(AR,8).R,8¢n.RCP.SCQ.CRemed‘P.CSemedQ:
[#204:41] D:P,QeSernDed:(5a,B).amed P.Bmed Q. Pl a, Q[ Ben:

[%273:4] D:P,QeSern Ded :(ga, B). amed P. Bmed Q.(P[ a)smor (Q[ B):
[%271:89] D: PsmorQ:. D} . Prop

#276'31. F:Pef.Psmor@Q).D.Qef
Dem.

- -
F.*2714.DF: Psmor Q. !N, n med‘P.D .5q ! Ny n med‘Q (1)
F.%20421.%2146.DF: PeSernDed. Psmor@.D.QeSeraDed (2)
F.(1).(2). %2751 .2 F. Prop

%27532. F:Pef.D.60=Nr'P [%275331]
¥275633. F.0eNR [%275°32 . %256-54]



%276. ON SERIES OF INFINITE SUB-CLASSES OF A SERIES.

Summary of %276.

The subject of the present number bears the same relation to 8 as that of
#274 bears to n. We shall consider, in the present number, the arrangement
of all the infinite sub-classes of a series (together with A) by the principle of
first differences, 7.e. the relation

P, [ (—Clsinduet v t‘A),

where P is the given series. This relation we will call P,. It consists
of P, with its field limited to terms not belonging to C“P, (¥276:12). It

will (under a certain hypothesis) contain a part similar to P,, namely P
with its field limited to complements of finite sub-classes of C*P. Hence
if Pew, Py will contain an 5, whose field is composed of the complements
of members of C“P, (¥2762). The field of this 5 will be a median class of P,.
We shall find, also, that Pge Ser,if Pe O (%276°14), and Py e Ded, if Pe Qinfin
(%276'4). Hence
*27641. r:Pew.D.Pyel

Also, since Pew.D.Cl‘C“Pe2¥ and since C“P,eR,, we shall have C“Pye AN
(%276'42). This result is important, since it gives the proposition
*276:43. .00 =2

The proof that P, is Dedekindian if P is an infinite well-ordered series
is somewhat complicated. We proceed by proving that every sub-class of
(P, has a lower limit or a minimum. In this proof, we observe first of all
that

C'P = BP,. A = B‘P, (x216121).
Hence C“P is the lower limit of the null-class, and A is the minimum of t‘A;
also if x 1s any existent sub-class of C“P,, other than ‘A, we have
liznin (P,)% = limin (Pg)(x — tA).
Hence if we can prove
kCCPy.qlx . A~ex. D, Ellimin (Pg)x (A),
we shall have Clex‘C*P, C ‘limin (Py),
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whence, by ¥214°12:14, we shall have PyeDed. Thus we have to prove (A),
te. k CDPy. g lx.D,.Ellimin (Py)‘x, which is #27639. To prove this
proposition, consider minp‘(s‘c — p‘x). This exists unless xel; it is the
first term which belongs to some members of x but not to others. Those
members of « to which it belongs precede (in the order Pg) those to which it

does not belong. Let us call those to which it belongs Tp‘k, so that

AR «—
Tp=&X A=k n e‘minp(s‘c — p‘c)}.

Put also Ppfe = minp‘(s‘c — p‘x) Dft,
v —
so that we may put Tk =Kk n e“Pp'c Dft.

Then if we put 4 = AR Crn % x), Tp and A fulfil the hypotheses of %258,
and we have
A (Tp,x)e.

The series A (T'p, «) proceeds to smaller and smaller sub-classes of «, of which
any one, say A, consists of terms which come earlier (in the order P,) than
any other sub-class of « not belonging to A. By %258:231, the series A (T'p, x)

has an end, namely
P (TpxA)«.

If this is not null, it must consist of a single term, which will be the minimum
of x (#276:33). But if it is null, we proceed as follows. Put

-y
Py =59 {(AN) M e (Tp¥A )k s y=pAa PPy} DAt
Then Py‘x will be the lower limit of «.
In the first place, we easily prove that, since p“(Tr%d ), = A, if
Ae(Tpxd)x—tfA,
PN and TpA both exist (%276:341). Hence every member of x has
predecessors in «, and x has no minimum. In the second place, we show
that
MATp, ) e D (PN) P(Prfp) (%276'34:342),
-
and that aer.d.pAa PP, A=a n—i”‘P,,,‘x (%276-353).
Hence we find that
- ~» ~»
MATp ) p.aep.d.pAa PPyAN=pun PP, A=an PP, \.
- -
D.pAnPPNCpiun PP fu.

— — -
(pfun P Prfu)n PPyN=pAn PPy,
whence it follows that

- -
Ne(TpreA)x —t°A .. pA A PP,\= Pyx n PP\,

whence, by what was stated above,

- -
AMe(Tpxd)k.aeh.D.an PPyA=Pycn PPyn (%276:354).
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Again, if aex, the product of all the members of (Tp%4)‘c to which «
belongs is a member of (Tp*A)x to which a belongs, but if we call this

product A, P,‘A ~ea (because, if P,Aea, ae \j"p‘)\, which 1s contrary to the
definition of A). Hence we have

aex.D. . (Pyx) Pya (%276'36).

It only remains to prove
(Py‘c) PeB.D . (). aex . aPyB (%276:37).
By the hypothesis, and the definition of P, ‘x, we have
— - -
(e, N) A e(Tp¥AYx 26 pAn PPN —B.Pyc n Piz=3n P

Since this involves E! P,“A, it involves A% A, hence, by what was stated

above, it involves

— —
(@M ) A e(TokdYr . aeh.zean PPuh—B. Py n Dz = B a P,

] - -
Hence we obtain BnPzCPyxn PPy,
- —
and Py‘en PPN =an PP\,
—_’
whence BnPzCa.

Hence, by %170-11, we have aP,8.

This completes the proof of Py‘x = tl (Py)x (%276'38). Hence, combining
the two cases, we find that « has a minimum if § ! p{(Tpxd)x, and a lower
limit if ~qp! p{TpxAd) k. Hence E!limin (Py)‘k, in either case (%276°39).

This completes the proof of PyeDed if P e £ infin.

*27601. Py= P,[ (~Clsinduct v t‘A) Df

%27602. A=88(8BCa.B+a) Dft [%276]

¥276:03. P\ =miny s\ — p\) Dfs [%276]
A «—

%276'04. Tpr=Ai{u=nNnePpA} Dft [%276]

¥2T605. P yix = s9((GN). he(Trwd ) — Aoy =ph n BEPyA] DIt [%276]
W76 FiaPyB.=.a B e(ClCP—Clsinduct) v ‘A . gla— B - P8 —a)
[#170°1. (%276:01)]
*27611 F::PeQ.D:aPyB.=:4,8¢(Cl‘C*P—Clsinduct) v t‘A :
— -

(q2)-zea—B.an Pz=BnPz [%25135. (%276:01)]
$27612. F:OPrel.D.Py=PyL(~CP,) [¥27T417.%2761.%170°1]
#276'121. F: C‘P~¢eClsinduct.D.

BPy=A . B‘Py= (<P . (“Py= (CIC*P — Cls induct) v tA
[#170-31-32:38 . (%27601)]



224 SERIES [PART V

*276122. F:C*P~e0v1.D.0P,vCPy=CIC‘P [%276'121.%274'17]

%276123. F:C*P~eClsinduct.=.7 ! Py [%276:1-121)
*27613. F:(C*P~e0ul.D . Nc‘CP, +, Nc O Py = 2NCP
[%276°122 . %116°72]

¥27614. F:PeQ.D.PyeSer [#251:36.(x276:01)]

—_’
%2762. F:Pew.D.(CP-)“Clinduct‘C‘P —t*A)e X, n med Py
Dem.
F.%24:492.0F. (CP—)*(Clinduct‘C*P— 1°A) sm (Clinduct‘C*P — tA) (1)
F.(1).%274:27. D F: Hp. D . (CP -)*“(Clinduct‘C*P — 1A} e N, (2)
F.%200-361 . %26347.D
F:Hp.aPyB.2ea— B an P‘z = Bn P‘z y=(an P* z)uP‘mmp‘(an P‘z)
—_’
J. minp{an P‘z) ea—ry. a n P‘mmp‘{a A P‘z) v~ P‘minp“(a nP‘z)

zery—B.fyn.P‘z=anP‘z=BnP‘z.ry~eClsmduct.

[%27611] . aPey.yPof 3)
F.%26347.0F:Hp(8).D.0P ~+~eClsinduct 4)
F.(3).(4).%276'11.D

Fi:Hp.aPyB.D.(qy). C“P—reClsinduct.aPyy . yPef (5)
F.%120'71, Transp.D

F:Hp.aeClinduct'CP —1°A.D . (C*P — a)~¢ Clsinduct (6)
F.(6).%276121.DF: Hp.D.(CP-)*(Clinduct‘C*P — 1“A) C C“P, )
Fo(2).(5) . %2711 .(7). D F. Prop

The following propositions constitute the proof of
PeQinfin.D. PyeDed (%276°4).

$2763.  FnEIPuA.D:aeTph.=.aek. Ppheas Puh = minp(sh — pA)
[(%276-03:04)]

*276:301. F: Pe Q. ACCICP— A AweOul.d. B PN . B Tpn
Dem,

F.%40:12:13. DbFupA=sA.D:a,Ber.Dup.a=f (1)
F.(1). Transp.#4023.2F:Hp.D.q ! s% — p'k .
[%250-121) J. E!minp‘(s‘c — p‘c): D . Prop

276:302. F:E1P,N.D. PuhepToh—pn  [%276:3]
¥276:303. . T, C A . (1)), C A

Dem.
F.#276:3. Db:pleX.D.uCh (1)
F.%276302.D b2 uTph. D u 2 2)

Fo(1)-(2).%201'18.D k. Prop
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%276:304. b :p{Ad (T, )N D . p QA pAC P p.pd N pUtpp
[%276:302:303]
%276:306. F.A(Tp, k)ed [%258201.%276:303]
#27631. F:PeQ.q!N. ACCICP— 1A A~eDTp.D.
rel.sA=pA=1A [¥276:301. Transp]

%27632. F:.PeQl . A~eOul.ACDPy.O:

Ppn ep‘i’P‘)»— PAiaeN.D, .0 n?‘Pm‘h = p‘A n;”‘Pm‘)\,

Dem.
F.%276301. DF:Hp.D.E!Tpn.E1P,N. 1)
[%276:302) 3. Puh e pTofh — ph @)
Fo(1).%2763. 9 F 1 Hp.D . BPuh asih= PPk a p 3)

F.(2).(3).3F. Prop

¥276:321. F: Hp*27632.ae Tph. B e —Tph.D . aPsB

Dem.
em 5 R
F.%276:332.0F:Hp.D.Pphea—~B.an PP, A=8n PP, \.
[%276-11] D.aPyB:DF.Prop

#276:322. k: Hp#27632. pe(Tpxd)N.aep.Ber—p.D.aPyf
Dem.
F.%4023.DF: pC(Tpxd)N . lpipep.dep.BerA—p.duap-0PeB:I:

aepp. BerA—pp.Das.0P8 (1)
F.(1).%276-321 . 258241 . D I . Prop

¥27633. F:Hpx27632. 5! p(Tpxd)n. D . 1p{(Tpx A)A = min (Po)A
Dem.
F.%276:31.%258231.DF : Hp.D. p(Tpk Ay el (1)

~

F.(1).%276:322.  DF:Hp.aea—p{(Tpxd)n. D (1p(Trxd) N} Pya (2)
F.(1).(2).DF.Prop

*276:331. F: Hp#27632. 57! p*(TpkA)A.D. El min (P)A  [%276:33)
¥27634. F:Hp*27632. uloh . we DTp. D . (Puh) P (Prip)
Dem.

F.%2763. DF:Hp.J. P,N = minp(sA — p‘A) @
F.%2763304.0F:Hp.D. Pyfue(sh— pA) 2)
F.%276:302. DF:Hp.D.P,Aep'n.Pip~epiu.

[%1312] 3. PuN 4 Pru 3)

Fo(1).(2).(8).2F . Prop
R. & W. IIL
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*276-341. I:. Hp*27632. p*(Tpxd)YA=A.D:
P “(Tpx AYNC PSP, “(Tok AYN . P (Tpx AY\ ~ e Clsinduct :
pe(Tpred)YX—t'A. D, . E'Tp'u . E! Ppfp
Dem.
F . %258231.%276301.D
FeoHp.D:pe(Tpwd)N—1p(Tp%A)N.D. E!' Tpu . E' P fpu:
[%276:34.Hp] D:pe(ToxAYN.E! P, . (Pu'p) P(PuiTo'n) (1)
F.(1).%261:26 . Transp.D F. Prop
%276:342. F: Hp%276341 . M {A (Tp, )l . EY Pplp o D (PpfA) P (Ppfp)
Dem.
F.%2763.D
FaHp:p Q(Tpxd)Y e .qlp. G pp: i Pu‘p'pesp’p — p'pp i.
[%40°1°11) D (ga).aepp. Pupppeaz(ga).aep‘p. Pppp~eat.
[#40'1.%11°26] D:hep.D,:(Ho).aeX. Pr'ppea (o). aeh. Pppp~eas.
[%40'1-11] JDirep. . Prippe(sn —pA) (1)
F.(1).%276302.3F:. Hp(l}.D:
Tprep.Nep. 3,\.Pm‘)\ep‘Tp‘)\.Pm‘p‘p~ep‘7\;p‘)\:
[%1312] D:TpAep.Nep.Dn. Pp'N & Pfpp (2)
F.(1).(2).%2763.DF:Hp(1). TpNep.Aep. D (Pud) P (Pu'pp) 3)
F.(3).%276:34.%258241.D F . Prop
%27636. F:.PecQ.xCDPy.qlu.p(Tpxd)x=A.D:
w > ~
Ae(TpxAYxe —t'A.D . PphepTpAn PSP, TpA

Dem.
F.%276:341 .0k : Hp . A e(Toxd)x — 1A . D . E1 Tpon. .
[%276:302:34] D. Puih e pTeh n PePoeTpn 1 D F . Prop
¥276:361. F: Hpx27635. D . P, “(TpxA)x C Pyx
Dem.
b %2763 Db.~E! P A )

F.%276:35.(%276:05).DF: Hp . A e(Tp¥d)xs —t'A.D. P, A e Py‘c  (2)
F.(1).(2).DF. Prop
%276:352. | : Hp%276'35 . D . Py‘c ~ ¢ Clsinduct [%276:351:341]
*276:363. | : Hp %276'35 . A ¢ (TP*A)‘K_.’X {4 (Tp, )} poaepu. D. R
PAN PPN =pun PP, AN=anPP,\

Dem.
F . %276:304 . DF:Hp.D.aer (1)
F.%276:3531.Transp. D F:Hp . D.EI P, A . A~el vl (2)

, - -
F.(1).(2).%27632. DF:Hp.DupAnPPpA=anPP,N (3)
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-
F.(8).DFuHp.D: 8 ep Dg.an P‘ ‘)\, B n PP\ (4)
F.(4).DF:Hp.D.an P‘P A=pun P‘P Y (5)
F.(3).(5).2F.Prop
%276364. I : Hp*276:35. )»e(TpakA)‘x aer.D.

PuanPm‘)\, p‘)\.nP‘P ‘)»—anP‘P A
Dem.
F.%276358 .0F:Hp.qlu.AM{4(Tp,0)jpu.D.
_’

pun PPy A=pAn PPyi\.

- - -
[%22:47] d.(p'unPPypu)n PPACPAn PPN (1)
- -
F.%276353.DOF:Hp. pw{d (Tp,0)} A .. p'pn PPfu=pA nf;Pm‘;L
[%276:342] CpAn PPN (2)

Fo(1).(2).%276:305.D
- - —
FiHp.pe(Tpxd)x —t'A.D.(p'un P Ppfu)n P P,AANCpAn PPN (3)
F.(3).%27632. (%276:05). D F . Prop
%276:355. I : Hp#27635.aex.D.(q\) . Me(Tp*d)'c.aeh. PpA~ea
Dem.
F.%401.DF:.Hp.D:(gM) . Ae(Tpxd)Yrn.a~er:
[#276:305] D:(gA): A e(Tp*d)k.a~eN: ;L{A (Tp, x)})» Duo.oeu (1)
Fo%d01.DF:p{d (Zp, )] N.Du0epir= p‘A(Tp x))» D.aer (2)
F.(1).(2).Transp.D
F:Hp.D.(qx p) e (TpxdYu A=Tp'u.aep.aer.
[%2763] D.(qu) . pe(Fpxd)r.aep. Ppfu~ea:dF. Prop
%276:36. F:Hp#*276'35.0aex.D.(Py‘x) Pya
Dem.
F.%276:351'355'354. D
F:Hp.D.(g\) A e(Tp*d) k. Py he Py'x —a. PulcnPP ‘X—anP‘P .
[#276:352] D.(Pyx) Pyaz Dt . Prop
‘_
«276:361. F: Hp %276:35.D . x C Py Py‘x [%276°36]
*276:37. | :Hp %276:35.(Py‘c) P,B.D.(Ha).aex.aPyf
Dem.

- >
F.%276'11.DF:Hp.D.(g2)-ze Py‘c — . Pu‘an‘z=,3nP‘ .

[(%276:05)] D.(ge, M) Ae(TpxdYk.zepAn P‘P o — B
Py an‘z-—Bn P‘z.
[%276:354] D.(qz N a). )»e(TpakA)‘x aeX. zea B.

Po-CBp, Nt anBPyn = B0 PPur.

[Fact.*276'304] D.(qgz 9)- aex.zea—,B.BnP‘zCa.
[%170-11] D.(qgo).aex.aPyB:DF. Prop
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%27638. F:PeQ.xCDPy.qlu. p(TrxA)Yx=A.D.Pyc=t1(Py)k
[%276:361-37]
#276381. F:PeQ.cCDPy.qlu. p(Tpkd)Yr=NA.D.ELtl(Py)«x
[%276-38]
*27639. F:PeQ.xCDPyorgle.D. Ellimin (Pp)'c [%276:331:381]
in the following proposition, the only reason why P has to be infinite is

in order that P, may exist; for “ Ded ” was so defined as to exclude A.

#2764, F:PeQinfin.D.PyeDed
Dem.
F.%276'121.%207-3.%205'18. D+ : Hp. D liminp‘A = C“P . liminp“t’A=A (1)
F.%2067. DF:Hp.«CCPy.Aex.xt‘A.D.
proc (Pys = prec (P/(s = ) (2)

F.%205192.DF: Hp(2).D. n?i'n (Po)x = min (Pp)(x — t*A) 3
F.(2).(8). DF:Hp(2).D. lir;Zn (Po)x = lir;;n (Pe)(x —1°A).

[%276'39] 2. Etlimin (Pg)‘e 4)
F.(1).(4).%276:39.Dt:. Hp.D:« CCPy. D, . E!limin (Pg)x:
[#214:12°14] D:PyeDed:.DF. Prop

#27641. F:Pew.D.Pyel [%2762:414.%2751]
#27642. F:Pew.D.CP,e2%

Dem.
F.o%276'13 .%274'27.DF: Hp.D . Ne‘CPy +, R, = 2% (1)
F.%2762. DF:Hp.D.(qgu)« NefCPyg=p+,N,.
[%123:421] D . Nc‘C“Py+, 8y = Nc C“ P, (2)

F.(1).(2).DF.Prop
*27643. F.C“0=2%

Dem.
F.%2764241.DF:qlew.D.ql1070n 2%,
[%¥10042.%275:833.%152:71] D . 04 = 2% 1)
F.*27511.%263101. Db:w=A.D.0=A (2)
F.%263101 . %116204. DF:w=A.D.28=A 3)
F.(2).(8). DFiw=A.D.C%0=2% 4)
F.Q1).(4).DF.Prop

The propositions proved in the present number are capable of being to
some extent generalized. Also we can prove

k. 0=(wexp,.w)-i-i.
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For this purpose, we prove first that if P, @ are well-ordered series, PQ is
Dedekindian (except that if ~E! B‘;’, P? hag no last term); v.e. we prove

PQReQ.D:ACCPe.g!IN.D,. Ellimin (P
For this purpose, assuming ACC‘P?. 7 ! A, put

@A = miny‘g (S‘T)t‘y ~eQuvl),

i’P‘X =An i {MQum\ = minp‘;‘)’\‘Qm‘)»},

A=AB(Crp ), .
PN =T () - e (Trwd)N . N = ()} G“Quul.

We can then show, by steps closely analogous to those in the proof of PyeDed,
that we have

A P (Tox AN D . p(Tox A)\ = min (PO,
~ I p(Tpe AYN . D (PQ)N = prec (PUA,
whence, in either case, E! limin (P)A.
Hence we have
F:P,QeQ.E1BP.D.PeeDed,
F:P,QeQ.~E1BP.ZeeCT9.D. Pe4s Ze Ded.
We have therefore F.(wexp, )+ 1 C Ded.
We now have to prove
Qe(wexprw)+1.D.4!8n m_c?d‘Q.
For this purpose, it will be sufficient to prove
Pew.D.q !N n med{(PP).

The &, in question will be the class of those members of C*(P*) in which,

from a certain point onward, the correlate of every member of C*P is BP.
We have

M(PPYN.=:M,Ne(C°P1CP)uCP:
- -
(ga).xe C°P. M} P = N} Pz . (M‘x) P (N‘z).
Now consider the relation
- v — v
L=MIPyzoyl Pfzu(*BP)T PP,
where (M‘ﬁ,‘w) Py.
Then M (PP)L.L(PP)N. Also L has B¢P for the correlate of every term
after ]\51‘.7:. Hence it is determined by the correlates of the terms up to and

including P,‘z. Thus, putting z= P,‘z, we have to consider the class of
relations

S 4
p=2X|(gz). ze TP .X el ->Cls. X = Py’z. D*X C C“P).
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&—
If X ep, X w(t‘B°P) 4 P'maxp*d‘X is a member of C“PF. We have there-
fore only to show that e N,.

To show that we®,, we observe that if X ey, DX and ‘X are both
inductive classes; hence each has a maximum. Let X and X’ be two
members of u, and let us put

z = maxpD*X . 2’ = maxp DX’ . y = maxpd‘X . ¢ =maxpdAX".
If 2=pp and y=vp, put 24+py=(u+.v)p. Then put X before X’ if
(@4+py) P(@ +py)orif a4py=a+py .yPy. Butif e+py=2a"+py and
y=y, e if z=a".y=y, take the immediate predecessors of z, y, 2/, ¥ in
DX, d‘X, D‘X’, ‘X’ respectively, and apply the same tests to them, and
so on, until we come to a difference. In this way, we obtain an arrangement

by last differences (in a slightly extended sense), and this arrangement is
easily shown to be an w. Hence uweN;,. Hence the class

—
v=%{(gX). X ep.y=X u(1*B‘P)} Pmax, X}

is an 8, and we have already shown that it is a median class of C*PP.
Hence

F:Pew. D.H!Nonm_e’d‘(PP).
The same class will be a median class of PP 43 Z, if Z~ e (*PF. Hence
FrPew.Zee PP, D . g 18 n med((PF 4> Z).
Hence, by what was proved earlier,
F:Pew.Z~eCPP.D. (PP Z)el,
ie. F.(wexp,0)+1=6.
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SUMMARY OF PART VL

THE purpose of this Part is to explain the kinds of applications of
numbers which may be called measurement. For this purpose, we have
first to consider generalizations of number. The numbers dealt with hitherto
have been only integers (cardinal or ordinal); accordingly, in Section A, we
consider positive and negative integers, ratios, and real numbers. (Complex
numbers are dealt with later, under geometry, because they do not form
a one-dimensional series.)

In Section B, we deal with what may be called “kinds” of quantity:
thus e.g. masses, spatial distances, velocities, each form one kind of quantity.
We consider each kind of quantity as what may be called a “ vector-family,”
1.6. a class of one-one relations all having the same converse domain, and all
having their domain contained in their converse domain. In such a case as
spatial distances, the applicability of this view is obvious; in such a case
as masses, the view becomes applicable by considering e.g. one gramme
as + one gramme, t.e. as the relation of a mass m to a mass m’ when m
exceeds m’ by one gramme. What is commonly called simply one gramme
will then be the mass which has the relation + one gramme to the zero
of mass. The reasons for treating quantities as vectors will be explained in
Section B. Various different kinds of vector-families will be considered, the
object being to obtain families whose members are capablc of measurement
either by means of ratios or by means of real numbers.

Section C is concerned with measurement, .. with the discovery of
ratios, or of the relations expressed by real numbers, between the members
of a vector-family. A family of vectors is measurable if it contains
a member T' (the unit) such that any other member § has to 1" a relation
which is either a ratio or a real number. It will be shown that certain
sorts of vector-families are in this sense measurable, and that measurement
so defined has the mathematical properties which we expect it to possess.

Section D deals with cyclic families of vectors, such as angles or elliptic
straight iines. The 1heory of measurement as applied to such families
presents peculiar features, owing to the fact that any number of complete
revolutions may be added to a vector without altering it. Thus there is not
a single ratio of two vectors, but many ratios, of which we select one as the
principal ratio.

16



SECTION A.

GENERALIZATION OF NUMBER.

Summary of Section A.

In this section, we first define the series of positive and negative
integers. If u is a cardinal, the corresponding positive and negative
integers are the relations 4+, p and —, u, or rather (+.p) [ (NC induct — t*A)
and (—p)[ (NCinduet —¢‘A). (It will be observed that a positive integer
must not be confounded with the corresponding signless integer, for while
the former is a relation, the latter is a class of classes.) We next proceed to
numerically-defined powers of relations, t.e. to R, where v is an inductive
cardinal. We have already defined R? and R? but for the definition of ratio
it is important to define R” generally. If Rel—1. R, CJ, we shall have
R*=R,, and if ReSer, we shall have (R,)y=R,. But these equations do
not hold in general, and in particular if RG7 and »+40, R*=R but B,=A.
After a number devoted to relative primes, we proceed to the definition
of signless ratios, thence to the multiplication and addition of signless ratios,
thence to negative ratios, and thence to the generalized addition and
multiplication which includes negative ratios. (In the case of ratios, signless
ratios are identical with positive ratios. This is possible because signless
ratios, unlike signless integers, are already relations) We then proceed
to the definition of real numbers, positive and negative, and to the addition
and multiplication of real numbers. At each stage, we prove the com-
mutative, associative, and distributive laws, and whatever else may seem
necessary, for the particular kind of addition and multiplication in question.

Great difficulties are caused, in this section, by the existence-theorems
and the question of types. These difficulties disappear if the axiom of
infinity is assumed, but it seems improper to make the theory of (say) 2/3
depend upon the assumption that the number of objects in the universe
is not finite. We have, accordingly, taken pains not to make this
assumption, except where, as in the theory of real numbers, it is really
essential, and not merely convenient. When the axiom of infinity is
required, it is always explicitly stated in the hypothesis, so that our
propositions, as enunciated, are true even if the axiom of infinity is false.



#300. POSITIVE AND NEGATIVE INTEGERS, AND NUMERICAL
RELATIONS.

Summary of #300.

In this number, we introduce three definitions. We first define “U " as
meaning the relation which holds between w+,» and u whenever u and »
are existent inductive cardinals of the same type, and v+ 0, and u +, v exists
in this type. Thus U is the relation “greater than” confined to existent
inductive cardinals of the same type. The definition is:

%30001. U=(+,1),,} (NCinduct—t‘A) Df
Then if x i3 an inductive cardinal which exists in the type in question,

U, and U, are the corresponding positive and negative integers, where “ U,”
has the meaning defined in %121. It will be observed that OU, u, so that
U, exists, when u exists in the type in question. We prove (¥300'15) that
U is a series, and (x300'14) that its field consists of all existent inductive
cardinals of the type in question, its domain consists of all its field except 0,
and its converse domain of all its field except the greatest (if any). If the
axiom of infinity holds, C*U consists of all inductive cardinals.

It will be observed that U arranges the inductive cardinals in descending
order of magnitude. The reason for choosing this order instead of the
converse is that U is less required in its serial use than as leading to the
functional relations U,. As explained at the eud of Part I, Section D, there
is a broad difference between functional and serial relations, and this
produces, where one relation (or its derivatives) is to have both uses, a
certain conflict of convenience as to the sense in which the relation .is to be
taken. Considered as arranging the integers in a series, U would naturally
be defined so as to arrange them in ascending order of maguitude, as was
done with “N” in %128. But considered as functional relations, it 1s more
convenient and more natural to take (say) +,1 as the relation to start with,
and —1 as its converse. Thus we want uU,v when u=v+,1, v.e. we want
Ufv=v+,1; and this requires the definition of U given above.

We prove in this nurmber (¥300-23) that Uis well-ordered, and (¥300°21-22)
is either finite or a progression. We also prove (¥300-17'18) that, if u is any
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typically indefinite inductive cardinal, u and u+,1 will belong to C¢U if U
is taken in a sufficiently high type.

Our other two definitions in this number define two classes of relations
which are of vital importance in the theory of ratio. We define numerical
relations, which are called “ Rel num,” as one-one relations whose powers are
all contained in diversity, t.e. we put

¥30002. Rel num=(1—-1)n R(Pot‘RCRIJ) Df
We thus has s (%300'3)
F:ReRelnum.=.Rel—1.R,CJ.

It will be remembered that the hypothesis Re(Cls—1)u(1->Cls). R, CJ
played'a great part in %121, and in all later work which depended upon %121.

When both R and R fulfil this hypothesis, we have R ¢Rel num, and
vice versa. We prove (¥300°44) that if o is an inductive cardinal not zero,

and P is a series, then P, is a numerical relation, and so is P,. If P is an
endless well-ordered series, finid‘P (i.e. the class of relations P,) is what

(in Section B) we shall call a vector-family: P, is the vector which carries
a term ¢ steps along the series.

In order to be able to deal with zero, we have to consider the application
of ratios, not only to such relations as are numerical in the above sense,
but also ‘to relations contained in identity, because a relation contained
in identity may be regarded as a zero vector, so that (eg.) if P is a
series, I [ C*P will have a zero ratio to P, if ¢ is an inductive cardinal
other than 0.

We therefore introduce a class “Rel num id” consisting of numerical
relations together with such as are contained in identity; these may be called
numerical or identical relations. They may be defined as one-one relations
whose powers, other than R,, are contained in diversity, because, if R G 1,
there are no powers other than R,. Thus we put

%30003. Relnumid =(1—1)n B (PotidR — ‘R, CRIJ) Df
and we then prove
%300:33. +.Relnumid = RI‘T v Rel num

For the application of ratio, it is important to know undér what circum-
stances there exists a numerical relation R such that R, is not null. We
prove (x300°45) that if ¢ is an inductive cardinal, and P is a series of

4,1 terms, then (BP)P,(BP). Now we also prove (%300-44) that if
P is a series, and R=P,, P,=R, and R is a numerical relation. Hence
it follows, by %262:211, that if ¢ 4 0 and a is a class of ¢ +,1 terms, there is
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a numerical relation B whose field is of the same type as a and for which R,
exists. Remembering 30014 (quoted above), this proposition is:

%30046. F:oced‘U—-10.D.
(AP, R) . Pe(ac+,1),. R=P,. ReRel num . t*C‘R = {,°c . (B‘R) R,(B‘E)
We have conversely (x300:47)
F:ReRelnum.j!R,.D.0eNCind.gl(c+,1)nt‘C‘R.acnt‘C°‘Re ‘U,

where “NCind ” has the meaning defined in %126, t.e. “o ¢ NCind ” means
that o is a typically indefinite cardinal.

The number ends by propositions proving (%30052) that U, is a
numerical relation, that (%300°57)

(U AU D ExeveCU . EX v =1 X,
and analogous theorems.

¥3000L. U = (+¢1),0 b (NC induct — ‘A) Df
¥30002. Relnum =(1 — 1) n R (Pot‘R CRIVJ) Df
¥30003. Relnum id = (1 - 1) n B (Potid‘R — t‘R, CRI*J) Df
%3001, Fiulv.=.pu(+1)v. uve NCinduct — ‘A [(%300°01)]
*3001L. ki ulv.=:

v e NCinduet — t‘A s (gA) . A e NCinduct — tO . p=v +,\:
tp,ve NCinduet — Az (gN) A F0. pu=v 4 N
tu,v e NCinduct — t‘A s (FA) A e NC— 0. u = +,A

[%300°1 . %120-42'428462:452 . %110°4]

*30012. F:uUv.

v e NCinduet — ‘A v < .
e NCinduct. v <
«peNCinduct . v < p
[¥300-11.%117-3 . %120'42 . %117-26 . x110'6 . x117°15 . %¥120°48]
%*30013. F.UCJ [%30012.%117-42]
%*30014. F.C‘U=NCinduct — ‘A . DU =NC induct— ‘A — t‘0.
AU=NCinduct nd (g !v+.1)=7 (v +,1 e NCinduct — t°A).

e

BT =0
[*¥300°12 . %117-511 . %120°122 . ¥101-241 . ¥120°429:422]
%30015. F.UeSer [%300'13.%120-441]
%30016. F:aeClsinduct.d.Ne‘ae CU n ta. Nyctae C(U [ £)
Dem.

F.%12021.DF: Hp.D.Nycae NCinduct 1)
F.%10313.DF. Ncad A (2)
F.%10311.DF . N,cta e £a (3)
F.o(1).(2).(3).%30014 . D} . Prop
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*x30017. F:ueNCind.D.(qa). pntacCU . pueC(U t*a)
Dem.

F.%x126:1. Ot:Hp.d.(ga).aeClsinduct.p=Nca.qlu.
[%103-34] D.(ga).aeClsinduct. un tfa= Nyca (1)
F.(1).%30016.2F: Hp.D. (qa) . un tiacCU. (2)
[%65°13] D.(ga) . peCU . uCtla.

[%63°5] D.(qa) . e CU . pet¥a (3)

F.(2).(3).2F.Prop
%30018. F:ueNCind.D.
(o) - 2¢ e C(UL ta) s (4o 1) ntia e C°U . e A(U [ t¥0)
[*126:13'15 . %300°17-14]
*3U0181. F: e NCind. untaeCU.D.
2ntaeCU.(u+, 1) A t¥ae CU.pntdae U
[%126:23 . ¥300°14]

¥3002. F:Infinax.D.U=N,
Here N has the meaning defined in %263-02.

Dem.
F.%3001.%1251.DF:. Hp. D1 puUv.
[%120-1.%91-574]

[%96°13]
[(%26302.%120:01)]

«u,ve NCinduct. p (+, 1) v .
s V{1 1)% 0 .,u,(_-}-)c Dyov-

i {(He DT (o DxOdpo v -
«vNopi.JF. Prop

It

mn i

¥30021. F:Infinax.D.Ucw [%3002.%26312]

%30022. F:~Infinax.d.UeQinduct
Dem.
F.%12516:24. Transp. D F: Hp.D .0 U ¢ Cls induct 1)
F.(1).%30015.%26132.JF.Prop

¥30023. F.UcQ [¥300:21:22]

%300231. F:ulU,v.=.p4,veNCinduct — A . p=v+,1.
pweNCinduct — ‘A u=v+,1.
+peNCinduct - A — 10 . v=p—, 1.

.veNCinduct - t’A.v=pu—,1

(11| (!

Dem.

F.%30015-12.%20163.D
Foouliv.=:ureNCinduct — A v <pi~ (A v <A A< ot
[¥120:420]) = : v e NCinduct — A v < piv+, 1 Zp.uzv+,1:
[(#117-25] =:puveNCinduct —t’.A . u=v+,1 1
Fo(1).%120422:424423 . D F . Prop

10|
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%300232. F:pueNCinduct.D.

U.=(+. ) [ (NC induct — t‘A). iJf“ = (=) [ (NCinduct — ¢A)
For the definition of U,, see ¥12102.

Dem.
F.%121:302.%30015.DF:pU,0.=2.0eCU.p=0.
(%3001 4.%1106] = .p,c e NCinduct— A . p =0 +,0 (1)

F.%260:22-28 . %121-332.D

b2 Uu=(+.p) L (NCinduct —tA). D Upyor= (4. p) [ (NCinduct — ¢“A)| U,
(%300231] = (4o ) [ (NC induct — t“A) | (+, 1) [ (NC induct — )
[%12045452] = [+ (u +o D)} [ (NCinduct - tA) 2)
F.(1).(2).Induct.dF. Prop

_’
%30024. F:ueNCinduct.D. DU, = Uyu= NCinduet n $ (v > )
[#300-232 . ¥117-31 . %12045]

%30025. F:ueNCinduet.D.
2V e v
BU,=Uu=NCinduct n p (v < p)=U (0 + )
[300-232:24:12]
%30026. F:peCU.=.ulU,0.=.75! UL (CU) [%30023214.%110:6]
Here the p in “ U,” is of higher type than the u in “ueC*U,” because
the interval U (0 — u) is composed of members each of which is of the same
type as u.
#3003, F:ReRelnum.=.Rel—1.R,CJ.=.Rel—>1.Pot‘RCRIYJ

[(%300:02)]

#30031. F:ReRelnumid.=.Rel—1.Potid‘R — ‘R, CRI*J
[(%800:03)]

%300311. F: RCI.=.R,=R.=.R=I[CR

Dem.
« -
F.%201-1318. DF:RCI.D:2eC‘R.D.Ry‘zn Ry'z =1tz (1)
F.(1).%12111.DF: RCI. D.ITTC‘RCR,.

[*121-3] D.R,=I}CR.
[¥7292] D.R=R=I}CR (2)
F.%121-8. DF:R=R.D.RGIJI (3)

F.o(2).(3).2F. Prop
%300:312. F: RG7.D.Potid‘R=1R=1‘R, [%300-311.x50-72 . Induct]
%300313. F: ReRelnumid.D. Ry =~ R, CJ ([%300:31.%0155]
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%30032. F:ReReloumid.D.R,=I[C*R

Dem.
F.%91:35.DF. T C‘RePotid*R — Rl ex‘J 1)

F.(1).%300:31 .3 . Prop
%300321. F: ReRelnumid. R+ £, .D.RCJ. ! R [%30031]
*300322. F: RGJ.D. R ,AR,=A

Dem.
F.%1213.2F:2R y.axy.d.~(«Ry) ¢}
F.%5024.DF: Hp.D:~(sRa): (@)
[%91:57] d:zR,x.D.2(Ry,|R)z.
[%121103.(2)] 3. R(z—a)+ .
[¥121°11] .~ (zRy2) (3)

F.(D.(8).9F. Prop
%300323. +: ReRelnumid.R+R,.D.R,,CJ

Dem.
F.%300321'322 . D F: Hp.D. Ryu A Ry= A
[%300-32] 3.R,,AIMNCR=A:DF.Prop
%300324. F:. ReRelnumid.D: RC7.v.ReRelnum
Dem.
F.%300:311323. D br. Hp.D: RGI.v. By € 1)
F.%30032. Dt:ReRelnumid. R, CJ.D.Potid*’R~1‘R,=Pot‘R (2)
F.(2).%30081. DF: ReRel numid. R, CJ.D.Pot) RCRIJ 3

F.(1).(3).%3003.DF. Prop

%300°325. F: RC7.D.ReRelnumid

Dem,
F.%300:312.3F: Hp.J. Potid’R - 1‘R, = A (1)

F.(1).%300:31.DF . Prop
%300:326. F: ReRelnum.D . Re Rel numid

Dem.
F.%1213.%3003. DF: Hp.D.R,~¢ePot‘R @))
F.%121-:302.%300'3.DF: Hp.D.R,=1 [’ C‘'R (2)
F.(1).(2).%91:35. DF:Hp.D.Potid*R—t‘R,=Pot‘R (3)

F.(3).%300331.2F. Prop
%300:33. +.Relnumid = Rl v Rel num  [%300324:325'326]
*30034. +.A ¢Relnum [%300°3 . %72'1]
%3004. . Relnum = Cov¢‘Rel num [%300-3 . %91-522]
%30041. F.Relpumid =Cnv*Relnumid [%*300°31.%91-521]
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#30042. F:ReRelnum.D.Pot‘R CRelnum
Dem.

F.o%916.%92102.D
F:Re¢eRelnum.PePot)R.D.Pel—1.Pot!PCRIJ.

[%300-3] J.PeRelnum:DF. Prop
#30043. F: ReRelnumid.D. Potid*’R CRel numid
Dem.
F.%300325812. DF:RGI.D.Potid’RCRel numid (1)
k. %300325 . >t+.I}C“ReRelnum id @)

F.(2).%30042:326.D F: ReRelnum.D . PotidRCRel numid (3)
F.(1).(3).%30033.DF. Prop
%30044 F: PeSer.ceNCind.D:
P,,;’,eRel numid:eF0.D. P, =(P)s. P,,F’,eRel num

Dem.
F.%121-302 . %300:325. D F : Hp.o=0.D. Py, P, e Rel numid (1)
k. %260:28 . St:iHp.o40.D.P,=(P), @)
F.%3008.%26022. DF: Hp.D:P,eRelnum:
[%121'5.%300°42] J:040.D.(FP),eRel num.
[(2)-%300°4] >.P,,P,eRel num (3)

F.(1).(2).(3).DF. Prop

%30045. b:0eNCind. Pe(o+,1),.2.(B*P) P, (BP)
For the definition of (¢ +,1),, see %262:03.

Dem.
F.%26212.0F:Hp.D.Pe).CPec+,1..

[%202181.426124] O.(BP) P, (BP):d+.Prop

*30046. F:oceTU—-10.D. .
(WP, R). Pe(c +,1),. R=P,. ReRel num . t)C*R = t,%c . (B‘R) R, (B‘R)
Dem.

F.%30014.DF:Hp.D.(qa).aeClsinduct.t‘a=tc.aeca +,1.

[%262-21 1] 2.(@P). Pe(o +¢1).. t‘CP=t\c.

[%300:45] >.(gP). P e(+,1), . t’C°P = t,%c . (BP) P (BP).

[¥300-44.%26122]  D.(gP,R).Pe(c+o1),. R=P,. ReRelnum.

t#C‘R =t s . (B‘R) R, (B‘E): D F . Prop

R & W, III,
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%30047. F:ReRelnum.j!R,.D.
ceNCind . ! (c 4+, D nt‘C‘R.cn t‘C‘Red“U.

Dem.
F.%121'111.DF:Hp.D.(qdo,9). R(z—iy)ea +,1.
[%*121-46] D.oc+,1eNCind.q!(ac+,1)nt*C‘R.

[%120422.%30014] .o eNCind.q!(c +o1) nt‘C‘R.
ont’C*Red*U:DF.Prop

%30048. F:RGI.»40.D.R,=A

Dem.
F.%3008312811.%91'55.0F: RCI.D. Ry =IC‘R (1)
F.(1).%121'103.2F: RGI.D.R(a—y)=CBntzniy ()
F.o(2)-%12111. DF:( RCI.D:2R,y.=.C°Rnt'znityev+,1.
[#117-222] Dov4,1 Nefeiz.
[%117-54.%120:124] d.v+,1=1.
[%110-641.%120'311] 2.v=0 3)

F.(3).Transp.dF. Prop
#300481. F: ReRelnumid.»40.D.(R),=A.(R,)CR,
Dem.

F.%3003248 . DF:Hp.D.(R),=A (1)
F.%30043:32.DF:Hp.D.(R,),=I[ C‘R,.
[%121-322.%300-32] J>.(R.),CR, (2)

Fo(@).(2).9F. Prop
%30049. F:ReRelnum.A~ePot‘R.D.C*R~eClsinduct
Dem.
F.%121'5.9F:.Hp.D:veNCinduct.D.! R,.
[%121-11] 2.9 (v+,1)n CI*C“R:. D F. Prop
*300491. +:(gR).ReRelnum. A ~ePot‘R.D.Infin ax [%300:49)
%3005. F.U,eRelnum [%300°15-44]
%30061. F.U,¢Rel numid [%300°15°44]
¥300511. F. U, = (U, [%300-2122 . %263491]
%30052. F:pueNCind—t0.D. UseRelnum [%300'1544]
¥30053. F.(x,1)} C“UeRelnumid [%300°325 . %113:621]
%30054. F:Infinax.pueDU—~1¢1.D.(x,u)[ DU eRel num
Dem.
F.%12051. DF:Hp.D.(X,p)[ DUel—1 ¢))
F.%12651.%113621. 2 F:. Hp.D:p{(xep) [ DTU}6.D . p>c:
[*117-47-42] D:{(xen) [ DU}, CJT (2)
F.(1).(2).%3003.J F. Prop
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¥30055. F:f !B, AK,.D.q!(p+)nt‘C‘RB.p=0 [¥121'11.%120:31]
*300551. Fi5 ! R, A Ry .

]

Hq!'R,.p=0c [%300°55]
%300552. F: ReRelnum.D.(Ry), C Ry,

Dem.,
F.%12136. DF:Hp.§veNCind—t°0.D.(Ry), = Ry,., (1)
F.%300481 . D F:Hp.£=0.»40.D.(Rs),=A (2)
F.%300:32:311.%113602.DF: Hp. £=0.v=0.D.(Ry).= Rex.s  (3)
F.%300481.%118602. DF:Hp.£40.v=0.D.(R:),CRex.. (4)
F . %300°47 . Dt:Hp.~(£veNCind). . (R),=A (5)

F.(1).(2).(3).(4).(5).DF . Prop

%30056. F:ReRelnum. ! (R, A(R,)..D.

Exv=nxpu.(Exv)nt‘!C*R e ‘U
Dem.
F.%300552.DF:Hp. D ! Bixoo A By )]

F.(1).%30055.D F. Prop
*%30057. F:gl(Up, AU I EXqveCUEX,v=0X,p
Dem.
k. %300:551156:552. D F t Hp. D Exou =1 Xop - 5! Uxer (1)
F.(1).%30026.DF. Prop
By %300'56, we have, with the above hypothesis, (§ X,v) nt‘C‘Ued“U.
But here the U in AU is of higher type than the U in (§ x,») n t‘C‘U or in

the hypothesis. In the type of the U in the hypothesis, we have £ x,v e C*U,
not necessarily £ x, v e I*U.

*30057L. k1. £,9eDU.D: L (Up), A(U)n-
Dem.

F.%30026.DF: Ex,veCU.Exgv=n X+« (EXe¥) {Utxor A Upsen) 0 (1)

F.%12186. D F: Hp. Hp(1). p$0.2%0.2. Uprop = (Up)or Upxew=(Un)u (2)

F.%30082.0F:Hp.Hp(1).v=0.D.(Up),=1}CU;.

ExaveCU . Exv=nXcp

il

[%300-26] D.0{(Us)} 0 (3)
Similarly F:Hp.Hp(1).x=0.2.0{(U,).} 0 (%)
F.%118:602.0F: Hp.Hp(1).v=0.D.4=0 (5)
Fo@).(2).(8).(4).(6) - D F:Hp. Hp(1). .5 (U, A (U, (6)

F.(6).%300:57 . F. Prop

*300572. F:. EeDU.D st (Up)y .= ExgveCU [*300-571 E—”}

H



#%301. NUMERICALLY DEFINED POWERS OF RELATIONS,

Summary of *301.

In this number, we have to exhibit the powers of a relation R, i.e. the
various members of Potid*R, as of the form R, where ¢ is an inductive
cardinal. We have already had R*=R|R and R*=R?|R. What we need
is a definition which shall give

Ret+l=R|R.

Now R is a function of R and o; thus we have to exhibit R in the form
S¢a, where S will be a function of R, That is, we have to define the relation
S as a relation of R’ to o, and S must be such that, if it holds between
R’ and o, it holds between Ro+! and ¢ +,1. Thus we may take S as a sum
of couples, such that if one couple is R® | o, the next is (R?| R) | (¢ 4,1),
t.e. such that, if one couple is @ |, o, the next is (@ | R) | (¢ +,1). Now

QIR (e +. )= {( B) (= DI(Q | o).
Hence, since we want to have R°= I [ C‘R, our class of couples is

MIM{(|B) | (=D {ITC'R) | 0}]
Calling this class num (R), we may therefore put .

Re = {$num (R)}‘c Df.
If we put (| R)||(~.1) = R,, the above definitions are
—
num (B)=(R,)*{(I [ C‘R) | 0} Dtft,
R = {§num (R)}‘e Df.

But the above definition of R, requires some modification before it can be
considered quite correct. With the above definition, we have

B Q1 o)=(Q|R) | (s+1) (D).
Now since num (R) is defined by means of (R,), and since the definition

of Ry coutains the hypothesis R“u Cp, it follows that, if num (R) is to be
significant, the relation —,1 which appears in the definition of R, must
be homogeneous, so that, in (1), ¢ and o +,1 must be of the same type.
Hence o, though typically ambiguous, cannot be typically indefinite;
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therefore, if the axiom of infinity is not true, we shall sooner or later arrive
at o= A as we travel up the induective cardinals. In that case, we shall have

Be=1 | (6 — 1) enum (R).(R° | R) | A enum (R),
(Re-<1| R| R) | Aenum (R), etc.

Now if (for example) R is a cyclic relation, such as that of an angle of
a polygon to the next angle to the left, we shall not have

Re-a=Re—!|R or R*~'|R=R°"1|R|R.

Heunce §‘num (R) will fail to be one-many, and R will fail to exist. Hence
it becomes desirable to restrict o to cardinals which exist in some assigned

type, i.e. to replace — 1 by (—, 1) [ (NC induct — t‘A), v.e. by U,.

Thus we now put R,=(R)|U, Dft.

But even this definition is not quite complete, because the type of U ig
not assigned. It makes some difference how the type of U is assigned, for
if we take as the type of C*U a type lower than that of {Nyc‘‘R, we may
find that our numbers become A before we have ceased to obtain fresh
powers of R,

For example, suppose the total number of individuals were four, and that
these were a,z,y, 2. Let us write z |, (a,y,...) forz [ awz | yv.... Then
consider the relation B=z | (a,y)wa | yuy | (z,2). Then

Rr=z | @ynual (@zuyl (ay)

Ri=al(@,yz2)ual (@y)vyl (@Y 2)

Ri=z | (y,x,z,a)wa | (y,2,2)wy | (a,y 2,2),

Ri=z | (a,z,y,2)wa l (¢,2,y,2)vy | (a,.2,9,2).
After this, R®= R®| R= R°| R*=etc. But up to R? each power of R is
different from all its predecessors. If we take C*U=tNyc“t“C‘R, C"'7
consists only of the numbers 0, 1, 2, 8, 4, and is thus inadequate to deal wiun
R’ Hence the type in which we take U must be a sufficiently high type,
which must increase with the type of R. Hence we take C*U in the type of
t'Nyct‘R, i.e. in the type of t*R. This is secured by writing U[ t*R in
place of U in the definition of R,. Hence the final definitions for R° are:

¥30101. R,=( R)|(U,} t“R) Dit [%301]
%301:02. num (R) = (Rywg“/(I} C‘R) { (0 m R)} Dft [301]
%301:03. Re={¢num (R)}‘c Df

The two temporary definitions %301'0102 are only to extend to the
present number.
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With the above definitions we have
%301'16. F:peCUnt*R.=.E! R+

%3012, F.R=I[C‘R.R'=R
%30121. F:pedUnt*R.D.R*+1=R'|R

%30123. F:p+,0eCUnt*R.D. R+~ =R+| R* = R'| Rr
%301°26. F:PePotid‘R.=.(qo). P =R"

Le. the powers of R are the various relations R°. This proposition might
have been not universally true if we had taken U in a lower type.
%3018. F:RCGIl.0eCUnt*R.D.R°=R=R,=I[CR

It is largely for the sake of this proposition that we require powers
of relations in dealing with ratio, rather than finid‘R. For we have
RGI.c#0.D.R,=A, so that R, does not give what is wanted if
RGI On the other hand (#301'41), if R ¢ Relnum, we have R°= R,
ifeeC*Unt*R. Thus as applied to numerical relations, R, may always
replace R°.

We have, whatever R may be,

*301504 FipveCUn*CR.p40.D. (RE) = Rexev

The importance of this number will appear in connection with ratios.

*30101. R,=( R)|(U,} #R) Dft [¥301]
30102, num (B)= (BT} C‘R) | (0n#<R)} Dft [x301]
#30103. Rv= [num (R)]‘c Df

#3011 Fioed(ULE“R).D.RAQ L o)=(Q|R)} {(c+,1) nt*R)
[%55'61 . (%301-01)]
#301'10L. F: o QYU *R).
[%635]
#301102. F:oe (UL #“R).=.
(@A) -2 eClsinduct . ! =N . RetyA . 0 = NyeA
[%300'14 . %103-11]
%301103. F:0e (UL tR).=.
(@) - A eClsinduct . ! —A. ReX.o=Nge
[%301102 . ¥737172]
%301'104. F:o e (UL “R).=.(c +,1) n t*R ¢ NCinduct — ¢‘A
[%301-101 . %300°14]

%301'106. F:oe YU #R).=.(g\). L eClsinduct. ReX.o +,1 =N
[%301-104]

o eUnt*R.=.0e‘U.0c Ct*R
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%301106. F:0ce (U £#“R).
[¥301104]

%301'107. F:0e YU #“R).
[%301°106 . %1261]

%301'11. F:o0ed(U[tR).=.EIR5Q | o) [%3011]

%30112. t:Menum (R).D.(qP,0). PePotid‘R.oe C‘Unt*R.M=P | o
[%95-22]

%30113. F:P | Oenum(R).D.P=I[CR

Dem.

i

- (@) A eClsinduct. RetyA. o +,1 = N,c4,

il

.oeNCind. Res(o+,1)

F.%90:31 . (x301:02) . D
Fi:Plpenum(B)—&{(I[TCR)}0}.D.

(P L ) (R)x| B} (T OB) L 0}.
[#30:33.%3011]D. (P | w)(Bpx (R { 1).
[%9522] D.ulUgl.
[%300-24] D.u%0 M
F.(1).Transp.DF. Prop

%301'14. F:P | 4, Ql penum(R).D.P=Q

Dem.,
F.%120:124. %90'31. D
FH(S ] (uko )} (B (T CB) L 0.3

(8L (u+e D} By (Rl (LT CB) L O} M
F.(1). (%301°02) . %301-12 . %300-14. D
F:Sy (p+eDenum(R).D.S | (u+,1)e Ry num (R) . ! u+.1-
[¥301°1]

d2.(qP,v).Plvenum(R).SL (u+,1)=(P|R)| (w+,1). !+ 1-

[%55202.%120°311]

>.(@P). P | wenum(B). S | (s+eD)=(PIR) | (u+e1) @)
F.2).0F0.PluQlpuenum(R).Dp . P=Q:D:
S+, T) (u+.Denum(R).dg r.8S=T 3)

F.(3).%301-12:13. Induct . D F. Prop

%301-141, F.d%num (R)=CUn R
Dem.
F.%3011.D
FioeUnt*R.oed%num (R).D. (0 +, 1) e Té‘num (R) ¢y
F.(1).%300'14 . Induct . D } . Prop
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%80115. F.énum(R)el—Cls
Dem.
F.%301'14.DF: M, Nenum (R) . ! A‘Mnd‘N.D.M=N (1)
F.(1).%72:32.D F. Prop

%80116. F:pueCUnt*R.=.E! R [%301:141'15. (x301°03)]

%3012, F.R=I[C‘R.R'=R [%#301°1316'1 . (¥301°03)]
%301201. F:yve CUnt*R.D.(R ] v)enum (R)
Dem.

F.%30116 . (%30103) . D F: Hp. D . R {§num (R)} v.
[#41'11] D .(gM). M enum (R). R"Mv.

[%301112]D . (qM,P,0) . Menum (R).M=P | 0. K" Mv.
[%5513] D.(R*{ v)enum (R): DF.Prop

%30121. F:vedUntR.D.R*'=R'|R

Dem.
F.%301'1201 .DF:Hp.D. R+ [ (v 4. 1), (R"|R) | (v +, 1) enum (R).
[%301-14] D.Rvtl=R'|R:DF.Prop

%30122. F:E!R".D.R ePotid‘R [%301:201-12:16]

%30123. F:ip+,veCUnt*R.D.R++*=R+| R =R"|R+
[#301-21 . Induct]

¥301'24 FioeNCind:ip<<o.v<p.Du, BB :D.

Pigp) . p<o.P=Rtea+,l
Dem.

Foxl20442 . D Hpop<oov o . RF=R.D.u=v (1)
F.(1).%7314.%301'15.D

F:Hp.D . NeP{gp) - p<o-P=R}=Nch(p<o) (2
F.(2).%12057 . D F . Prop

%301241. F: Hp#30124.D .0 n t*Re AU #*R). R*+1=R°| R
[%301-24-104-21]

%301242. t:oeCUnt*R.pKo.v<<p.Rt=R".D.R?|R= Roerterte
Dem.
F.%120:412416 . F: Hp.D .o = (0 —4 p) 4o -
[%301-28] D.R%= Ro e+ | Rr.
[Hp.x301-21] J.R?|R= Roer| Rr+el
[%301-23] = Re-entevtel: D F, Prop
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*30125. F:(qo).P=Re.D.(g7). P|R=R [%30116:241-2421

%301'26. F:PePotidR.=.(go).P=R"
Dem.
F.%301-252. Induct , D +: PePotid’R.D.(go). P=R" (1)

F.(1).%30122.DF. Prop

#3013. F:RGI.ceCUnt“R.D.R°=R=R,=I"C‘R
[#300:312 . %301°16:26]
*301'31. F:RGI.040.D.R,=A [%30048]

The above proposition is ithe same as %300'48, but is repeated here to
show the relations of R, and Re.

%30132. F:#. RGCI.5f1R.D:5i'R,.=.0=0 {[%300311.%301-31]
#3014 F:ReRelnum.oceCUnt*R.D.R,=R"

Dem.
F.%3012.%121:302.DOF:Hp.D. R,= R* (1)
F.%301-21.%121'332.D
FeHp.oe@MUnt*R.D:R,=R°.D. R, 1= Rot! (2)

F.(1).(2).Induct . D F. Prop
%30141. F:R SeRelnum.jq!RFAR.D.p=v.q (n+.1)nt‘C‘R

[%301'4'16 . x300°55]
#3018, Fiux,veCUnt*R.u40.v30.D.(R*) = Rexv
Dem.
F.%11762832. ODF:Hp.D.pveCUnt*R O
F.(1).%301162.DF: Hp.D . (Re)t = Rrxel (2)
F.x30123. Stiv 1eCUntR.D.(Rey+i=(Rey| R (3)
F.(3).%301:23.D
Fo(uxov) +op e CUnt*R.(RFY = R¥e . DL (Rry+el = Rlxordton 4)
F.(4).%113671.D
Fro(Rey = Be*ov 3t p (v +,1) e CU A ¥R . D . (Re)r+el = Rexette) (5)
Fo#11757182 . Dbt pxo (v 4o 1) e CU AR D xve U R (6)
Fo(5).(6). Ot x,veCUnt*“R.D.(R) = Rexev: D

X (v +o1) e CUABR.D . (Rey+el = Ruxclrted ()
F.(1)-(2).(7).Induct . D} . Prop

#%301601. F:u=0.veCUnt*R.D.(R*)=Rrxv [%30123]
%301802. Fzpu,veCUNCR.D . uxeveCUntR.(ux.v)nt*ReCU

Dem.
F.%800:14.%1205.DF:Hp.q ! (u X, v) nt*R.D. (ux,v)nt*Re C‘U (1)
F.%300'14 . Dk:Hp.D.(ga,B).aepu.Bev.a, Bet'C‘R.
[%113-251] 3. (e, B).ax Bep v BetCR.
[%113-17.%64:61] D.(ge, B).ax Be(u X, v)nt*R (2)

F.(1).(2).%6513.2 F. Prop
17
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¥301'603. F:ve NCind.vntC‘Re ‘UL (“C‘R).D. v n t*R ¢ C{UL tR)

Den.
F.%30014.0F:Hp.D.(ga). aevnt‘C‘R.

[¥106-2) d. (g, a). L a“aevnt*R (1
F.(1).%30014.D F. Prop

%301804. F:p peCUnt*CR.v40.D. (R = Rexer
[¥301°5:501'502-503]

*301'808. F: EeDU.D: g {(+E)L CUYP .=, Exove CU
Dem.
F.%120452. D b t{(+, )L O U .
[*300-232)
F.(1).%300°52 . %301°4.D
Fe.Hp.D:q (4. L 0UY.=. 41 (Up), . EcC“U.
[%300-572] Ex,veCUi.DF. Prop
#3018, Fr £, neDU.D:qH {(+ O CUP A{(+.n)[ CTU}.=.
Ex,veCU.Exev=mXep

A+ HLOUY . Ee OV
~HN (U EeCU (1)

W

il

il

Dem.
F.%301°505 . %300-232 , %3014 . D
b Hp. D td ! (4. )L CTUP & ((hom b CU =51 (D), A (U

[%300°571] =.Exve CU.Exgv=nx,pu:.DF.Prop
%801562. F:veDUnt*R.D. (X pu) = %, (w)

Dem.,
F. %3012 . %113:204 . %116:204:321 . D b . (xo ) = X (1) (1)
F.%30121. D F:we TUAER.D . (Xop)tel= (X, pu) | (Xo 1) (2)
Fe(@) 2D Ftpe QU R (xom = xo ()2 D+ (o i) = o (09)] (6 )
[%116:52:321] =X (@)  (3)

F.(1).(3). Induct.d . Prop



%302. ON RELATIVE PRIMES,

Summary of *302.

The present number is merely preparatory for the definition and discussion
of ratios. We want, of course, to give a definition of ratio which shall ensure
that /v = (u X, 7)/(¥ X,7). Hence in defining w/v in any given type, we
cannot exact that s and » themselves should exist in that type, but only
that, if p/o is the same ratio in its lowest terms, p and o should exist in that
type. Hence, if we are not to assume the axiom of infinity, it is necessary to
deal with relative primes before defining ratios.

The theory of relative primes is concerned with typically indefinite in-
ductive cardinals (NCind). It will be observed that we have three different
sorts of inductive cardinals, namely NC ind, NCinduct, and C¢U, NC ind
consists of typically indefinite cardinals, NC induct consists of all cardinals
of some one type, and C‘U consists of all existent cardinals of some
one type. If the axiom of infinity holds, we have (“U= NCinduct, and
NCind = sin““NCinduct. But neither of these is true if the axiom of
infinity does not hold. It will be found that, where we require typically
definite cardinals, it is C*U or AU or DU that we require, not NCinduct;
that is to say, we almost always want to exclude A, and sometimes we want
to exclude the greatest existent cardinal of the type in question, or to
exclude 0. Thus “NCinduct” will seldom occur in what follows. The
cases in which C*U or DU or d‘U occurs are of two sorts: (1) where we
are proving typically definite existent-theorems, (2) where we are concerned
with series, as e.g. in %300, where we considered the series of existent
cardinals, or in %304 below, where we shall consider the series of ratios.
Wherever series are concerned, we must have typical definiteness, because
the definition of “ PeSer” involves C“P, and therefore only a homogeneous
relation can be serial. This is a particular instance of the fact that when we
require numbers as apparent variables (as e.g. in the theory of real numbers),
typical definiteness becomes essential. Many propositions containing the
hypothesis “ue NCind” (where u is a real variable) do not allow of u
being turned into an apparent variable, because this requires that u should
be fixed in one type, and our original proposition may demand that the
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type in which u is fixed should be a function of u. For example, #300'17
states
F:peNCind.D.(ga).ueC(UL t*a).

If we fix the type of u, we thereby also fix the type of a, and the proposition
becomes false unless the axiom of infinity is true. In fact, the proposition
demands that, the greater u becomes, the higher must the type of a become.
“NCind” is not a strictly correct idea, and the primitive proposition %913
does not apply without reserve to propositions in which it occurs. We have
introduced it because it immensely simplifies the expression of many proposi-
tions, and because it is easy to avoid the errors to which it might give rise if
used without remembering that it is a concession to convenience.

It will be found that, when we are not concerned with existence-theorems,
or with numbers as apparent variables, “ NCind ” is almost always the notion
required. This applies to all cases where we are only concerned with addition,
multiplication, subtraction and division; it applies to ratios except when
ratios are considered as forming a series, or when we are investigating their
existence. As regards the use of an “NCind” as an apparent variable,
there is a distinction between “all values” and “some value.” If we have
“peNCind,” “(gp)” will often be legitimate when “(p)” is not. The
reason of this is that, if we are to fix upon one typically indefinite cardinal,
it will be possible to assign one definite type in which it exists; e.g. there are
at least two classes four classes of classes, sixteen classes of classes of classes,
and so on. But if we are making a statement about all typically indefinite
inductive cardinals, it will not be true unless there is a type such that our
statement holds of all inductive cardinals in this type.

In virtue of #300-17,if we have “pe NCind,” we may replace it by “pe C“U”
if we may take U in as high a type as we please, or if, on account of the rest
of our proposition, p cannot be greater than some assigned inductive cardinal
so long as the hypothesis of our proposition is true.

The above remarks will enable the reader to test the uses of typically
indefinite inductive cardinals as apparent variables, and the passage from
propositions concerning NCind to propositions concerning C*U.

We define p as prime to o when both are typically indefinite cardinals and
1 is their only common factor, i.e. we put
#30201. Prm=p55{p,0eNCind:p=§FX,T.o=9X,T.Dpy,.7=1} Df

In this definition, £ #, T may be taken to be iypically indefinite cardinals,
because, when p=£ X,7.0 =5 X,7, we must have  p. K o. r<Kp. 7 0,
so that £ 9, v cannot grow indefinitely (with a given p and o) while the
hypothesis remains true.

We define “ (p, o) Prm, (4, v) ” as meaning that p is prime to o, that 7 is
not zero, and p = p X, 7. v=0 X, T, 1.e. p/o is p/v in its lowest terms, and 7 is
the highest common factor of x and ». The definition is:
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%¥30202. (p,0)Prm,(u,v).=.
pPmo.7eNCind—t0.u=px,7.v=0x,r Df
We then put further
%302:03. (p,o)Prm (u,v).=.(qg7).(p, o) Prm, (u,v) Df
Here again there is no objection to T as an apparent variable, because +
mnst be not greater than x and ». “(p, o) Prm (u, v) ” secures that plo is plv
in its lowest terms.

We also define, in this number, the lowest common multiple and the
highest common factor.

Our definition of “Prm” is so framed that every inductive cardinal is prime
to 1 (¥302-12), that 1 is the only number which is prime to itself (%302-13),
and the only number which is prime to 0 (¥302:14).

After a number of preliminary propositions, we arrive at the result that
if u and v are not both zero, and £ and 5 are not both zero, the existence of
a couple p, o which is prime both to ux, » and to £ # is equivalent to
BXan=v X E 16
30234 Frpuv,EneNCind.~(p=v=0).~(E=9=0).D:

B Xen=vX.E.=.(Hp, ) (p, o) Prm (u, v) . (p, o) Prm (£, )

We have also
%30236. F:puveNCind.~(u=v=0).=.(gp, o). (p, ) Prm (y, v)
#302:38. F:(p,0) Prm(u,v).(E,m)Prm(p,v).d.p=F.0=19

Le. there is only one way of reducing a fraction to its lowest terms.

We prove also (#302:15) that if u, v are typically indefinite cardinals, which
both exist in the type of A (t.e. pa, va € C“U), then

(p, o) Prm (1, v) . = . (p, o) Prm (pa, vp).
This enables us, when we wish, to substitute typically definite cardinals for
the typically indefinite x4 and ».

#30201. Prm=7&{p,0c e NCind:p=§x,7.0=9X,7.d¢gp-.7=1} Df
#*30202. (p,0) Prm, (u,v).=.
pPmo.7eNCind —t0.u=px,7.v=0x,7 Df

Here u, v are to be typically indefinite in the same way as px, 7 and & X, T.
Thus if, in some one type, px, 7 and o X, T are both null, that does not justify
us in writing (p, ¢) Prm, (A, A), because there are other types in which p X,
and o x, 7 are not null. On this subject, cf. #126.
#30208. (p, o) Prm (,v).=.(g7).(p, o) Prm, (g, v) Df
%*30204.  hef (u,v) =(17) {(p, ) - (p, @) Prm, (u, v)} Df
%302:06. lem (g, v)=(18) {(Hp, o, 7) - (p, ) Prm, (u, v) . E= p Xga X, 7} Df
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%3021 F:wnpPrmo.=:p,ceNCindip=Ex 1.0 =9X,T. Vg pq,e7=1
[(%302:01)]

%30211. F:pPrmo.

.cPrmp  [%3021]
%30212.. F:pPrm1.=.peNCind [%3021.%117'63161]

Il

%30218. F:pPrmp.=.p=1
Dem.
F.%30212.0F:p=1.D.pPrmp 1)
Fox3021. DFipPrmp.D:ip=1x.p.D.p=1:
[%113:621] Dip=1 (2)
F.(1).(2).DF. Prop
%30214. F:0Prmu.=.p=1
Dem.
Fo%30212.0F:pn=1.2,0Prmy 1
Fox3021. DFt0Prmu.D:0=0xp.p=1x,p.D. u=1:
[%113-601-621] Jdipu=1 (2)

F.(1).(2).DF.Prop

#30216. F:u,veNCind. uy, v e CU.D:

(p, o) Prin (u, v) . = . (p, o) Prm (s, va)
Dem.

F.%126°101.%300'14.D
Fe.Hp.D:pPrmo.7eNCind— 0. p=pX,7.v=0X,T.=.

pPrma.7eNCind—tO. up=p X, T.ma=0a x,7 (1)
F.(1).(%302:02:03). D} . Prop

#3022, FippeCU.~(u=v=0).k=2{(Tp,0) e p=pX,T . ¥=0X,7}.D.
E!max((j’)‘x.max(l?)‘xeD‘U

Dem.
F.%113621.DF:Hp.D.1¢x Q)
F.%11762.%113'602 . Transp.D
FeHp.oren . dirpu.v. 1<y (2)

Fo(1).(2).%30021-22 . %261-26 . ¥300:26 . D . Prop

In the above proposition we write “ max (U)x” rather than “min (U),”
because, since U arranges the natural numbers in descending order, “min (U )‘x”
is the greatest number which is a member of «, and therefore it is less con-

fusing to speak of this number as “max (5)%.”
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%*30221. l‘:Hpak-302'2.7=max(5)‘x.,u=p X ToVU=0 X,T.D.

(p, o) Prm, (u,
Dem. (w)

F.o%1312.DF:Hp.p=p' %X, 7. o=0"x%,7.D.
p=p X T XgTv=10" X, X, 7T\
[%113:602.Transp.Hp] J. 7' %, 740. 7" x, 7 7.
[%120-511.%117:62] D.7r'=1 1)
F.(1).%3021.DF:Hp.D.pPmo (2)
F.(2).%302:2.(%302'02). D F. Prop
%30222. F:iu,veNCind.~(u=v=0).2:(Hdp, 0, 7).(p, ) Prm, (u, v):

(dp, o). (PI o) Prm (, v)
[%302:2-21 . %300°17 . (%302'03)]

%30228. Fip,veDU.D:(Hp,0):p,0eDU.px,0=vx,p:
g"’leD‘U'l"xc"’=VXcE'Df.n'£>P"’)>‘T

Dem.

F.%30023.%11327.D
FeHp.x=DUnp{(go). g xeo = v xep}» D E 1 min (U)x (1)
F.(1).%30012.2
FeeHp.D:(gp,0)ip,ceDU. uxo=vXsp:

' EneDU.pxon=vx.E. D, - E=p (2
F.%120:51.D
FiHp.p,oeDU.pxso=vxppuXen=vX,E.DpXen=0X%,E 3)
Fox117571.0F tHp(3) . £ ne DU E2p. D EXo0 32 p X0 (4)
Foxl2651. DF:Hp(4). 0> n.D.p Xed > p Xen (5)
Fo(4).(5). DFeHp(4).D:0> 9.2 EX;0>pXen:
[Transp] Difxeo=pX9.Dd.n=0 (6)

F.(2).(8).(8).9F.Prop

%30224. Fiop,v,p,0eNCind — 0. ux,0=vX,p:
uxen=vxE.EneDU.D, . EZp.n=25:D.pPmo
Dem.
F.%3021.D
Fip,oeDU.~(pPrmo). D . (qE 0, 7). 74 l.p=EX;T.0=0X,T
[#113:203'602.%120°511.%117-62]
D.(@E 1) EnTeDU—11.E<p.n<c.p=Ex,T.ac=nX,7 (1)
Fox12051 . F:p, 0,006 DU . pu X0 =uXepap=EXeTeT =79 X, T2
o Xon =y X @
F.(1).(2).dF:ip,v,p0eDUpx,o=vX,p.~(pPrma).D.
HE ) e xen=vXEEneDU.E<p.n <o (3)
F.(8).Transp.%300'17 .D F . Prop
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%30225. F:p EeDU.D. (qa, B).aeCU.B<E . p=(ax,E)+o B
Dem.

F.%11762.%120428 . D F: Hp.D . p < (p +51) X, & 1)
F.(1).%30023.DF: Hp.D . El min (V)4 jae OU. p< (a +o1) Xo £} .
[#120°414-416] d.(ga).aeCU.p<(a+,1) X E.pZax,E.
[#117-31.%120452] D.(qe, B) @, Be CU. p < (@+o1) Xo £+ 0= (a Xo &) +o 8
[%113:671] 3.(q8,B) . a,Be CU.p < (&% £) 4o £. p= (@ Xo E) o B«
[%120442.%117-561.Transp]

d.(qa,B).-aeCU.B<E.p=(ax,E) +,8:IF . Prop

%302:26. F:Hp%30224.D.(p, o) Prm (u,»)
Dem.

F.%30225.D
FiHp.D.(H8 8,7, 8)e h=(axep)+o Br v =(y Xe0) +8.8 < p.8 < (1)
F.%11343.D
Frp=(aXp)+eB.v=(y%X,0)+,8.B<p.8 < o.ppX0=vXp.D.

(AXep %o @) 0 (BX0) =(Y Xep X 0) +e(8 X, p)  B<p.bd <o (2)
[#117-31.%120°452.%113-671]

D.aXypXeo < (y+o1)XepXeT oY XgpXeo <(A41) Xop X, 0.

[%126-51] Dia<y+.l.y<<a+,l

[%120-429-442.411725] D.a=1 (3)
F.(2).(3).%12041.DF: Hp(2). 3 Bxeo= Xop.,B<p.8<0'.

[Hp] 5 8-0.5- @)
F.(3).(4).2F:Hp(2).D.u=ax,p.v=ax, ()]

F.(1).(5).%302:24.DF. Prop

*30227. F:ip,v,p,0,EneNCind— 0. puXoo=vXep.pt Xgn=v X, E.D.
EXoo=nX,p

Dem,
Fo%11827.DF:Hp.D . EX ¥ Xea =1 Xo it Xy 0
[Hp] = X, X P
[%126-41] D.Ex,o=nX%sp:DF.Prop

#30228. F:Hp%30224.£ 7eNCind — 0. ux.n=vx,E.D.
(p, o) Prm (£, 1) [%30226:27 . %300'17]
%302:29. F:Hp%30228.f(Prm»n.D.f=p.n=0c
Dem.
F.%302:281.D
FeHp.D:(go) . E=aX,p.n=0X0:E=aXop.n=aAXg0.D5.0=1:
[%14122] D:E=1x,p.n=1X,0:.DF.Prop
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%3028. F:pv,EneNCind — 0. px,p=v X, E.D.

("p, @) - (p, @) Prm (p, v) . (p, @) Prm (&, 3)
Dem.

F.%302:2324.D

FeHp.D:(gp,0):pPrma.p,ce NCind— 0. pu Xq0=v x,p 2
a,BeDU.ux,B=vX,a.D4p5.02p.B=0:

[%302:26:28] D: (gp, ). (p, o) Prm (u, v). (p, o) Prm (§,7) 1. D F . Prop

%30231. F:(p,0)Prm(u,v) . uPmv.d.p=p.v=0
Dem.
F.%302:1.(x302:02:03).D
FaHp D i(AT) et =p X T V=0 XTI =p X T V=0 XT2 ;. T=11
[%14:122] D.p=pxsl.v=0%,1:.DF.Prop

#302:32. F:EPmon.pPrmyv.Exv=9xpu.D.E=p.n=v
Dem.
-.%302331.D
F:Hp.D.(gp,o).pPrmo.E=p.p=p.p=0c.v=0:DF.Prop

%302:33. Fiopv,EneNCind—10.D:

pXen=vX.E.=.(gp, 0).(p, o) Prm (i, v) . (p, o) Prm (§,7)
Dem.

F.Id . (%302:02:03). D F : (p, o) Prm (s, v) . (p, &) Prm (&, m) . D »

AT T) T, T eD U p=p X T V=0 X, T E=pXoT =0 X, T .
[#11327] D (YT, T) L Xe P =P X0 XoT Xo T =0 X, (1)
F.(1).%3023.DF. Prop '

#¥30234. F:ipv,EneNCind.~(u=v=0).~(E=9=0).D:
wXen=vXoE=.(@ps o) (p, o) Prm (, v) . (p, o) Prma (&, )
Dem.
F.%113602.DF:Hp.pu=0.v40.2.£=0.97%0 05
F.%113'602:621.D
"=/L=0-v+0.f=0.7)+0.3.p,=0xov.v=1xov.f=0x°'n.n=1xon.
[%302:14] J.(0,1) Prm (g, v). (0,1) Prm (§, ) (2)
F.(1).(2).2F:Hp.p=0.v$0.D.
(@p, @)« (p, @) P () - (o, @) Prn (B 1) (3)
Similarty F:Hp.v=0.x%40.D.
(@p, )+ (p, @) Prmn (s, )« (o, 0) P (B, 1) (4)
F.(3).(4).%30233.D+. Prop
%30236. F:ipu,veNCind.~(u=v=0).pPrmo.D:
pXeT=vXep.=.(p,0o)Prm(u,v) [%802:34-14-31]

R. & W. I
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%30236. F:puveNCindi~(u=v=0).=.(gp, 0).(p, o) Prm (g, )
Dem.
F.%302:14.DF . (p, o) Prm (u, v). D
p,ceNCind.~(p=0=0):(g7) . Te NCind — 0. p=p X, T.v=0 X, T
[#120'5.%118602] D : p, ve NCind . ~ (u = » = 0) 1)
F.(1).%302:22.DF, Prop

%30237. F:(p,o)Prm(p,v).=.
w,veNCind.~(u=0.v=0).pPrmo.pux,0=vx,p [%3023536]
%30238. F:(p, o) Prm(u,v).(E9)Prm(u,v).D.p=£E.0=19
Dem.
F.%30287.DF:Hp.D.pPmo . EPmyp.pux,0=vX,p p Xe1=v X, E.
~(u=0.v=0) (1)

F.(1).%30214.%113602.DF:Hp. u=0.0.p=0.f=0.0=1.9=1 (2)
F.(1).%30214.%113602.DF:Hp.v=0.2.p=1.6=1.0=0.9=0 (3)
F.%30227.DF:Hp.pu$0.v+0.D.pX,7=0X,E.

[(1). %302-32] dup=E.0=1 4)
Fo(2).(3).(4).DF . Prop
%302:39. F:(p,a)Prm(u,v).D.p=Zp.v 20

Dem.
F.%3022336.DF:. u,veDU. D

(@5 )+ (6, 0) Prin (s, 1)t £, me DU o Xon = v X E o Dgy e EZp om0t
[%113:27] D:(gp,0)-(p, o) Prm (u,v) . p = p.v = o

[%302:38} D:(p, ) Prm(p, v). D . p=Zp.v =20 1
F.%3023714.DF:p=0.(p,0) Prm (1, ») . D.v$0.p=0.0=1 (2)
Similarly Fiv=0.(p,0)Prm (u,7) . D.u%0.p=1.0=0 3)

F.(2).(3).9 Fi(po)Prm(u,v)ip=0.v.v=0:d.pu2Zp.v20 (%)
F.(Q).(4).%302:36 . %30017 . D F . Prop

#3024, F:pveNCind.~(u=v=0).D.E!hef(u,v)

Dem.
F.%30222.0F:Hp.D.(gp, o, 7). (p, o) Prm, (1, v) 1)
F . %302:38 . (%302:02:03).D
Fi(p,0) Prm, (u,v) . (£,7) Prmg (u,v) . D.p=E.o=n.p=p X, T.p=EX, @+
[%126-41] d.t=w (2)
Fo(1).(2).(%302:04). D F . Prop
%30241. F:uveNCind.~(u=v=0).D.E!lem(g,»)

[Proof as in %302-4]
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%30242. F:p,veNCind.~(u=»=0).D.hef(u, v) X,lem (g, v) =px, v
Dem.
F.%302:4°41.(%302:04°05).DF:Hp.D.
@p, o T)ep=pXeTev=0X, 7. hef(p,v)=7.lem(u,v)=p x,0 x,7.
[%113-27.%11634] D.(qp, 0, T) s p XoV =p X, 0 X, T°

hef (u, v) X lem (u, v) = p X 0 X, 121 D F . Prop
%30243. F:(p,0)Prm(u;v).D.pxohef(p, v)=p.o X, hef(u,v)=v
[%302-4 . (%x302:02:04)]

%30244. F:(p, o) Prm(u, v).d.pXev=Ilem(u,v)=0 % pu

[%302:41 . (%x30202:05)]
%30246. F:(p,o)Prm(u,v).£E7eNCind.~(E=9=0).ux,np=vx,£.D.
lem(€,n)=pXeE=0x,7

F.%302:37.DF:Hp.D.(p, o) Prm(§ 1) (1)
Fo(1).%30244 .2t . Prop

Dem.



*303. RATIOS.

Summary of %303.

In this number, we give the definition and elementary properties of the
ratio u/v. Most of the important applications of ratios are to numerical or
identical relations, s.e. to relations which may, in a certain sense, be called
vectors. Neglecting 1dentical relations for the moment, let us consider
numerical relations, and to fix our ideas, let us take distances on a line,
A distance on a line is a one-one relation whose converse domain (and its
domain too) is the whole line. If we call two such distances R and S, we
may say that they have the ratio ufv if, starting from some point ,
» repetitions of R take us to the same point y as we reach by u repetitions
of S, te. if R’y .aS*y. Thus R and S will have the ratio u/v if ! R* A Sk
In order, however, to insure that u/v = p/a if (p, o) Prm (g, »), it is necessary,
in general, to substitute ff! R“A Sk for f!R*A S (In the above case
of distances on a line, the two are equivalent.) Thus we shall say that R has
the ratio u/v to S if (gp, o)« (p, o) Pxm (1, v) . L R* A S~

If we apply the above definition to identical relations, we find that,
if R€I.SCI, R has the ratio u/v to S provided J! R A S, 1.e. provided
q!CRn CS. This application is required for dealing with zero quantities
and zero ratios,

Thus we are led to the following definition of ratios:

#30301. u/v = B8 {(51p, 0) - (p, o) Prm (u, ) .51 L R*A 8%} Df

This definition, as it stands, requires justification in two respects: (1) we
commonly think of ratios as applying to magnitudes other than relations,
(2) we should not commonly include as examples of ratio certain cases included
in the above definition. These two points must now be considered.

(1) In applying our theory to (say) the ratio of two masses, we note that
the idea of quantity (say, of mass) in any usage depends upon a comparison
of different quantities. The “vector quantity” R, which relates a quantity m,
with a quantity m,, is the relation arising from the existence of some definite
physical process of addition by which a body of mas: m, will be transformed
into another body of mass m,. Thus ¢ such steps, symbolized by R,
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represents the addition of the mass o (m, —m,). Similarly if S is the relation
between M, and M, which arises from the process of addition turning a body
of mass M, into another body of mass M,, then SP symbolizes the addition of
the mass p (M; — M,). Now 51! R A SP means that there are a pair of masses
m and m, such that mR°m’ and mSm’. In other words, if we take a body A
of massm and transform it so as to turn it into another of mass m + o (my —m,),
we obtain a body of the same mass m’ as if we proceeded to transform 4 into
a body of mass m+ p(M,— M,). Hence o (m;—m,) = p(M,—M,); that is
(my—m,)[(My— M))=p/o. But in our symbolism the addition of m,—m, is
represented by the vector quantity R, and that of M,— M, by the vector
quantity S; so in our symbolism R has to S the ratio of p to o.

Thus to say that an entity possesses u units of quantity means that, taking
U to represent the unit vector quantity, U* relates the zero of quantity—
whatever that may mean in reference to that kind of quantity—with the
quantity possessed by that entity.

It can be claimed for this method of symbolizing the ideas of gqnantity
(a) that it is always a possible method of procedure whatever view be taken
of it as a representation of first principles, and (8) that it directly represents
the principle “No quantity of any kind without a comparison of different
quantities of that kind.”

Furthermore analogously to our treatment of cardinal and ordinal numbers,
we can define any definite quantity of some kind, say any definite quantity of
masg, as being merely the class of all “bodies of equal mass” with some given
body. The zero mass will be the class of all bodies of zero mass; and if there
are no bodies with the properties that a body of zero mass should have, this
class reduces to A in the appropriate type.

Thus the application of our symbolism to concrete cases demands the
existence of a determinate test of « equality of quantity ” of different entities,
and a determinate process of “addition of quantity.” The formal properties
which the process of addition must possess are discussed in the numbers
concerned with vector tamilies.

(2) Having now shown that cases apparently excluded by our definition
of ratio can be included, we have to show that no harm is done by our inclusion
of cases which would naturally be excluded. In order that ratio may agree
with our expectations it is necessary that the two relations R and S, whose
ratio we are considering, should have the same converse domain. Otherwise
we get such cases as the follo'wing: Let P, Q be two series, and suppose™®
B<P = B¢, 5p=6g, 11p=9,, 13p =25,, but that P and @ have no other
terms in common. Then we shall have, if R=P,.S=Q,,

(B*P) R¢5p. (B°P) 8°5p,

* For notation, cf. «121.
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whence it follows that R has to S the ratio 5/4, t.e. we have R(5/4)S. But
we shall also have R(8/10)S and R (24/12) 8, t.e. R(4/5)S and R(2/1) 8.
Thus our definition does not make different ratios incompatible. In practical
applications, however, when R and S are confined to one vector-family,
different ratios do become incompatible, as will be proved at the beginning
of Section C. And so long as we are not concerned with the applications
which constitute measurement, the important thing about our definition of
ratio is that it should yield the usual arithmetical properties, in particular the
fundamental property

plv=plo.=.puXe0=vX,p,

which is proved, with our definition, in %303-39. Thus any further restriction
in the definition would constitute an unnecessary complication.

In virtue of our definition of u/v, u/v = A if u and v are not both inductive
cardinals, or if u=»=0 (¥303'11'14). We have (%303'13) I . u/v = Cnv (v/u),
t.e. the converse of a ratio is its reciprocal. If =0, and R (u/v)S, R must
have a part in common with identity (which we may express by saying that
R is a zero vector), and S may be any numerical or identical relation whose
field has a member which has the relation R to itself (#303-15). Thusif», ¢
are inductive cardinals other than 0, 0/v=0/s. The common value of ratios
whose numerator is 0 is the zero ratio, which we call 0 (where “¢” is intended
to suggest “quantity”). The definition of 0y is

%#30302. 0,=35/“NCinduct Df

In like manner, if x and p are inductive cardinals other than 0, we have
#/0 =p/0. The common value of such ratios we call o ,, putting
%30303. o ,=3/0¢NCinduct Df

The properties of ratios require various existence-theorems, and in estab-
lishing existence-theorems without assuming the axiom of infinity, the question
of types requires considerable care. We have

%303211. F:(p, o) Prm (u, v) . D . pfv = p/c

so that the existence of u/v does not depend upon u and v, but upon p
and o, where p/o is u/v in its lowest terms. We may, therefore, in consider-
ing existence-theorems, confine ourselves, in the first instance, to prime
ratios,

To prove the existence of (p/a)[ t‘R, when p Prm o, we take two relations
R and £ hoth contained in identity. These have the ratio p/o provided their
fields have a member in common and E! R*. E!8». By %301-16, this requires
p, o e C(UL t*R). Thus we have

%30326. F:pPrmag.D:
Hlp/o)[t‘R.=.p,0eC(ULt“R).=.p(R),0c (R)e CU
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But this- existence-theorem, which is obtained by supposing R and S
contained in identity, is not much use in practice: what we require is the
existence of a ratio between numerical relations. For this purpose, assuming
p=0cand a$0,let A be a class of such a type that Ne‘tA = p+,1. (Such
a class can always be found in some type, by %300'18.) Then we have
pred‘U, and we can construct a series @ such that C“Q is of the same type
as A and NcfCQ = p+,1. (Thisis proved in %262:211.) We can then choose
out of @ a series P having the same beginning and end, and consisting of
a+,1 terms. We then have

(BQ) (@) (B*Q) - (BQ) (P,)” (BQ).

Hence P, and @, have the ratio p/s. A similar argument applies if o = p
and p# 0. Thus we arrive at the proposition :

%303322. F:pPrma.ps, a2 e DUnAU.D .51 (p/o)] (Relnum n t,0)

Le. if p 1s prime to o and neither is 0, and p +,1, o+, 1 both exist in the
type of A, then there are numerical relations having the ratio p/o and having
their fields of the same type as A.

The case when either p or ¢ is 0 requires separate treatment. If R has
to S the ratio 0/a, R must be partly contained in identity (¥303:15); hence
we have to find a hypothesis for 57! (0/a)[ Rel num, since 5! (0/o)[ Rel num
is impossible. Since 0/c = 0/1, we only require the existence of 2 in the
appropriate type, i.e. we have

%30363. F:qg!2,.D.57!0,] (Rel num n #,“A)
It will be remembered that g7 !2, is demonstrable except in the lowest
type.

In the above propositions, 4 and » and p and o have been typically in-
definite. Ratios of typically definite inductive cardinals are dealt with by
means of ¥302:15, which gives at once

%30327. F:p,veNCind. s, vaeCU.D . ufv=pa/na

Le. a ratio may, without changing its value, have its numerator and
denominator specified as belonging to any type in which both exist. This
enables us to take p and o as typically definite cardinals in %303:322, thus
obtaining the proposition
*303:332. F:.pPrmo. D 5! (p/o)] (Rel num nt,p) . = . p, 0 e DUA AU

The above existence-theorems are useful in proving

a/B=q/8.=.ax,8=8X,.
We proceed as follows: We first show (%303:34) that, if p, o are inductive

cardinals other than 0, and p 4,1, o +,1 exist in the type of A, we can find
numerical relations R and S such that f1 R A Sk, but y>0.D.~7j ! R
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This is done by taking two series P and @ having the same beginning
and end, and having C°Pec +,1.CQep +,1. Then if R=P, and S=@,,
we have
(BP)R? (B‘P).(B‘P)S,(B‘P):n>0c.d.R1=A,

whence the result. From this proposition it follows immediately that if
pPrma.EPrmn.n > o, and if py, 0, e D‘UndU, we can find an R and
an S such that R(p/a)S.~{R(§/1)8}. A similar argument applies if p < o
or £ >por £<<p. Hence we find, by transposition,

%303'341. F:pr,0:eDUnAU. pPrm . EPrmy. (p/o) [tnN = (E/n) [t D-
p=E.0=1
From this point on, the argument offers no difficulty. For if we have
/8 =/8.(p, o) Prm (a, B) . (€ 7) Prm (v, ),
we have, by %303'341211, p=E.0 =17 Hence, by %302:32, we have
ax,8=p8x,y. What is approximately the eonverse, z.c.

%30323. F:pu, v, E7neNCind.
(== 0) e (E= =0 pXoq =1 X, £+ D pfy =
follows at once from %303:211 and %302'3. Hence, after dealing with
special cases, we find
%303:38. F:a B,v,8¢NCind:
a, BhedU.v.m, 8 edUim(a=8=0).~(y=8=0):D:
(a/B) N = (v/O)[ tuA o= . a X, 8= 8 X,y

It will be observed that a/8 is typically indefinite, like Nc‘€. But in
order to insure that a/8 =+/8 however the type may be determined, it is only
necessary to insure that this equation holds in a type in which (a/8)] Rel num
exists. When we write simply “a/8 = v/8,” we shall mean that this equation
holds however the type may be determined; in other words, that it holds in
a type in which (a/8)[ Rel num exists. (There always is such a type, if
a, Be NCind — ¢¢0, in virtue of %303:322 and %300'18) Thus we have
%303391. F:.a,8eNCind.a, Bre TU.~(a=8=0).D:

@B tuh = (V/O)L bk - = . afB = /8. =& X0 5= o1y
and, in virtue of %303'38, we have
%303R9. F:ia,B,7,8eNCind.~(a=8=0).~(y=8=0).D:
NB=rwl6.=.ax,8=8 %7

This proposition is, of course, essential to the justification of our definition
of ratios.

The remaining propositions of %303 copsist (1) of applications of the
theory of ratio to powers of a given numerical relation, (2) of properties
of 0; and o, (3) of a few properties of the class of ratios. This last set
of propositions depends upon two new definitions, which must be briefly
explained.
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We have already explained that u/v is typically indefinite. Thus if we call
p/v & “ratio,” ratios are, like “NCind,” not strictly a class, because every
class must be confined within some one type. Nevertheless it is convenient,
Just as in the case of NCind, to treat ratios as if they formed a class; and,
with similar precautions, we can avoid the errors into which we might be led
by treating them as a proper class. We therefore put

%30304. Rat=2X {(gu, ). p,v¢NCind.r+0.X=pfv] Df

{The condition v+ 0 is only introduced because it is usually convenient
to exclude oo ,.) It will be observed that u/v is still typically indefinite if u
and » are typically definite. This results from %303:27. But we often want
typically definite ratios. We want these defined in types in which there are
numerical relations having the ratios in question. Hence we put

*30306. Rat def=X {(gu, v).p,ve DUnAU. X = (u/)[ tu‘u} Df

Here “def” stands for “definite,” and u, v are typically definite inductive
cardinals. The desired properties of “Rat def” result from %303:322. It
should be observed that, besides consisting of typically definite ratios,
“Rat def” differs from “Rat” by the exclusion of 0,. This is merely for
reasons of convenience.

The properties of “ Rat ” and “ Rat def” follow immediately from previous
propositions, We have

%303 721. F: X e Rat —¢°0,.D . (gp) - X[ t,°u e Rat def
%30373. F:XeRatdef.D.qq! X[ Relnum
By %303:322; and by %303:391,
%30376. F: X,YeRat.X[typeRatdef.D: X[t p=Y[tsp.=.X=Y¥
If the axiom of infinity holds, every member of “ Rat” except 0 becomes
a member of “ Rat def” as soon as it is made typically definite. Hence
%303:78. F:Infinax.D.Ratdef=Rat -0,

The uses of “ Rat” and “ Rat def” differ just as the uses of “NCind” and
“NCinduct” differ. The distinction is only important so long as the axiom
of infinity is not assumed.

¥30301. u/v= RS {(qp, o). (p, o) Prm (u,») .5 ! R*A S} Df
In the above definition, p, o, u, v are typically ambiguous, but p, o must
(by %301°16) exist in the type of t‘R, while u, v need not do so; u, v cannot
however, be null in all types, by %300°17.
*¥30302. 0,=30/NCinduct Df
%30303. » ,=3§/0“NCinduct Df
18
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%30304. Rat=2X% {(gu,»).p,reNCind.v4+0. X = p/v} Df
%30305. Ratdef=X {(qu,v). p.veDUaQU. X = (u/)} tu'n} Df
%3031, F<R(u/v)8.=.(qp. ). (p, o) Prm (u,v). 5 1 R* A8 [(%30301)]
%30311. F:~(p,peNCind).D.pfv=A [%3031.%30236]

*30313. t.u/v=Covi(s/p) [%3031 . #30211]

%30314. F.0/0=A [%3031 . %¥302:36]

.veNCind— 0. ! RAITCS.
.ve NCind —10.q ! C‘Sn 2 (zRzx)

1]

¥30315. F:R(0/»)8S.

Dem.
t.%302:14'38 . %303'1.D

F:RO/v)S.=.veNCind — 0.5 R* A 80,
[%301-2] =.ueNCind-tO.q'RAI[ C“S:DF. Prop

il

%303151. +:. R, SeRelnumid.d: R(0/v)S.=.
veNCind—-10. ReRI‘7.SeRelnumid . ! C“R n C°S
[#30315 . ¥300°324-3

¥30316. F:R(u/0)S.=.peNCind—10.518AIMCR.
.weNCind— 0. ! C‘R a2 (aSz) [#3031513]

il

%303'161. F:. R,SeRelnumid.D: R (u/0)S.=.
#eNCind —t0. ReRelnumid.SeRI“I.q ! C‘R ~ C*S
[#303151'13]

#30317. t:p,veNCind—1t0.R,SeRelnumid. R(u/v)S.D:

R,SeRI‘7.v.R,SeRel num
Dem.

F.%3031.%113:602.D
F::Hp.J: R ,SeRelnumid: (§p,0).p,0 e NCind — t‘0. 5[ R* A SP:.
[%*300°33.%3013]
J:SeRelnumid:. ReRIT:(5p). pe NCind — 0.y 1 RASP:v:
ReRelnum : (gp,0).p,c e NCind— 0. ' R7ASP:.
[#300-3]) D:. SeRelnumid:. ReRI‘I. g1 TAS,,.v. ReRelnum .5t JAS,,:.
[#300-3:33]1D:. B,SeRI‘T.v.R,SeRelnum :: D +. Prop
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%30318. t:ip,veDULt*R.R,SeRIFT.D:

R(u/v)8.=.R(O»)S.=.R(u/0)S.=.q! C‘Bn (S
[%303-1151-16 . ¥3013]

%*303181. F ! (n/v).=.(dp, o). (p, o) Prm (s, »)

Dem.
F.%3031.DF a1 (n/v).d.(qp,0). (p.o) Prm (&, v) 1)
k. %301:3.%300-325°17. D F :(p, o) Prm (i, ). J. (q2).(x | 2) (u/v) (z | ) (2)
F.(1).(2).2F.Prop

In the above proposition, if /v is typically indefinite, so that “r ! u/v”
only asserts existence in a sufficiently high type, p, o may also be typically
indefinite. But if u/v is to be taken in a definite type, p and o must be taken

in the corresponding type, and must not be null in that type. This is proved
later.

%303'182. F:.0/0=pfv.=t~(p,veNCind).v.p=v=0
Here the equation 0/0 = u/v is assumed to hold in a sufficiently high type.
Dem. '
F.%30314.0F:.0/0=pfv.Dpfv=A:
[%303'181.%30236] D : ~(p,ve NCind — ¢0).v. p=»=0 (1)
F.(1).%3031114.2 | . Prop

¥30319. F:R(u/v)S.=.R(u/v)S [#3031.%12126]

%*3032. Fi(p,o)Prm(u,»).:R(uy)S.=.q1R* A8
Dem.

F.%3031. Dr:Hp.q!R°AS.D.R(n/v)8 1)
F.%30238.%3031.0F:Hp. R(u/v)S.D. IR A S (2)
F.(1).(2).2F.Prop

%30321. F:pPrmo.D:R(p/oc)S.=.5 1 R A S [#30231.%3031]

%303211. F:(p,0)Prm (g, v). D . pfv=p/o [%303-2:21]

#303-22. F:pPrmo.p,veNCind.~(p=v=0).uX,0=vX,p.d.p/v=p/c

[%302'37 . %303:211]
%30323. F:p 0, EneNCind.~(p=v=0).~(E=9=0).puX,n=v X, E.I.
plv=En [%302:3.%303211]

#30324. t:p,veNCind.~(u=v=0).D.(4p,0).pPrmo.p/v=p/o
[¥303:211 . %302-22]

The following propositions give typically definite existence-theorems for
ratios.
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%30325. t:pPrmo.D:qq!(p/o) [ t‘R.=.p, ce C{(ULR).=.p(R),a(R)eC‘U
Le. if p Prm o, there are relations of the same type as R and having the

ratio p/o when, and only when, the number of relations of the same type as B
is at least as great as p and at least as great as o.

Dem.
F.%30821.0F: Hp. D:qpt(p/o)[ #R.D. (g8, T). E1 8. E1T%. 5, Tet‘R.
[%301-16] D.p,0eCUL R @
b.%30116:3.DF:. Hp.D:
poeCULR.zet,'C‘R.ID.(z L ayp=(x}a)=al2 2
F.(2).%30321.D
F:.Hp.D:p,0eCULt*R.zet,'C*R.D.(z { =) (p/o) (x| z) 3)

F.(1).(3).%6318.JF. Prop

%303:261. F:ipuve CULBR.~(u=v=0).D.9q! (g/)[ ‘R
Dem.
F.%3023639.0F:Hp.D.(qp,0).(p,o) Prm (p,v) . p=Zp.v =20
[#117-32] J.("p, o) (p, o) Prm (u,v).p,0c e CUL R
[%303211-25] 2.9 (p/v)Lt‘R:DF.Prop

#303252. F:p,ve NCind n CUL#CR.~(p=v=0).2.5 (u/v)[ ‘R
Dem.
F.%64:5155.DF:p=Nca.aet‘C‘'R.zetC°'R.D.{aaepnt*R (1)
F.(1).%30014.DF: Hp.D.p,ve CUL R @)
F.(2).%303251.2JF. Prop

In the above proof, u, v are assumed to be typically indeéfinite. If they
are typically definite, sm‘‘y and sm‘‘yv must be substituted for 4 and » on the
right-hand side of (1) and (2). The hypothesis “u,» e NCind n CU[ t*C‘R”
is a convenient abbreviation for

“p,veNCind . u n t‘CB,v nt‘C‘Re C‘U[ t*C‘R .”
By %65°13,
pntCReCULCR.= . pCtCR.pe CUL*CR.=.pe CULt*CR.
But “u e C‘U[ t*C*R” requires that u should be typically definite, whereas
“peNCind” requires that p should be typically indefinite. Hence the
hypothesis of #303252 is only defensible as an abbreviation, meaning

“u,veNCind, and if pu, v are given the suitable typical definition, they
become members of C‘U[ #*“C*R.”

%303:253. F:p,veNCind n CUL N~ (u=v=10).D .5 (u/v)] tur
(%303252]

#303264. F:p,veNCind.pa, e CU.~(p=v=0).2.9! (u/v)] tu'r
[%303-253 . (65°01)]
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#30326. F:.,veNCind.~(p=v=0).D.(g\).q! /)]t
[%303:254 . #300°17]

%30327. F:p,veNCind.pa,vaeCU.D. plv=p,[va [%80215. *303'1]

%3033. F:pPrmo.rq!Pr*c.].Pr(p/o) P

Den..
F.%301'16.%1421 .0 F:Hp.J.px,0eCUnt*“R 1)
F.(1).#3015.2F: Hp.p+0.040.3 . (Po) = Preco — (Pry,
[%303-21] J. Pe(p/o) Pe (2)
b.#%3012. Dt:Hp.p=0.D.Pr=I}CP=Pocr. g 1IN CP (3)
F.%30214.DF:Hp.p=0.2.0=1.
[%301-2] JD.Pr=PpP (4)
F.(3).(4).DF:Hp.p=0.2.9 1 (PP) A(P).
[%303-21] J.Pe(p/o) P (5)
Similarly F:Hp.o=0.D.Pr(p/a) P (6)

Fo(2).(5).(6).9F. Prop
%30331l. t:pPrmo.p+0.0%0.(p X, 0)ntNedU.D.

(ZP) . P eRelnum n i\ . PP (p/o) P°
Dem.

b.%30046 .%301'4.DF: Hp.D.(qP). PeRelnum . (BP) PP"C"(B‘;’) €))

F.(1).%3033.DF. Prop

%303311. F:py,00eTU—-10.p20.0.(HP,Q)-Pe(p+,1),. Qe(o‘+ 1),
P,QeteN.QCP.BP=BQ. B‘P B‘Q

Dem.
F.%26221.0F:Hp.D.q ! (p+,1)r 0 te'N 1)
F.%11722.DF:Hp.Pe(p+,1),. 2. (ga).aCCP.aco +,1 (2)
F.%26126 . %205732.2
F:Hp.Pe(p+ol),.aCCP.aco+,1.

B=(a— t‘minp‘a— t‘maxp‘a) v (‘B‘P v L‘B‘I\;. D.Bec+,1.
[%250141.%20255] 3. Pl Be(o+,1), (3)
Fo(1).(2).(8).%205'55. D k. Prop

#30332. F:pPrmo.p2o.0F0.p,edU.D.

i 1 (p/o)[ (Rel num atuA) A RS (Rpo €8p0)
Dem.

F.%303311.2F:Hp.D. (AP, Q)- Pe(p+ol),. Qe(a+o1)re P, Q et

QGP.BP=BQ.BP=BQ (1)
F . %300°44-45 . ¥3014. D

F:Hp.Pe(p+o1),.8=P,.D.SeRel num . (BP) S* (BP) @)
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Similarly

F:Hp.Qe(o+,1),. R=0Q,.D.ReRelnum . (BQ) B (BQ) 3)

Fo(1).(2).(3).%26135'212.D

F:Hp.D.(gR,8). R,SeRelnumnt,A. B, €S, . s[  R7ASP ()]

F.(4).%30321.DF. Prop

%303321. F:pPrmo.p+0.040.px,0:e A*U.D. 50 Wp/o)] (Rel numniyN)
[%303-3213)

%303322. t:pPrmo.py,areDUnAU.D. 1! (p/o)] (Rel num ntyN)
[%303-321]

%303:323. F:u,veNCind—10.2.(g\) .o ' (p/v)] (Rel num nixr)
[¥303322)

%303324. t:p,veNCind. pa,vae DU.~(pPrmvyp).D.

i ! (#/v)] (Rel num n #,°\)
Dem.

b .%30222.DF:Hp.D.
(Hp, 0, 7). pPrmo.pF0.0F0.7F0.7F1. p=p X, Tev=0XT. lpa . Hlva.
[%303-221]
d.(dgp,0).pPma.pF0.0+0.pfv=plo. g1 (p+Da- T (o +c Da-

[#303:321]D .11 ! (u/v)] Relnum : D F. Prop

In order to the existence of (u/v)| Relnum in any given type, it is
by no means necessary to have pu,veD‘U in the corresponding type. If
pPrma.p,0 e DUnUdU, (p X,7)/(0 X,7) will exist, however great r may
be, because (p X, 7)/(o X,7)=p/o.
%303:33. F:qp!(p/v)f (Relnum nteN).=.

(Fp, o)« (p, o) Prm (1, 1) . pa, 00 e DU n AU
Dem.

F.%303:322:211.D
Fi(p, o) Prm (u, v). pr,cr e DU n AU .D. 7! (p/v)] (Relnum ngen) (1)
F.%303181'15°16211.D
Fionp ! (u/v)] (Rel num nt,A) . D : (gp, o). (p, o) Prm (g, v) . pF 0.0 F0.
i1 (p/o)] (Rel num A tr) 1
[%30821]D: (Hp,0).(p, o) Prm (p,v) . pF 0. 050
(AR, S).R,SeRel num n A5t B A Sk
[%301-41]1D: (qp,0).(p, o) Prm (u,v).p+0.5+0. ‘
Y ‘ 1 ‘
b .(1).(2).5F. Prop A+ ) ntA.ql(oc+,1)nte N (2)
%*303331. F:pPrmao.D: 1! (p/o)] (Rel num A tN) .= . pa, 00 e DU A TU
[%303:33 . ¥302:31]
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%303332. F: pPrmo.D 5! (p/o)] (Rel num n t,p) . = . p,0 e DU A AT
[%303:331]

In this proposition, p, o are typically definite cardinals, whereas in
%303-331 they are typically indefinite.

%30334. t:p,ceNCind.pr,a2eDUnTU.p>0.D.
(4R, 8). R, SeRel num n e\ . i LR A 8P v {1t R7 A )
Note that ~ {57! R*A 8¢} does not imply E! B7or E! S,
Dem.
F.%303311.0F:Hp.D. ()P, Q R,8) . Pe(p+.1)r. Qe (o +,1),.
P,Qetu'r. BP=BQ.BP=BQ.R=P,.5=Q, (1)
As in %303:32 Dem,
Fo(1).2F:Hp.D.(gP, @, R, 8). Pe(p+o1)r-Qe(c+,1),.8=P,. B=0Q,.

R, S ¢ Rel num . (BP) (R A &) (B°F).
[¥121°48.%202'181 4301 4.%30044]

J.(gR,8).R,SeRelnum ntyN. I R°ASP .~ (i ! R"): D . Prop
%303341. t:ps,0.eDUndU.pPrmo. EPrmy.(p/o)] teA=(E/m)[ twN.D..

p=§.o=nq
Dem.

F.%3083421 .0 t:p,.an e DUnAU.pPrmo. EPmmy.n>0.2.
(plo) Lt N % (E/m) [t (1)

F.(1).Transp.%3021.2F:Hp.J .70 2
F.(2).%30313. dh:Hp.D.E<p (3)
Fo(2).(3).%11732. DF:Hp.D.&, 00 e AU (4)
k. %303'322. DF:Hp.D.q! (&) Rel num.

[%30311°15°16] 3.£40.740 (5)
Fo@).(4).(5). SF:Hp.D.&, meDUnWU.

(@@ bres] Do p<t ©)

F.(2).(3).(6).DF.Prop

¥30335. F:1,eU.EPrmy. (/)] teh =&ML twr. D . E=0.7=1
Dem.
F.%30014.DF:Hp.D.(q2,y).2F Y. 2,y e\ .

[%303:15] d.(@y).x+y.(zl2)(0/)(@ly .2l zzlyeta™.
[Hp] d.(gzy).z+y.(zl2) Em(@ly)-

[#30316-17.Transp] D.£=0. 1)
[#302:14] d.g=1 ¢))

F.(1).(2).DF.Prop
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%30336. F:ipr,oneAU.v.Ex,medU:pPrmo.EPrmy: D

(/O A=/ tuN . =.p=E.0=17
Dem.
F.%300'14.%30214.2
Fiprnoae@U.pPrmo.~(pr,00eDU).D:p=0.0=1.v.p=1.0=0:
[#303:83513] D : EPrm 7. (p/o) [ tA=(E/)L twN-D.p=E.0=19 (1)

F.(1).%303:341.DF.Prop

%30337. F:a,BeNCind n{UL#N).~(a=8=0).v.
7,8 e NCindn YU £#N\). ~(y=8=10):2:
@B A =(r/D)L - ax 8= B,y
Dem.
F.%302:36.%303211.0F:a,8e NCind .o, 8 e T U.~(a=8=0).D.
(qp, o)+ (p, o) Prm(a, B) . p/e=a/B (1)
F.(1).%308254181.D F: Hp(1). (a/8)] twA = (/&)L . .
@&m - (En)brm(y,8) (2)
F.(1).(2).%302:21'22. %303211.2
F:Hp(2).D.(gp, 0, E9)-(p, o) Prm (o, B) . (£, ) Prm (v, 8) . p, 0 e A“U .
olo=0/8=n/5=En.
[%303:36] D.(Hp, ¢).(p,o)Prm(a,B).(p, o) Prm(v,3).
[#302-34] D.ax,8=8Bx%,7 3)
Similarly
F:9,0e NCind . 2.8, e AU .~ (y=8=0).(¢/B)[ LA =(7/8) [ tr. D
ax,8=8x%x,v (4)
F.3).(4).5F . Prop
%303371. t:0,8,4,8e NCind.ay, By, 7,82 CU.~ (aPrm 8.y Prm ).
@B tuh = (D)L toh - D a X, 8= B g1y
[Proof as in %303:37]
%#30338. F:.a,8,4,8eNCind:oy,BreTU.v.q, 8 edU:
~(a=/3=0).N('}’=8=0): D:
(@Bt A= (/O tuX .= ax,8=8x,y [%303:3723]
%303381. F:.a,8,v,8e NCind.ay, B4, 74,0 CU.~(aPrm 8.y Prm §). D :
(@Bt A= (v/O)[ tuA .= a X, 8 =8 X,y [%303371:23]
%30339. F:08,4,8eNCind.~(a=8=0).~(y=8=0).D:
a/B=ry/.=.ax,8=8 X,y [#3033%.%30018]
*303391. F:.a,BeNCind. oy, B eTU.~(a=L=0).D:
(/B tw A= (/)] tuN .= afB=ry[b.=.ax,8=8 X9
[%303:38-25411-14]
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Thus when a/8 is used as a typically indefinite symbol, we obtain the
same results as if we supposed it defined as of a type #w‘A, where a+,1 and
B+,1 both exist in the type of A, z.e. Ne‘t,A>a. Ne4A> 8.

%303392. F:a,BeU.~(a=8=0).D:(a/B)] tu‘a=(v/)] tu‘a.=.
a/B=q/8.=.ax,8=8x,7 [%303:391-27]

This proposition differs from %303-391 by the fact that a, 8 have become
typically definite. It will be observed that even when a and 8 are typically
definite, a/B, like a x,B, remains typically indefinite.

%3034, t:pPrmo.ReRelnum.d: R, (pfo) R,.=. [ Ryx.0
[%303:3:21 . #301°4]
%30841. F::p,veNCind.~(u=0.r=0).D:.
ReRelnum. f=lecm (g, v). D : B, (u/v) B, .= .5 1R

Dem.
I . %3032 .%300'44 .D
F:Hp.p$0.v$0.ReRelnum.(p,0) Prm, (g,v). D
Ro(u/v)R, .= Buxoo 0 Ruoo-
[%302:37] =9 ! Buxeo (1)

F.(1).%30244.DF:. Hp(1). E=lem (u,v). D: Ry (uv) R, .=. 4! B¢  (2)
F.(2).%302:22.D
F:Hp.pu40.v$0. ReRelnum. ¢ =lem (g,v). D: Ru(u/r) R,.=. 5 Bt (3)
F.%30244.D
F:Hp.p=0.Re¢Relnum.E=lem(p,v). D:E=0:
[%303:15] J:R.(u/v)R,.
Similarly
F:.Hp.r=0.ReRelnum.f=lem(u,v).D: Ru(p/v) R, .=.9q ' R; ©)]
F.(3).(4).(5).2F. Prop
%30342. : Hp*30341.E=lcm (g,7).D: Uu(ufv) U,.=.lem (p,v)e CU
[%303-41 . %300-26]
%30843. F: Infinax.D:p,veNCind.~(u=r=0).D,,. U.(u/v) U,
[%303:42 . ¥30014]
#30344. F:. Hp%30342.P¢Ser.D: P, (u/v)P,.=. 0! P
[%303:41 . %300°44]

%303:45, |':Peﬂinﬁn.p,ueNCind.~(y.=0.u=0).3.P,‘(/A«/V)Pv
[%300°44 . %303-44]

*30346. t:.(p,0)Prm(p,v). £ 7e¢NCind. ReRel num.DJ:
R&(/‘/”)Rn'z'exo"':’]xop'j!RéXcv

o R (4)

i

Dem.
F.%303211.D
Fru.Hp.D:R:(p/v)R,.=. R (p/o) R, .
[#303:21] =51 Rixeo ® Rovop
[%300°55] =.EXe0=0Xep+H! Rexeats D . Prop

R. & W. IIL
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%303'461. Fip, v, EneNCind.~ (p=v=0).~ (f=9=0).ReRelnum.D:
Be(uv) By o= Exev=nXop. ! Riemee,m

Dem.
F.%30245.0
F:Hp.(p,0)Prm(£,7).D. Ex, 0 =lem (§,9) (1)
.%30235.2
F:Hp.(p,0) Prm(p,v) . Ex,o=9%,p.D.(p,0) Prm (7). (2)
[%302:34] D.EXgv=q X p (3)

b .%302:3537.D
F:Hp.(p, o) Prm (u,v) . EXv=0 X pu.D. EXg0=nXp (4)
F.(1).(2).(3).(4).%30342.DF. Prop

%30347. F:. Hp#303461.A~ePot‘R.D: Ry (u/v)R,.= . ExXv=0X,p
[*303461]

%303471. by v, EneNCind.~(p=v=0).~(E=7=0). PeQinfin.D:
Pe(ufv)Pyo=.Exv=nX.p
[%30347 . %300-44]
%30348 tip, v, EneNCind.~(u=v=0).~(E=9=0).D:
U () U, . =.Exev=nX,p.loem (§n9) e CU
[¥303461 . ¥300°26]

%#30349. t::lnfinax.D:p, v, E9eNCind.~(p=r=0).D:

Ue(u/p) Uy = EXov=mXop
Dem.
F.%30315 .2 F 1.0, &7 e NCind. p=0.940.3:

Us(u/v) U,.=.U;eRI‘I. U, eRel numid.

[%120-42] =.£=0.
[%113-602] S EXv=m X (0]
Similarly

Foopi,v,E,eNCind.p$0.v=0.2: U (p/r) U,.=.ExXev=mxep (2)
F.(1).(2).%30348.2JF. Prop

%3035. F:p,ceNCind—t0.q!(p+c0-D.
(AP, Q)-Pe(p+s1), . Qe(0+,1),. P,Qetyy‘N.

BP=BQ.BP=BQ.CPnCQ=1BP v i‘BP
Dem.

F.%110:202 . %120°417.D
F:Hp.D.-(ga.B)-a0,Bett'r.aep+,1.8c0—1l.anB=A 1)
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F.%2622.D
F:Hp.a,Betr.aep+,1.8eac—,1.anB=A.0c%2.D.
#AL,8). P,SeQntyN.CP=a.CS=B.anB=A,
[%251181141] 3. (5P, 8, Q). P, 8, Qe Q n tuh . CP = . (‘S =8,
Q=BP&S+HBP.CPnCQ=rBPuBQ (2
F.%2622.0F:Hp.a, BetyN.aep+,1.8=t2.2~vea.c=2.D.
@P,Q).P,Qectua'. PeQ.CP=a.Q=(BP)LapBP  (3)
F.(1).(2).(3).DF.Prop

%*303561. F:pPrmo.p+0.030.q!(p+,0)h.D:

(AR, 8): R,SeRel num ntN. R (p/a)S:E/q¥p/o. D¢, .~ R(E[7)S
Dem.

F.%30044°45 . 3014, D
F:Hp.Pe(p+o1),.Qe(a+,1),.S=P,.R=¢Q,.
BP=BQ.BP=BQ.CPnCQ=1BPuiBP.D.i1 R A8 (1)
F.%30141.DF:Hp(l).~(E=p.7=0).D. R ASE=A (2)
F.(1).(2).%30321.D
F.Hp(1).D: R(p/o)S: EPrmy.~(E=p.n=0). D¢, .~ R(E/n)S:
[%303:36] D:R(p/o)S: EPrm 7. E/n+plo.D, . ~R(Eq)S:
[%302-22.%303-211]
D:R(p/o)8:E,9eCU.~(E=n=0).En%Fplo.Dy,.~R(Em)S:
[%¥303182]D: R (o/0) St E/m+plo. D¢, .~ R(E/n) S (3)
F.(3).%30044 . %¥303:5. D F. Prop
%#303:62. F:ipveNCind — 0.5 (g +ova-D:
(R, 8): R, S etyh. R(u/v)S:Em+u/v.Ds,.~R(EM)S

Denm.
F.%30324 . %302:39.D

F:Hp.D.(gp,0).pPrmo.pfv=pjc.p£0.0F0.glp+.0 (1)
F.(1).%303'51.2JF.Prop

*3038. F:»eNCind—10.D.0/r=0, [%303°15]
¥30361. F:yeNCind —10.D.p/0 =00, [%303'16]
¥303:62. F.0,=Covw,=RS(GIRAT}0S) [%3036611315]

%303:621. .0, Rel num id = Cové(Rel numid {0 4)
—RS(RGI.SeRelnumid.s! C*Rn CS) [%3036:6113:151]
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%30363. F:g!2:.0.70!10,] (Rel num n £,2)
Dem.
F.%303156.DF:2%y.D.704(x} y): DF. Prop
%303631. F:q!12,.D.q!(Rel num n tA)] 0, [%3036362]

#30365. F:q!12,.0.0,0taAF o0 ]2

Dem.

F.%30362.0tF:aty.D.10,(x}y).~{Toy(z)y)}:DF.Prop

%30366. Fr@!2.D:(u/»)] th =0,.=.4=0.veNCind — 10

Dem.
F.%3036.JF:u=0.veNCind —t0.D.u/v=0, (1)
l.%303615.2
Fipfy=0,.D.p/v=RS(ReRII.SeRel num id . ! C“R n C4S) (2)
F.%3003.0F:Hp.J.(g2,¥). 2% y.2 ] ye Rel num a 4,fr.

[%10-24] .5 !(Rel numid — RI‘T) n A (3)
F.(2).(3).%3031117.D

FeaHp. D (u/v)l twr=0,.D:p4,veNCind: py=0.v.v=0 4)
F.(2).(3).%30816.D

FeHp.D:(u)ltuh=0,.D.~ (u$0.v=0) (5)
F.(4).(5).DF:s.Hp.D: (u/v) [ tu'rA=0,.0. 4u=0.veNCind -0 (6}
F.(1).(6).DF. Prop

#30367. Feqg!2:.D:(u/v) tur=w0,.=.v=0.ueNCind—t0

[#303'66:62]

#3037. F:XeRat.=.(gu,v). 4, veNCind.v40.X=pu/v
[(%303:04)]

#3037L. t:XeRatdef.=.(gu, v).u,veDUndU.X =)} tu'u
[(303-05)]

¥30372. F:XeRat.D.(qgu).q! X[t (%303:26]

#303721. F: X e Rat — 0. D . (Fp) - X [ tu'p € Rat def
[%300°18 . ¥303-7-71]

%30373. F:XeRatdef.D. ! X[ Reloum [%303:322:324]

%*303731. F:.pPrma.D:(p/o) [ tpe Ratdef.=. p,ae DU AU
[#303-71 . %302:39]
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%30374. FrpPrmo.X=(p/o)[t,p.D:q!X [ Relnum.=.p,0e D' Und‘U
[%303:332]

%30375. F:X eRat.qf! X[ (tusnRelnum).d . X[ ¢, ueRat def
[%3037471]

%30376. F:.X,YeRat. X[t peRatdef.D: X[ t,p=Y t.=.
[%303:391]

%303-77. F:lofinax.D:u,veNCind —¢0.D . u/v e Rat def
[%30014 . %303-71]

»30378. F:Infinax.D.Kasdef=Rat— 10, [%3037-77]

The above two propositions assume that w/v in the first, and “ Rat” in
the second, have been made typically definite, but thev hold however the
type may be defined.

i
>4
i

l-q



%304. THE SERIES OF RATIOS.

Summary of #304.

In this number we consider the relation of greater and less among ratios,
and the series generated by this relation. We need two different notations,
one for greater and less between typically indefinite ratios, the other for
greater and less between ratios of the same type. The former is more
useful where we are dealing merely with inequalities between specified ratios,
but the latter is necessary when we wish to consider the series of ratios in
order of magnitude, since a series must be composed of terms which are all
of the same type. We put

%30401. X <, Y.=.(qu,v,p,9) v, 0,0 NCind.oF0.u X0 <vxgp.
X=ulv.Y=p/lc Df
This definition is so framed as to include 0, but exclude o ,. For the
relation “less than” among rationals of given type (excluding 0,), we use
the letter H, to suggest n (defined in %273), because, if the axiom of infinity
holds, the series of rationals of a given type is an 5. The definition is

¥30402 H=XY¥ (X VeRatdef.X <, ¥} Df

When we wish to include 0y in the series, we use the notation H'; thus

#30403. H'=X¥{X, YeRatdefu10,. X <, ¥} Df

(It will be observed that here 10, acquires typical definiteness through
the fact that it must be of the same type as “Ratdef” in order to make
“Rat def v 10, ” significant.)

If the axiom of infinity does not hold, H and H' will be finite series:
if v 4,1 is the greatest integer in a given type (v > 1), the first term of H
is 1/v and the last is »/1 (¥304281). In a higher type, we shall get a larger
series for H, but at no stage shall we get an infinite series. If, on the other
hand, the axiom of infinity does hold, H is a compact series (¥304-3) without
beginning or end (%304:31) and baving N, terms in its field (%304-32),
1e. H is an n (%304:33). In this case, C'H =D‘H = Rat — 1°0, (%304:34),
t.e. any rational other than 0,, as soon as it is made typically definite, belongs
to C*H.
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Under all circumstances, H is a series (#304-23), and H exists in the
type fA if 3 exists in the type t‘A (%¥304:27). In the same case,
C*H = Rat def (¥304:28). Similar propositions hold for H'.

C‘H’ consists of typically definite ratios, and if X is any ratio, there are
types in which X belongs to C“H’ (¥304:52). If the axiom of infinity holds,
every ratio is a member of C*H 'n every type (#304-49).

#*304-01. X<,Y.=.(5Lu.,v,p,a).p,u,p,aeNCind.a+0.p,xca‘<yx°p.
X=uplv.Y=ple Df

¥30402. H=X7V (X, Y eRatdef. X <, ¥} Df

¥30403. H =XV (X, VcRatdefui0,.X <, ¥} Df

#3041 |

ba

<, Y.=.(qu,v,0.0) e pt,v,p,0 e NCind . p X, 0 < v Xep.
X=ulv.Y=pla [(%304:01)]

tulv < plo.=.alp<,v/p [%304:1]
(X<, V.= V<, X [%304'11 . %303-13]
:X<,Y.D.X,YeRat. Y40,

*304°11.

#304'12.

%#304'13,
Dem.

-

. T

Foall7T 5.0 bt uXeo <vXepsDovXepF0.
[%113:602] 5.v40.p40 1)
Fo(1).%304'1.%3037.Dt.Prop

30414 F:XHY.=.X,YeRatdef. X <, ¥ [(%304:02)]

%30415. F:XHY.=.(qu.v,p.0).pv,p,0e DUndU.

X=@r) Lty Y=(p[o) [ tup-pXco <¥Xep
[%304-14-1 . %303-71]

%304:161. F: XHY .=.(qM, N, u) M <, N . M} t,°u, N[ tu‘u ¢ Rat def.
X=MPt, u.Y=N[t:u [%304:15]

*304152. F: uPmv.pPrmo.D: {(u/v) [ tu'u} H {(p/o) | tu'u} .=
plv<,plo-p,v,p,0eDUndU [%304151. %303:731]

*¥30416. F:(u/v) H(p/o).=.(c/p) H(v/u) [*30415]

It

%304161. +: XHY.=.VHX [%30412°151]
%3042, F.HGJ
Dem.
F.%303:37.D
Fru,v,p,0 e DUAAU. (u/r) [ tun=(p/o) [ tupp e D Xqo =¥ Xep -
[#304:15] 3.~ {(ufv) H(p[o)) (1)

F.(1). Transp.DF. Prop
¥304201. k.~ (X <,X) [Proof as in #3042]
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%30421, t. H etrans
Dem.
F.%30415.2+: XHY.YHZ .D.
(Ap, v, p, 0, Eyn)‘/‘l”:970:f?n€D‘U“ AU.pxs0 <vXepe
pxon < Xo b X = @)tk Y=ol tufu . Z= (Em) Lt (1)
F.%117571.%12051.2
Fipv,p0,EneDUndU . p Xe 0 KV XgprpXgn < TXgEaDn
B X T XgN < VX p XN LV XgT X
[%126511D . u X, < v X, & (2)
F.(1).(2).9F.Prop
%x304211. F: X <, V.Y <, Z2.2.X <, Z [Proof as in %304°21]
%304:22. }F. H econnex
Dem.
F.%12683.0 bt pu, v, p,0eDUAAU.I:
PXeT LU XgPrVafhXgT=VXgPoVefhXg0 >V Xop €8]
F.(1).%30415.D F.Prop
%304:221. F:. X, YeRat. D: X <, Y .v.X=V.v.V <, X [Proof as in %304-22}
¥30423. F.HeSer [%3042:21:22]

#30424. FipveDUndU.v$1.D.(u/v) H {u/(v—-, 1)}
Dem.
F.%120414415416.DF: Hp.D.v—~,1e DU A AU 1)
F.(1).%304'15.D }. Prop
%304241. F:pueDU.p+,1eTU.D.(u/1) H (1 +,1)/1}
Dem.
F.%300'14. DF:Hp.D.p1e@U (1)
F.%300'14.%120124 .0 F: Hp.D. pu+,1e DU (2)
F.(1).(2).%30415.DF. Prop
%304'25. F:p,veDUnAU.~(u+,1=BU.v=1).D.u4/veD'H.v/uedA‘H
[%304-24-241°16]
%304261. F:pu+,1=BU.D.u/l~eD'H
Dem.
F.%30014.D
F:Hp.p,oe DUnQU.D.pKpu.1K0.
[%117-571] DipX Il ux,o (1)
F.(1).%30415.0F. Prop
%30426. truPmyv.d:ipveDH.=..v/ue‘H.
Z2.p,0eDUAAU.~(ut+,1=BU.v=1)
[%302°39 . ¥304-25:251'15°16]
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%304:261. . D'H=2X ((gu,») . p,ve DUnAU.~(u+,1=BU.p=1).
X= (,u./v)t tn‘p} [*304'25'251'15]

¥304262. . QH =28 {(gp,») - uve DU QU .~ (u+,1=BU.p=1).
X =/wl tn's} [*304:26116)]

¥30427. F:!H.=.q!3
Dem.
F.%30014.D>
Frgl!83.0:u=1.v=2.2.4veDUnAU.~(u+,1=BU.p=1).
[%304:25] >0.q4'H (1)

F.%304-261.0

P! H.D:(qu, )i v e DUnTU:p+,1edAU.v.v$1:
[#300-14] D:(gu).p2l.glu+2.v.(gr).v>1.qlv+,1:
[%11732] D:qg!3 (2)
F.(1).(2).DF.Prop

#30428. Fiq13.D.CH=2X {(fmv) v eDUaQU.X =(u/n)} tuu}

= Rat def
Dem.

F.#%30014.0 0 Hp.D:pu+,1=BU.D.u>1 (¢9)
F.)IF:Hp. Do~ (uv) e pp+,1=BU.v=1.v+1=BU.u=1 (2)
F.(2).%304:261-262.%303'71.DF . Prop
#304-281. F:.[E{!3.3:p./v=B‘H.E.p,=1.u+cl=B‘U.E.v/p=B‘fI
[%304-28-261-262]

#304282. F.0,~ e C‘H [%304:27-28.%30366)

%30429. F:(u/v) H (p/o) . p+op,v+,0eAU.D.
(sfv) H {(p+4 p)(v + 0)} - {(1 +o p))(v +o )} H (p]o)

Dem.
F.%3041.0F:Hp.D.puX,0<vXep-
[%1265] DouXe(vt,0)<vX(ntop)-
(#+oP)Xc0<(V+00)XcP- @
F.(1).%3041.DF. Prop
%3043. |:Infinax.D.H eSer n comp [%304-29-23]

¥30431. F:Infinax.d.~E!1BH.~E!BH [x304281.%30014]

#304'32. F:Infinax.D.CHeN,
Dem.

F . %304°15 . %303-211 . %302:22.D
F.Ne‘C*H < Ne‘X {(gp, 6).pPrma.p,ae DU n AU . X = p/o}

[%303-36] QNC‘JQ {(p,0). pPrm o . p, o e DUnAU.M=p | o}
[#33161] << Nc‘CU x, Ne‘C*U )
19
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F.(1).%123-52.%30021 .0 F: Hp.D . Ne‘C*H K N, @)
F.%304°28.D
F:Hp.D.Ne‘C‘H=Nc‘X {(5v) . ve DU n AU . X = /1)

[%303:36] = Ne{(D‘U ~ A¢T)
[%300°21] =N, 3)
F.(2).(3).%11723.D}. Prop
%304'33. F:Infinax.D.Hen [¥304-3'31°32 . %2731]
*304'34. F:Infinax.D.CH=D‘H = Rat - 1‘0, [#30378.%304:28]

%3044 F:XH'Y.=.X,YeRatdefui0,. X<, Y.
=.(qu,v,0,0) iy v, p, o LU . v40.0%0. u X0<VX,p -
X=)ltu'pn. Y=(p/o)] tu'n [%30371.(%30403)]

%304401. F:. Infinax.D: X<, Y.=. XH'Y [%3044.x%30378]

%30441. F.DH =X {(5u,v) e v e AU 040 . ~(u+,1=BU.p=1).
) X = (u/v)[ tuul

[Proof as in ¥304-261]

%30442. F.QH'=X (g, v) - v e AU 40,040, X =(u/w)] tu')

¥30443. FiglH .=.q!2 [x30442]

x30444. F:q12.0.CH =X {(Gp,v)  pv e AU v+ 0. X = (u/v)] tu'u)
[%304-41-42]

#30446. F:mg12.D.BH =0,  [%3044142.%303:6]

%30446. F:q!13.0.H'=0,¢ H [#304:45427°1)

¥30447. F:lnfinax.D.H' eldn [%3044633]

#304'48. . H'eSer
Dem.
F.ox3044 . D F:gt2.~q!8.0. H =0, | (1/1) (1)
F. (1) . %304-43:46°23 . JF. Prop

%304'49. t:Infinax.D.C*H' =D‘H’ =Rat [%304:34-46]
%3046. F:XeCH.D.q! X[ Rel num [%303-73 . %304-14]
%30451. F:XeCH'.D.75! X[ Rel num

Dem.
F.%30363.%304'43.DF:+Hp.D .5 10, Rel num 1)
F.(1).%30373 . %3044 . D F . Prop
%30462. F:XeRat.D.(qu). X[ tu‘peCH [%304-44 . %300°18]

*30453. F:XeRat—10,.D. (squ) . X [ tu‘ue CH [%304:28 . %300-18)



%305. MULTIPLICATION OF SIMPLE RATIOS.

Summary of %305.

The ratios hitherto considered are called “simple” ratios in opposition
to “ generalized ” ratios (introduced in #307), which include negative ratios.
We deal with multiplication and addition first for simple ratios, and then
for generalized ratios. In this number we are only concerned with the
multiplication of simple ratios.

In defining multiplication of ratios, we naturally frame our definition so
as to secure that the product of w/v and p/o shall be (u x,p)/(v X,o). This
is effected by the following definition (where “s” stands for “simple ”):

%*305'01. XX,Y=ﬁ»§[(5{,u.,u,p,¢r).;l.,u,p,aeNCind.u:}=0.¢7+0.
X =ulv.Y=plo.R{(px,p)/(v X, 0)} 8] DI

which gives us

#306142. t:p,peNCind.v$0.040.D. u/v X,pfo= (1 X p)/(v X, )
and

%*305144. F:rq!(u/v Xsp[/0)« D ulv Xsplo=(u Xop)/(¥ X )

The reason for the hypotheses in these propositions is that, if wis a
cardinal which is pot inductive, while p=0 and », o are inductive and
not 0, u/v=A and /v x,pla=A, but (u x,p)/(¥v x,0)=04.

For the applications of the multiplication of ratios, it is essential that we
should have, if R, S, T belong to a suitable vector family,

R (ufv)S.8(p/o)T.D.R(ulv xepla) T,

eg. we want two-thirds of five-sevenths of T to be (2/3 x,5/7) of T\ It will
be shown in Section C that our definition satisfies this requirement.

We prove in this number
%3063 F:X,YeRat.=.X x,YeRat
#0522 +:Xx,¥=0,.=:X,YeRat: X=0,.v.¥Y=0,
1. a product only vanishes when one of its factors vanishes;
%3056:301. F: X, Y eRat —1°0,.=. X x, Y e Rat — 10,



284 QUANTITY [PART VI
#30526. F:u,v,p0eDUndU.D.(u/vx,plo)] tu'ne C°H

Thus a product of two ratios which both exist in a given type exists in
the next type, 1.2

%30626. F:X YeRat.X[t,u Y[ tuueRat def.D.(X x, V)] tu'ue C°H
The formal laws offer no difficulty. We prove the commutative law

(%305:11) and the associative law (%305'41); we prove that X x,1/1=X
(%305°51) and that X x,X=1/1 (*305'52). Division results from

~

%305661. F:. AeRat—10,.4’¢eRat.D:4dx,X=4".=2.X=4"%x,4
and the axiom of Archimedes is given by

#3067. F:X,YeRat—1°0,.D.(qa).aeNCind. V<, (a/1 x, X)

*30601. X x, ¥'=R8[(5u,v,p,0) - v, p,0eNCind.v40.540.
X=ulv.Y=pla.R{(ux,p)[(v %, )} 8] Df

#3061l F:RXx,V)S.=.(qu,v,p,0)-p.v,p,0¢NCind.v$0.0%0.
X=pfv-V=plo Ri(n x,p)(v X, )} S [(430501)]

x30511. F.Xx,V=Yx,X [%3051]
#30612. kX, ¥~ et0,u 00, Cnvi(X x, V) =X x, ¥ [#3051 .%30313]

#30513. F:u,0,p0,0eNCind—10. ufv=y'/v .plo=p'ld’.D.
(1 %o P)/(¥ X @) = (1 X, p)/(¥' X, a’)

Dem.

F.%30389.DF:Hp.D. u X,V =v X' e pXe0'=p X, 0+

[%120-51) D puXep Xe¥ Xe0 = Xop' Xo¥ Xoa s

[%303:39] D (1 %o p)(¥ Xo0) = (' X6 p))[(¥' Xo0")2 D . Prop

#305:131. F:v,p,0eNCind —1°0.0/v=py'/v .p/o=p'[a’.D.

(0 Xq p)/(¥ X0 ) = (' %o p))[(V Xo )
Dem.

F.%30366. DF:Hp.D.u' =0.s eNCind—10 1)
F.(1).%3086 . D F: Hp. D. (0 X, p)/(¥ X)) = 0g = (i’ X0 ')/(¥' Xo0”) : D F. Prop
#305'132. F: u,v,p,0eNCind.v+0.0%0. pjv =y .pla=p'[c’.D.

(1 %o )/ (v %o o) = (/“' Xe P’)/(", X 0’)
[%305-13-131]
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#30514. F:pu+0.p+0.vF0.0F0.D. ufv %, plo=(uX,p)/(v X, )
Dem.
F.%3051132.D
FuHp.D: R(u/v X.pla)d.=:
(@w, v, 0, 0) v, p', 0’ e NCind . plv= [V . plo=p'la’ ./ 0.5 %0

B{(uxp)f(vxs0)} 8 (1)
F . %303181 . %302:36 . x120'512. D

F:Hp. R{(u x.p)/(v Xo )} 8. gy v, p,0 e NCind (2)
F.(1).(2).9F. Prop

The condition x#0.p=0 is required in the above proposition because if,
eg. p=0.peNCinfin, we shall have (if v, 0 e NCind — t°0) pufv = 0,. p/o = A,
whence u/v X, pla=A, but (u x,p)/(v X,0)=0,. If we assume u,p e NCind,
it is not necessary to assume u$+0.p40. This is stated in ¥305:142.

%305141. F:.v=0.v.0=0:D.pufvx,pla=A
Dem.
F.%3036711.0F:0=0.4,7 e NCind.ufr=u/v .D.// =0 1
F.(1).%3051.DF. Prop
%305142. F:pu,peNCind.v40.0%0.D.0/r x,p/o=(u X, p)/(v X, )
[Proof as in #305-14]
%305143. F:r!(u/vx,p/a)-D.p,v,p,0eNCind.v$0.040
Dem.
F.#%305'1.DF s (u/v X, pf0). Do (A, V)« pt/, v e NCind . v/ 4 0. ufv=pu'[v.
[%303-182-67] Doy, veNCind.v#0 1)
Similarly F:q!(u/vx.p/0).D.p,ceNCind.oc#$0 @
Fe(1).(2).9F.Prop
*305:144. b2 ! (u/v X, p/0) . D . plv Xepla=(u X, p))(v X, o) [#305'143142]
#30515. ki~ (u,v,p0eNCind).v.v=0.v.a=0:D.pu/vx,plo=4A
[%305'143 . Transp]
%30516. F:p,v,p,0eNCind:p=0.v.p=0:v340.040:D.
ulv X, ploe=0, [%305142.%3036]
#30517. F.X x,0,=A [#305141,%303'67]
%3062 F:qq!Xx,Y.D.X,YeRat

Dem.
F.%3051.D

FtHp.D.(Guv,p,0) e, v,p,0¢ NCind . v40.040. X =pfv.Y=p/o.
[*3037] D.X,YeRat:D}F.Prop
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%30621. F:X x,YeRat—10,.D.X,Yehkat — 10,

Dem.
F.%30372.%3052. O+ : Hp.D. X, YeRat (1)
F.%30516.Transp. D F:Hp.D.X40,. Y $0, (2)
F.(1).(2).2F.Prop

#30622. F:1Xx,Y=0.2:X,YeRat: X =0,.v.¥Y=0,
Dem.
F.%30512142.%303'66.D
FeeX %, Y=0,.=:(gu,v,p,0). X=pf/v.Y=ploc.p,v,p,0 e NCind .
peXep=0.vx,0%0:

t(@Amr,p0): X=plv.Y=plo.uv,p0eNCind.
v$0.0F0:pu/v=0,.v.p/c=0q:

[%303°7] =:X,YeRat: X=0,.v.¥Y=0,:.0F.Prop

#306222. F: X x,YeRat.D.X,YeRat [%3052122]

[%303:66]

1

The following propositions are lemmas designed to show that if X, ¥ are
ratios which exist in a given type, X x, ¥ exists in the next type.

#30623. F:peNCind.D.(2xopu)+,1 << 2¢41  [%117°652 . %¥120°429]
#306231. F.(n 4,10 =+ (2 X, p) +,1 [#116:34 . %113:43:66]
%305232. F: ueNCind.D. 2242
Dem.

F.#%116:311-321 . F. 02 < 20%! )
F . %305231. Db :Hp. . <2641 . D0 (p +, 1P 26414 (2 X ) 4o 1 (2)
F.(2).%30528. Db:peNCind. pt < 201D, (p 4 1f < 21 4, a1,
[#113-66.%116:52] D (pt, 1P << 2048 ®3)
F.(1).(3).Induct.d}.Prop
#30624. F:ip,v,p,0eDUATU.D.

(r X, p) i, ¥ X, 0) ntu e DU A AT

Dem.
F.%11672. DF:Hp.d. (2t nt‘u)e CU.
[%305-232] S.uintuedU )
F.#%11635. DF:Hp.D. . wiatiue DU (2)
Similarly F:Hp.D.v¥aty,p?nty,dc?nt‘ueDUAAU 3)
F.%117-571.D
FeHp.DipuXepSi2 Vo pu X pK PPt v X0 K1 Vo0 X0 K 0? “4)

Fo(1).(2)-(3).(4). D F. Prop
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#30625. F:p,v,p,0eDUAQU.D.(ufv %,p[o)] t'pe CH
Dem.
F.#%305:14.0F:Hp.D. ufv X, pfo = (p X, p)/(v X, @) (1)
F.(1).%304:28 . %30524 .2+ . Prop

%30626. F:X,YeRat. X[, Y] tueRatdef. . (X x, V)| ty'ue C'H
[%305°25 . ¥304-28]

%30527. F:X,VeRat—10,.3.(qu)- (X x, V) tufpe OH
[%305'26 . ¥303721]

¥30528. F:X,YeRat.d.(gp). (X x, V)L tuue CH' [%30527-22]

#3053. F:X,YeRat.=.X x, YeRat

F.%305142.%3037.2F: X, YeRat.D. X x, YeRat )
F.(1).%305222.2F . Prop

%3056301. |: X, YeRat—1°0,.=. X x, Y e Rat — 10,
[%305:142 . %3037 . %305:21]

#306:31. F:(gu) . XDtu'w, Y[ tu'ueCH.=.(qv). (X x, Y)[ tuve C‘H
[%305:801 . %304-53]

#30632. F:(gu). X[ta'n, Y[ tu'peCH .=.(qv). (X x, V) [ tuve C°H'
[#3053 . %304-52]

%3064 F:N»,0eNCind.u$0.p40.74+0.D.

(M %,42[p) X4 (0] T) = (A Xo¥ Xo 0) /(1 X o p XoT)= N[ X4(v[p Xsa/7) [#305142]

%3064l F. (X x,Y)x,Z=X x,(Y x,Z) [%30542]

*¥3066. F:pu$0.d.(0\p)x,(1/1)=A/p [%30514142:15]

#30651. F:Xe¢Rat.D.X x,(1/1)=X [#305°5]

#30662. F:XeRat—10,.3.X x, X=1/1
Dem.
F.%30514.%30313.2
FrHp.D. () p,ve NCind ~ ¢°0. X X, X = (u X, v)/(v Xo 1) «
[%303:23]2.X x, X =1/1:DF. Prop

%3066. t: AdeRat—t0,.XeRat.D:4x,X=4".=.X=4"x,4
Dem.
F . %304:1-4 . %305°32:222. D
F:Hp.D.(qm vp, 0, &) p,v,0e NCind—10.p,£7eNCind.
A=ply.X=plo.A'=Eln (1)
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F.%305142.D bt p,v,0e NCind — 0. p, £, ¢ NCind . D :
mlv xsplo=En.=.(nx,p)/(v X, 0)=E[n .
[#303-38] VX P K=V X T X E
[%303-38] « plo=(v %o E)/(1 Xo7)
[%305142.%308:13] = E/n x, Cnvé(u/v) 2
F.(1).(2).9F.Prop

It

Il]

30561 F:.AdeRat—10,.4 ¢Rat.D:Ax,X=A'.=. X=4A x,4
[%3056:222:32]

#3067. F:X,YeRat—10,.D.(qa).aeNCind. Y <, (a/l x, X)
Dem.
F.%117-571.%120511 . %117°62.D
Fip,v,p,0e NCind— 0. > 2.0,
B XepXoEXgT >V Xep
[43081] D (p/) <, (i Xop %o E)fo -
[¥30514] 3 . (p/0) <, [/v X4 (p %, HY1] 1
F.(1).%3041.%1205.DF. Prop

*%3067L. F:ZeRat—10,.0: X<, V.=.X%,2<, Y%, 2
Dem.
F.%305142.0F:Hp. X <, ¥.D.
(v, p,0.E9) 1,0, 0,0, E,7eNCind.v$0.040.53+0.940.
X=plv.Y=plo.Z=En.uXe0 <vXep.
X s Z= (%o B0 %01+ ¥ %o Z= (p X0 B Xo)

[#3041.%126:51]D . X x, 2 <, Y x, Z (1)
Fe@). b :Hp X %, 2<, Y%, 2.0 . X %, Zx, 2 <, V%, Z %, Z .
[#305:5152] >.X<, Y @)

F.(1).(2).DF. Prop



%306. ADDITION OF SIMPLE RATIOS.

Summary of %*306.

The addition of simple ratios is treated in a way analogous to that in
which their multiplication is treated. We wish to secure that the sum of
Av and /v shall be (A +,u)/v, and that the sum of u/v and p/o shall be
{(1 X0 @) +o (v X, p)}/(v X, ). This is secured by the definition

%30601. X +, ¥=RS[(qp,v,p).n,v peNCind.v40.
X=p/v.Y=p[v.R{(n+,p)/v}S] Df

whence we obtain
%30613. F:v$0.D.u/v+,p/v=(n+.p)/v
%30614. F:v$0.0F0.D.u/v+,p0/0 ={(p X; )+, (¥ X, p)}/(¥ X, @)

Our definition is so framed that ooq+,ooq=1\. This is on the whole
convenient, though we could, of course, frame our definition so as to have
0 g+ 00 g= 0.

In applicatious, if R, S, 7 are members of a suitable vector-family, we
want to have

R(u) T-8(pf0) T3 . (RIS) (uv+,p/0) T,
eg. if a vector R is 2/3 of T, and a vector § is 5/7 of T, we want the vector
which consists of first travelling a distance R and then travelling a distance
S to be (2/8 +,5/7) of T. We shall show in Section C that our definition of
addition fulfils this requirement.

As in the case of products, the sum of two ratios is a ratio (#306-22), and
the sum of two ratios which exist in a given type exists in the next type
(#306:64). A ratio is unchanged by the addition of 0, (¥306:24), and a sum
of two ratios is only 0, if both the summands are 0, (¥306:2). No difficulty
i offered by the formal laws: we prove the commutative law (¥306:11), the
associative law (#306-31), and the distributive law (%306-41).

An important proposition is
*30652. F: X<, YV.=:XeRat:(g2).ZcRat—10,. X +,Z2=Y

When the axiom of infinity is assumed, this proposition becomes

XH'Y .=:XeCH:(q2).ZeCH.X +,Z=Y.

R. & W, 111,
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We prove also the proposition upon which subtraction depends, namely
%30654. F:. X YeRat.D: X+, Y=X+,Z.=2.Y=2

¥30601. X +, Y=R8[(qp v, p). p v,peNCind.»+0.
X=p/v.Y=p/v.Rlip+,p)v}S] Df
*3061. F:RX+,1)S.=.(gu,v,p)-pv.pe NCind.v40.
X=u/v.Y=plv.R{(n+,p)/v}S [(¥306:01)]
*30611. +. X+, Y=Y+, X [#306:1 . %110-51]
#30612. F:q!(X +,Y).D0.X,YeRat [#3061.%3037]
#306121. F:pufv=u'/v . plv=p"1v". D (u+op)v =1 +.p)V
Dem.
F.%30339.DF:Hp.p,v,p,p,0,p e NCind.v30.»'£0.D.
wXgV =p' Xevep X =p' X,v.
[#113'43] D.(p+4ep) Xe ¥ =(1 +4p) Xov -
[(¥30389] . (s +op)y = (W +op)¥ )
F.%303181.%30236.2
F:rHp.~(u v, pop, v, p e NCind). D (p+.p)r=A. (0 +.p)v'=A (2)
F.(1).(2).%30367 .2 . Prop
%30613. F:vf0.D.u/v+spfv=(un+,p)/v
Dem.

F.%3061.0OF:Hp.D . (u+op)/v Cu/v+sp/v 1)

F.%306:121.2

bt fr =« plv = X (W k) Y3 X [(pbap)) T (D)

Fo(2).%3061.DF.ufv+,p/v C(u+,p)/v 3)

F.(1).(3).2F.Prop

#¥30614. F:v$+0.0F0.D.p/v+,p/a={(u X, )+ (v X, p)}/(¥ X, 0)
Dem.

F.%30339.D
F:Hp.uvp,0eNCind.Dd.pu/v=(u X,0)/(¥ Xg0) . pla=(v x,p)/(¥v X,0).
[*30613] . pfv+spla= {(r“' Xo @) +o (¥ Xo )} /(v Xe @) (1)

F.%30612.%303'11.2
Fieo(pr,p,0e NCind). D, pfv+,pjo=A. {(Xe0) +o (¥ Xop)} /(¥ Xea)=A (2)
F.(1).(2).3F. Prop

%306141. F:v=0.v.o=0:D.u/v+,p/c=A [¥30612. Transp.*3037]
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*30615. F:u/v+,plo=0,.=.u=p=0.v,0e NCind -0
Dem.
F.%30614.%30366.DF: u=p=0.r,0¢e NCind — L‘O.D.,u/u+,p/o-=0q (1)

F.%306:12, dbipfv+,pled=0,.2.u,v,p 0eNCind (2)
F.%306141. DF:p/v+,p/0=04.2.v%0.040 (3)
Fo(3).#30614.0F: Hp(3).D. {(1 X )+ (v X, p)}/(v %, 0) = 0g.
[%303-66] Du(uXea)+o (v X p)=0.vXx,0%0.
[¥110°62.%113-602] D.p=p=0.240.0%0 4)

F.(1)-(2).(4)-DF. Prop

%30616. . X+, Y =RS[(q4,v.0.0). 1 0p0e¢NCind.v40.040.
X=p/v.Y=ploc.R{(p Xo@ +e v Xep)fv Xoa} 8]

[¥306:1412]

%30617. F:pu=0.1p,0eNCind.v$0.04+0.D.u/v+,pjoc=pjc
Dem.
F.%3036.2F:Hp.D.u/r=0/a.
[%306°13] d.ufv+,plo=(0+,p)/a: . Prop
%3062 F:X+,YV=0,.=2.X=0,.7=0, [%3061512]
#30622. F:X+,YeRat.=.X,YeRat
Dem.
F.%306'16.%3037.0F: X 4+, YeRat, =.
(qu,v,0,0) e, v,p, 0 e NCind . X =p/v. Y=plc.vX,0%0.
[*113:602]= . (qu, v, p,0) ¥, p,c e NCind . X = pufv. V=ploc.v$0.040.
[#3037] =.X,YeRat:DF.Prop

#30623 F:X+,YeRat—10,.=.X,YeRat.~(X=Y=0,)
[%306-22 . %3037 . %306-2]

%30624 F:XeRat.D.X +,0,=X [%3061711]

%#30625. F: X +,YeRat.=.q1(X +Y).=.X,YeRat
[#306-12-22 . %303-26 . %306'14]
Here X +, Y must be taken in a sufficiently high type, otherwise X+ Y
may be null when X, Ve Rat.

%3063 F.(O\u+.v/p)tea/T=Np+(v/p +ea/T)
Dem.
F.%30614.DF:p40.p+0.740.D.(A\p+,2/p) +s0/T
={(A X, p) +e(m xe V)}/(,“' Xep) +y a/r
[*306‘14'] = (A Xep XoT) Fo (i Xo v XeT) +o (1 Xop Xe N (1 X p XcT)
DRLLE43) = [11 X, (p X)) o (1 Xe (5 %o ) +(p Xe N V1l o (p X0 7)
[*306'14] =Mp +e [(r X T) +e (p X )} /(p X T)
[*306'14]:)\/;1. +:(v/p +4 zr/'r) (1)
F.(1).%306'12.DF. Prop
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*30631. F. X+, Y)+,Z=X+,(Y+,2)
Dem.
F.%3063. DF:X=\u.Y=v/p.Z=0c[r.D.
X+ )+Z2=X+,Y+2) (1)
F.430625.0F:~ (gm0, p0,0,7) . X =2\ p. Y=v/p. Z=0g[r.D.
X+ )+, Z=A.X+,(Y+.2)=A (2
F.(1).(2).2F.Prop

#3064  F.Nux,(v/p+ev/T)= (N1 X, v[p) +s (Mp X4 0/ T)

Der
F.%306'14.2F: N, p,1,0,0,7¢e NCind. uF+0.v3+0.040.D.

Al e (v]p +40[T) =R/ p Xe {(v X6 T) o (p %o )} [(p X, T)

[%30514] = [\ X, (¥ X4 7) +o (5 X, D)} Y(p X p Xo 7)
[#303:23] =[N xq pt Xo {(¥ X T) ¢ (p X @)} )1t X0 0 Xo 16 X6 T)
[#113°43] = {(A Xopt X ¥ X T) +o (A Xg b Xo p Xo OV (e Xe p Xo o X T)
[#306:14] = (A X, »)/(p X, p)+s (A X, o) (1 X, 7)

[K30514] = (M X4 5/ +2 (M Xe 07) M
F.%3052.%30622.D F 29[ IA/u X, (v/p+50/7) . D N, v[p,a[T e Rat .
[%303-7] >.Hp(1) (2)

F.%306°12.%305143.2
Fep H{OMp % v/p) +s (M Xg /7)) o D o N/p,v/p,a/T e Rat .

[#308:7] 2.Hp(1) 3)
F.(2).(3).2
FioHp(1). D M ux,(v/p+s0/7)= A= (Mg xsv[p) +s (A X4 0[T) 4)

F.(1).(4).2F.Prop
430641, F.X x,(Y+,2)=(X %, V) +,(X x,Z) [#306'4'25 .%3052)
*30651  F. X 4, (01 x, X)= (v 4, 1)/1 x, X

Dem.
F.%30612.0Fqp ! {X +,(v/1 x, X)} . D: X, »/1 x, X eRat :
[%3053.43037} D : »e NCind : (gp, 0) . p,ce NCind . 04 0. X =p/o 1)
F.o%3052.0Fen ! {(» +.1)/1 X, X}.D: (¥ +,1)/1, X e Rat:
[%3037.%126'31] D : ve NCind : (gp,0) . p,c e NCind. o 0. X =p/c (2)
F.%305142.0F:0,p,0eNCind.a $0.I.0/1 x,p/o=(v X,p)/c.
#306:13] D . p/o +, (/1 X, p/a) = {p +. (v X p)}/0
[%113-671) ={(r, 1) X, p}/o
[#305-14] =(v+,1)/1 Xz p/c 3)
Fe().(2)-(8).DF.Prop
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#30662. F:. X<, Y.=:XeRat:(gZ2).ZeRat ~10,. X +,Z=Y
Dem.
F.#%30613.%119'34.D
Fip,v,00eNCind.v40.04+0. X=p/v. Y=ploc.ux,0<vx,p-
E=(xep) = Xe0) . Z=E/(r X,0). . X +,Z = (v X, p)/(v X, 0)

[%303-23] =plo

(Hp] =Y M)
F.(1).%304113.2

FoX<,Y.J:XeRat:(g2).ZeRat—10,. X +,Z=Y 2
F.%306:14.2

'I-:,u.,u.p,treNCind.v+0.p+0.a+O.X=p/u. Z=ple.Y=X+,Z.D.
YV={(%0) +¢ (v X6 p)}/(¥ X @) « [{(1 %o ) +¢ (¥ Xo p)} X ¥] > p %o (v %, 7) -
[#3041]0.X <, Y 3)
F.(8).%3041.OF: XeRat.ZeRat— 10, . X +,7=Y.0.X <, ¥ (4
F.(2).(4).F.Prop

The above proposition requires that X and Y should be taken in a
sufficiently high type, namely at least in a type in which, if X =u/v and
Y =p/o, where uPrmv and pPrma, (v X,p)+,1 and (u X,0)+,1 are not
null, Otherwise there may be no Z such that X +,Z=17Y.

#30663. F:puveNCind.v+0.040.9+0.2:
plv+iplo=p/v+i k- =.plo=En

Dem.

F.%80612.2 . Hp. ujy + pfo = p/v +:Eln - ~(p,c e NCind).D.
plv+sEfn=A.pla=A. D

[%306-25] J.~{u/v, E/n e Rat}.

[Hp.#303-7] 3.~ (£ 7¢NCind).

[*303:11.(1)] d.¢/m=plo (2)

F.%306'25.DF: Hp. /v +sp/o=p/v+:E/n.p,ceNCind.D.
£9eNCind (3)

F.(8).%306:14 . %303:39. D
FrHp (3). 3. (1 %o @) +e (¥ Xo p)} Xo ¥ Xo = {1 Xom) o (v Xe )} Xo¥ Xc 0 -
[*113-43]

D (B Xe 0 Xo ¥ 3 N) 4o (12 X p X M) = (1 Xe T Xo¥ X 1) +o (P X EX )
[¥126:4] D. 02 x,(p X 7) = 1* X, (£ X, 0)

[%303:39]1D . p/a = §/n )
Fo2).(4).DF . Hp. D p/v +oplo=plv+:En-D . plo=E/n (%)
Fo%3061. Db:pla=E/mn.D.ulv+splo=plv+:En (6)

F.(5).(6).DF . Prop
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#30654. F: X, YeRat.D: X+, V=X+,2.2.Y=2Z
Dem.
F.#%30625.2F:. Hp.2: X+, YeRat:
[%306-25] D: X+, Y=X+,Z.2.ZecRat (1)
F.(1).%306:53 . %3037 . D + . Prop

%3065, F: V<, X.D.~(@Z). X+, 2=7Y

Dem.,
F.%117291.%3041.DF:Hp.D.~(X <, Y).
[%306-52] 3.~ (qZ).ZeRat—10,. X +,Z2=Y (1)
F.%306°24 . %3041, DF:Hp.D.~(X +,0,=T) )
F . %306°25 . DF:Hp.X+,Z=Y.D.Z¢Rat 3)

F.o(1).(2).(3).DF. Prop
The following propositions are concerned with the existence of X +, Y in
definite types. It will be shown that if X, Y exist in a given type, X +, Y
exists in the next type, .. if X [ £, and Y[ ¢, exist, then (X +, Y)[ to'p
exists, where X, Y are rationals.
%¥3066. FiupeDUAdU.D.(p+p)ntueDUAAU
Dem.
F.#30523.OF:Hp.p<<p-Dopt,p < 204l 1)
Similarly FiHp.pSp-Doptop << 2tel (2)
F.(1).(2).%11672.2} . Prop

%#30661. F:u,v,peDUAAU.D.(ufv+,p/v) aty‘ne Ratdef

Dem.
F.%30613:6.0F:Hp.D.p/v+,p/v=(p+.p)/v.(u+op)nt‘pratipe DUadU.
[%30371] D. (/v +45p[v) A te'r € Rat def: D F. Prop

%*306'62. F:pu,v, peDUndU.D. (/v +s plp) N trp € Rat def
Dem.
F.%30339.2F:Hp.D.ulv+,p/p=plv+svfv 1)
F.(1).%306:61.DF.Prop

#306621. F:oeNCind.D. o’ —, 0o +,1<2°

Dem.
F.%116301311. DF.02—, 04,12 @
F.%116321'831. DF.1°— 14,12 (2)
Fo%l1755.%1265. 0 F. 22— 2 4,1 < 2 (3)
F.%305231.0F:Hp.oa>1.02— 0 +,127. 0.

(64:1) = (04 1) +. 1 <27+, (2 X, 0) -
[*117'652-*11652] D « (g- +° 1)2 ~g (0’ +° 1) +° 1 < 20+-1 (4‘)
Fo(1).(2).(3).(4). Induct.D}F. Prop
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%306622. F:pueNCind— 0.2, (k=1 )P =p?— (2 X, u) +, 1

Dem.
Fox305231 470 S L HpL DL (o 1 e X D 4l =t (1)
bo#11343 . 120416 . 1 Hp. D+ 2 x, (1 =y D] +02= 2 X, g @
F.(1).(2). Sh:Hp. . (k= 1) 4o (2 X0 ) = o 1 ®)

F.(3).%11932.D0F. Prop
%306623. F:pu,v,peNCind v <p.pKpuD.(pXop)+, (v %, p) < 24+l
Dem.
Fe%120429.DF:Hp.D. (1 Xopm) +o (v Xo p) < 2 +o (=, 1)2.
[#120°429.%306°622] D . (1 Xqp) +4 (v Xg p) < (2 X u?) =4 (2 Xo ) 402
[%306°621.%126°51] < 2#+1: D}, Prop
%#306624. F:p,v,p0eNCindov<p.pLp.opu. .
(1 %o &) +o (v Xo p) < 2671 [%306°623]
%306:63. | 1, 0,0,0 e DU A AU .. (pfv +4 p/o)| b € Rat def
Dem.
F.%30662.0F:Hp.v=p.d.(u/v+,p/c) [ tw'p e Rat def ¢))
k. %306'624 . 30524 . 30371 .2
FeHpov<p.p<p.o <p-D.(1/v+sp/o) | tw'p € Rat def (2)
Similarly
FeHpov<p.p<<p.op-D. (/v +,p/o) [ tnn € Rat def 3)
F.2).(3).2
FiHpov<p.o<p. D (u/v+,p/0) [ t'p € Rat def (4)
Similarly
FeHp.p>vio<p.d.(uf/v+ip/a) [ tw‘n e Rat def (5)
Fo(1).(4).(3). Dt :Hp.aSp.D. (u/v +4p/0) [ tu'n e Rat def (6)
Similarly F:Hp.u<a.D. (u/v+sp/a) [ tn‘ueRatdef (7)
F.(6).(7).2F.Prop
The following propositions are immediate consequences of ¥306:63.
%306:84. F: (u/v)] tuu, (p/0) [ tu‘p e Rat def. . (u/v +sp/0) | tu'p e Rat def
%306:66. F:X,YeRatdef.d.(X +,Y)[ tnCC*X ¢ Rat def
%30666. F:X,YeCH.D.(X+,Y)[t,C“C'X eC‘H
#30667. +F:X,YeCH .D.(X+,Y)[ tC“CX ¢ C‘H’



#307. GENERALIZED RATIOS.

Summary of %307.

In this number we introduce negative ratios. If X is a ratio, what would
ordinarily be called — X is X |Cnv. This may be seen as follows. Suppose we
have RXS. We then have R(X |Cnv)S. Now if R and 8 are vectors which
carry us in the same direction, R and S are vectors which carry us in
opposite directions, t.e. their ratio is negative. Hence calling the class of
negative ratios “Rat,,” we may put
%30701. Rat,=|Cnv*Rat Df

The sum of “Rat” and “Rat,” we will call “Rat,,” where “g” stands
for “ generalized.” Thus we put
%*307°011. Rat,=Rat v Rat, Df

If p/v<,pl/s, we have {(u/v)|Cnv}(]|Cnvi<,){(p/o)|Cnv}. Hence
we pub
*30702. <,=|Cnvi<, Df
%307021. >,=Cnv'<, Df

If X and Y are generalized ratios, we consider X less than Y if either
X, Y are both positive and X <, Y, or X, Y are both negative and X >, ¥,
or X is negative and Y is positive or zero. Hence we put
*¥30703. <,=(>.)v(<,) w(Rat,—t0,) 1 Rat Df

On the analogy of <, and <, we put
*30704 H,=|CoviH Df
*307°06. h,- H, 2 H' Df

We prove in this number that if X is a ratio, X |Cnv=Cnv| X, and
Cov/(X |Cnv)= X |Cnv (%307-21-22). We prove also
%30725. F.C'HnC‘H,=A

We prove that 0, and oo, are their own negatives, but are not the nega-
tives of anything else (¥307-26:27-31). We prove Nr‘H, = Nr‘H (%30741)
and Infin ax.D . H,e7n (¥307°46). None of the propositions of this number
offer any difficulty.




SECTION A]

%*307:01.
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*30704.
%*307-05.
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*30713.
*307'14.
%*307-15.
*307-16.
%307°2.
*307-21.
*307-22.
*307°23.
*307-24.

Dem,

GENERALIZED RATIOS

297

[%307°1]

Rat,, = |Cnv‘‘Rat Df

Rat, = Rat v Rat, Df

<, =|Cnvi, Df

>n=Cov'<, Df

<y=(>n) ¥ (<,) v (Rat, — 1°0;) T Rat Df

>,=Cnv'<g, Df

H,=|CoviH Df

Hy=H. A H Df
F:R(X|Cnv)S.=.RXS [*717]
F:R(|CoviX)S.=.RXS [%3071]
F.X|Cov|Cov=X [%307°1]
F:X|Cov=Y|Cov.=.X=Y [%30712]
F:Y=X|Cav.=.X=Y|Cnv [%30712]
Figq!XPe.=.0« (X | Cov)[(Cnvi)
Frae=Cnvie . D:q! X [w.=.01(X|Cov)[ « [%307°15]
k. (u/v)| Cov = Cnv | (u/») (%3071 . ¥303:19]
F:XeRatvi‘0,.D.X|Cov=Cnov|X [%3072.x%303767]
F: X eRatvioy.D.Cnvi(X | Cov)= X |Cnv  [%307-21]
F.Cov¥“C‘H,=C‘H, [%304:28.%30313.%30722]
Fipv,poedU.uPrmyv.pPma.p=c.040.D.

i ! (p/o)~(u/v)| Cov

F.%30332.D0F:. Hp.D:(gP,Q).P,QeRel num . P, € Q.. P(p/a) @
D:(gP,Q). P,QeRel num . P, C Q. I P A GP:
D:(gP, Q). P,QeRelnum . ! PrAQ. P AQe=A:
>: @P, Q) P(pfo) Q- ~ (P (ufo) @) 2. O+ . Prop

[%303-21]
[%300-3]
[%308-21]
*307-25.
Dem.

k.

C‘HnC‘H,=A

F.%307:24.%303'13.D
Fiw,v,p,0 e U.uPrmv.pPrma.D.pufv+(p/a) Cnv ey

F.%802:22 . %303:211.%304-2728.0F: X, YeC‘H.D.

(Ap.v,p,0)-pv.p, 0 e LU . uPmy.pPrmo. X =pufv. Y=plc (2)

F.(1).(2).DF: X, YeC*H.D.X4+Y|Cnv:Dt, Prop

20
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*30726. +.0,|Cnv="0,=Cnv,0,

Dem.
F.%3072. dF. 0] Cnv=Cnv|0, (1)
F.%303'615. %3071, Db : R(0,| Cnv)S.=.5 1 RA I CS.
[%3322] =.qIRATICS.
[%30315) =.R0,8 @)
F.(1).(2).OF. Prop
¥30727. b . 4| Cov=o00,=Cov|o, [¥307°26 . %30362]

¥3073. F:XeCH.D.q!(X|Cov)[ Relnum [#3045.%307:16 .%3004]

%30731. F:XeRat—1¢0,.0.X|Cnv#0,.X|Cnvioo,
[%307-3 . #304°53 . %303'62]

%3074 F:XH,Y.=.(X|Cov)H(Y|Cnv) [#150-41.(%307:04)]
¥30741. +.Nr‘H,=Nr'H [%307°13 . (x307°04)]
30742 F:Infinax.D.Nr'H, = Nr‘H, =5  [#30741 . %304:33]
%30743. t:XeCH,.D.q! X[ Relnum [%3073]

¥30744. +.0,, 0 e O°H, [%30731]
30745, .NrH, = Nr'H +14NrH [%307°25°41 . (%307°05)]
%30746. F:lufinax.D.Hyeq [%307-45 . %304-:33]

This proposition requires n + 1 4 =, which is easily proved.



%*308. ADDITION OF GFENERALIZED RATIOS,

Summary of *308.

In this number we have to extend addition so as to include negative
ratios as addenda, and for this purpose we have to define subtraction of
simple ratios. This is defined as follows:

AA

#30801l. X~-,Y=RS{(gZ):X,Y,ZeRat:Z+,Y=X.RZS.v.
Z+,X=Y.RZS} Df
That is tosay, if ¥ <, X, X —, ¥ is the ratio which must be added to 1" to
give X, while if X <, Y, X —, ¥ is the negative of the ratio which must be
added to X to give ¥. Thus we have
*30813. F:. Y <, X.v.YeRat.V=X:2. X V=04)(Z+Y=X)
#30814 F:. X<, V.v.XeRat. Y =X:2.X—,Y={12)(Z+,X =Y)}{Cnv
We have, of course, X —0,=X (%30822), 0, —, X =X |Cuv (%308'23),
and X —, X =0, (x308'12). Existence-theorems for X —, ¥ are closely
analogous to those for X +,Y and X x,Y. Also we have
%3082 F:X,YeRat.=.X—,YeRat,

We define the sum of two generalized ratios by means of the sums and
differences of simple ratios, as follows :
%30802. X+, V=(X+,YV)uX -7 |Cov)v

(Y-, X|Cnov)u(X|Cnv+,Y|Cnv)!Cnv Df

Of the four relations which occur in the above definition, all but one
must be null if neither X nor ¥ is 0,. Thus if X and ¥ are positive,
X -,Y|Cuv, Y-, X|Cnv, and X |Cnv+, ¥V'|Cuov are null; if X is positive
and Y negative, X+, ¥, ¥ —, X |Cnv, and X |Cnv+, Y |Cnv are null; if X
and Y are both negative, X +, ¥, X —, ¥|Cnv, and ¥ —, X | Cnv are null.

If X is 04 and Y is positive,

X+, Y=Y —,X|Cov.X—~,Y|Cnv=(X|Cov+, Y|Cnv)|Cnv=A.
If both X and Y are 0, all four relations are 0,.
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Hence we find
%30832. F:X,YeRat.D. X+,V= X4,7
%308321. +: X eRat. YeRat,.D. X+, ¥Y=X—,Y|Cov
%308322. F:YeRat. X eRat,.D. X+, Y=Y —,X|Cnv
%308323. +: X, Y eRat,.D. X+, Y=(X|Cnv+,Y|Cov)|Cuav

The existence-theorems for X +,Y are closely analogous to those for
X +, Y, and the formal laws offer no difficulsy. We have

x30852. X, VeRat,.D: X+, Y=X+,Z2.=.¥Y=2
x30854. +:X YeRat,.D.(gZ).ZeRaty. X +,2=¥
%30856. F: X <,¥.=:XeRat,:(qZ).ZeRat—10,. X +,4=Y
¥30872. b:(X+,2)<,(X+,%).=.XeRat,. Z2<, 2’

%30801. X—,V=RS{(gZ):X,V,ZeRat:Z+,V=X.RZS.v.

Z+4,X=Y.RZS] Df
%30802 X4+, V=X+,V)v (X -, ¥ |Cov)u
(Y~ X|Cov) w(X|Cuov +,Y|Cnv)|Cnv Df

%3081 F:V <, X.D.X—,Y=RS{(gZ).ZeRat.Z+, Y=X.RZS)

Dem.
F.%30655.0F:Hp.D.~(g2).Z+,X=Y 1)

F.(1).(%30801).DF. Prop

x30811. b:X <, V.D.X—, V=RR{(gZ).ZeRat.Z+, X = V. RZS)
Dem.
F.%30655.0F:Hp.D.~(g2). 2+, V=X (1)
F.(1). (%30801). D . Prop
%30812. F:Xc¢Rat.X=YV.D.X—, V=0, [¥306'54:24]
*30813. F:.Y <, X.v.YeRat.Y=X:2.X—,¥V=02)(Z+,Y=2X)
Dem. )
F.%3065224.0F: Hp.D.(gZ). Z+, Y= X . Z¢Rat (1)
F.%30654, DF:Hp.Z+,Y=X.Z'+,Y=X.2.Z=2" (2
F.(1).(2).%308112.DF. Prop
#30814. F:i X< V.v.XeRat. X=V:D.X -, V={(Z)(Z+,X=Y){Cnv
[Proof as in ¥308'13]
%30815. F:~(X,YeRat).D.X -, V=A [(%30801)]
%30816. F:X,VeRat. Y +,Z=X.D2.X—, V=2
Dem.

F.%306:55.%304221 .0 F:.Hp.D: V<<, X.v.YeRat. V=X (1)
F.(1)-%30813.D}. Prop '
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%30817. t:X,YeRat. X+, Z=Y.>.X -, ¥=7|Cov [%306:55.%30814]

%30818. F:V <, X.D.X—, YeRat— 1,
Dem.
F.%30652.0+:Hp.D.(g2). ZeRat—10,. Y+,2=X (1)
F.(1).%30813 .23 F . Prop

%30819. F: X <, Y.D.X—, YeRat, -1,
Dem.
F.%30652.0F:Hp.D.(g%).ZeRat —10,. X+, Z=Y (1)
F.(1).%30814.DF. Prop

%3082 F:X,YeRat.=.X—, VeRat, [%30812181915]

%30821. +: X, Y=(Y—X)|Cov=Cnv|(Y - X)

Dem.
F.%3081514.D
Fo X<, Y.v.XeRat—10,. X=Y:2. X~ Y=(V—,X)|Cuv 1)
F.%30813'14.%307'12.D
FeoY <, X.v.YeRat—1°0,. ¥ =&£:0.X -, Y=(¥Y—X)|Cuv (2)
F.(1).(2).%304221.DF: X, YeRat.D. X -, V=(¥V—,X)|Cnv 3)

[%307-21.%308:2] =Cnv (Y=, X) (4)
F.(3).(4).%30815 .2}, Prop
¥30822. F:XeRat.D.X—,0,=X [%306:24 . ¥308°13]

¥30823. F:XeRat.D.0,—, X =X|Cnv [#3082122]

*308-24. + :(v/p) <T(A'/F')' D Mp—avfp={(AXep) —o (1% )} /(e X p)
Dem.
F.%304'1.DF:Hp. D AXp>nuXv 1)

F.%30323.%30613.(1).2
B2Hp. D {(A xop) = (1 X W}/(1 X6 p) +av/p =

[{()" Xep)— (B Xo V)} +o (1 %o »)]f(e X, P)
[%303:23.%11934] = /u 2
F.(1).(2).%30816.D+ . Prop

*308:241. 1 (M) <, (v/p)+D  Mpu—slp = [{(1 Xa 1)~ (A %0 )}/ (1 Xo)]| Cnv
[%308:24-21]

%308:25. F:n,p, v,pe DU nU.vfp <A D.\u—sv/p)} tu'ne C‘H
Dem.
FLo%30524.D
F:Hp.D.{(AMXep)—o (1t X v)} At (uXop) ntn e DU n@U (1)
F.(1).%30824 .%304:28. D} . Prop



302 QUANTITY [PART VI
%308251. Fin, p,v,peDUAAU.NMp <L vfp. D (Mu—sv/p)] tu'ne CHn
[%305°24 . %308:241]

%308252. F:n, p,v,peDUAQU.D.(Nu—sv/p)] tu‘neCH,
[%30825°251°12]

¥308:26. F: X, VeRat. X[t Ytuue CH D (X =, V)| tu'u e C‘H,
[%308:252 . ¥304:28]

¥308261. F: X, YeCH .D . (X — V) tonfCC*X e C‘H, [%30826]

%3083. F:g!(X - Y |Cuv).D.XeRat. YeRat,
[%308°15 . %307°12]

%308:301. L1 (X|Cov+, Y |Cnv).D. X, FeRat, [¥30612.%307-2312]
%30831. F:f (X +,7).D.X,YeRat, [#30612.%308:3301 . (%30802)]
%30832. F:X,YeRat.D. X+, V=X+7Y

Dem.
F.%308'3:301 . %307-25 . (%308:02).D
F: X, YeRat-10,.0. X+, Y=X+,Y )]
F.%30624.%308223:301.D
F:XeRat—10,.Y=0,.0.X+,V=X=X+,V (2)
F.%30624.%3083301.DF: X=0,.Y=0,.2.X+,YV=0,=X4,Y (3)
F.(2).(3).D
'.

:.XeRat.Y=0,.v.VYeRat . X=0,:0. X+, Y=X4,1 (4)
Fo(1).(4).DF.Prop

%308321. F: XeRat.YeRat,.D. X+, Y=X—, ¥V |Cnv

[%306:12 . %308:3:301 . %307:25 . (x308:02)]

%308322. F:YeRat. XeRat,.D. X+, V=Y~ X|Cnv
[%306-12 . %308:3-301 . #307°25 . (%30802)]

%308323. F: X, YVeRat,.D.X 4,V =(X Cnv+,Y|Cnv)|Cnv
[%306:12 . 3083301 . %3072 . (%30802)]
%30833. F:X +,VeRat,.=.X, I'eRa,
[*306-22 . %308-2:32:31]
%3084 F.X 4, V=V4, X [%30611.(%30802)]
%30841. +.X+,V=(X|Cuov+,Y|Cnv)| Cnv
Dem,
FL%30712. %3426 . (x30802). D
Fo (X, Cnv+,Y{Cnv)|Cov=(X|Cov+, V|Cuov) Cnvu (X |Cnv —, V)| Cav
(Y Cuv—, X);Covu (X +, )
[%308-21] =(X|Cnvu Y [Cnv)|Cnvu(Y -, X|Cnv)
u(X—Y|Cov)w(X +,7)
[(%308'02)] =X+, Y.DF.Prop
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%308411. +.(X +,Y)|Cav=X|Cov+, Y|{Cnv [%30841.%307°12]

%308412. F: X |Cnv+, Y|Cov=Z{Cnv.=. X+, V=2
[#308:411 . %307°13]

%30842. F:X YeRat.D. (X V)+, V=X

Dem.

F.%3081232.%30624.0F:Hp . X=YV.D. (X V)+, V=X ¢))
F.#%30818382. DF:Hp . Y <, X.D. (X - Y)+, Y=(X -, )+, Y
[#30813] =X 2)
F.%30819322.0F:Hp. X <, V.2. (X Y)+, V=V —(X—,7)Cnv
[%308-21] =Y-, (Y-, X) (3
F.#30813. DF:Hp(3).2.X+,(Y—,X)=Y.

[%30816:18] 2. X=V— (Y- X) (4)
F.(8)-(4). DF:Hp. X<, V.D (X, V)4, V=X (5)

F.(1).(2).(5).%304221 . D . Prop

%30843. +:X,YeRat.D.(X+,V)—-, V=X
Dem.
F.%30832.0F:Hp.D. X+, V=X+7.
[#308'16.%306:22] D.(X+,¥Y)—Y=X:DF.Prop

x30844. F:#nX,ZeRat.D: X -, Z=YV—,Z.=.X=Y

Dem.
F.%308131415.2F: X=Y.2.X - Z=Y—, 2 1)
F.%3082. Dt:Hp. X~ Z=Y—,Z.D.YeRat.
[#308:42] .Y —2)+Z=7Y.
[Hp] D.(X =)+, Z=Y.
[%308:42] D.X=Y (2

F.(1).(2).DF.Prop

%30845. F: X ZeRat.D:Z—-,X=2-,Y.=.X=Y
[%30844:21 . ¥307:13]

%30846. F:X,VeRat.V40,.0.(X—, V)<, X

Dem.
F.%30819.0F: X <, ¥V.D.(X -, Y)eRat, —10,. X ¢ Rat.
[(%30703)] D.(X -, V)<, X )]
F.%30812.DF:Hp.X=YV.D. X -, V=0,.
[#30446.(%307-03)] 2.X- V)<, X (2)
F.%3081318.2F:Hp. ¥ <, X. 2. (X - V)+, V=X .X—,VeRat—10,.
[%30652] D.(X-, V)<, X.
[(%307°03)] D.X- )<, X (3)

Fo(l).(2).(8).F. Prop
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%30847. F:XeRat.Y,ZeRat—1¢0,.0. X -, Y+X+,7Z
Dem.
F.%30652.%30846.0F:Hp.d. (X - ¥Y) <, (X +,2).

[%304:201] 0. X, Y+X+,Z:DF.Prop

%30851. F:. XeRat,.0:X+,V=X.=.Y=0,

Dem.
F.%30833. Dt Hp.D:X+,Y=X.D.YeRat, 1
F.%30832. DF:XeRat . V=0,.0. X+, V=X +,Y
[%306°24] =X (2)
F.%308322.DF: X eRat,. ¥ =0,.D.X +, ¥ =¥ —, X|Cov
[#308-23.%307°12] =X (3)
F.(2).3). OF:#Hp.D:YV=0,.3.X+,Y=X (4)
F.%30832. DF:X,YeRat. X+, Y=X.0.X+,V=X.
[%306-2454] 2.Y=0, 6))
F.%308321.0F:XeRat.YeRat, . X+, Y=X.2.X—,7|Cov=X.
[%308-22:45] 2.Y|Cnv=0,.
[%307-2] J2.Y=0, (6)
F.%308322.0F: X eRat,. YeRat . X +,V=X.D. Y-, X |Cnv=X
[%308:23.%307-12] =04— X|Cuv.
[%30844] 2.Y=0, M

F . %308:323 . %307'14.D
F:X,YeRat,.X+,Y=X.2.X|Cov+,Y|Cov=X|Cunv.

[(5)-%307-26] 2.Y=0, (8)
Fo(1).(3).(6)-(7).(8).dFs.Hp.D: X+, ¥=X.D. V=0, 9
F.(4).(9).DF.Prop

¥30852. t: X, VeRat,.D: X+, Y=X+,Z.2.V=2

Dem.
F.%30832147.0F: X, VeRat. Y40,. X +, Y=X+,Z.D.Z~eRat, (1)
F.%30831. DF:XeRat,.V=0,.X+,Y=X+,2.2.Z=0, (2)
F.(1).(2).%30833.0F: X, VeRat. X+, Y=X +,Z.D.ZeRat (3)
F.(3).%30832. Ot:X, YeRat X4, V=X+,2.0. X+, Y=X+,7.
[%306°54] >.Y=2 (4)

F.(4).%308323.%307'18.DF: X, YeRat, X+, V=X +,Z2.2.Y =2 (5)
k. %30832132'47 .D
F:XeRat.VeRaty. X+, Y=X+,2.D3.Z~¢eRat -1, (6)

I-.(2)§,£Z,.Transp.3
F:XeRat.VeRat,—10,. X+, Y=X+,Z2.2.240, )
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F.(6).(T).%30833.D

F:XeRat.YeRat,—t0,. X+, V=X +,Z2.D.Z¢Rat, (8)
F.(8).%308321.DF:Hp(8).2.X -, ¥|Cov=X—,Z|Cuv.
[%308:45.%307°13] 2.Y=2 ©)
F.(9).%308411.%307'13.2

F:XeRat,.YeRat . X+, V=X +,Z2.2.Y=2Z (10)
F.(4).(6).(9).(10).OF:Hp. X+, Y=X+,2.2.Y=2 (11)

F.(11).(x308:02). D +. Prop
¥30853. F:X,YeRat,.D.X+,(Y+,X|Cav)=Y

Dem.
F.%308:321 . ¥30712.D F: X, ¥ e Rat. D . X 4, (V 4, X [Cov) = X +,(V =, X
[%308-442] =Y .
F.%30832.2
F:XeRat,.YeRat.D. X +,(Y+,X|Cnv)=X +,(Y +, X | Cuv)
[#308'4°321 .%306:22] = (Y +4 X | Cov) — X | Cav
[¥308'43:32] -y @)

F.%308:323 . %307'12.2
F:XeRat. YeRaty.D. X 4, (Y4, X |Cnv)=X +,(Y|Cnv +, X)|Cav

[%308-321.%306:22] ~X —(¥|Cov+,X)
[%308'17.%307-12] =Y 3)
F.(1).OF:X,YeRat,.D.X|Cuv+,(Y|Cav+,X|Cnv|Cnv)=Y|Cnv.
[%308411] 5.X{Cav+,(Y+,X|Cnv)|Cnv="YCnv.
[¥308412] 3. X+, (Y +,X|Cov)=7 (4)

Fo(1).(2).(3).(4). D F . Prop
¥30854. F:X,VeRat,.D.(gZ). ZeRat,. X +,Z=Y [%308:5333]
#30865. +: X, Y,ZeRat;.0:X+,Z=Y.=.X=Y+,Z|Cov
Dem.
F.%30853524.DF:Hp. X +,Z=Y.2.Y +,Z|Cnv=X (1)
F.%308334. Dt:Hp.V+,Z|Cov=X.d.X+,4=Y 2)
F.(1).(2).DF. Prop
¥30856. F:.X <, Y.=:XeRat,:(gZ). ZeRat—10,. X 4, Z=¥
Dem.
F.%306°52 . %308'32. D

Fi.X<,Y.=:XeRal:(gZ).ZeRat—10,. X +, 2=V : (1)
[*30652:25] D: YeRat: (gZ). ZeRat— 10, . X +,Z=Y (2
Y| Cov, X |Cuv
Fo@) Lo (Y7
@573
F:X >, V.D: XeRat,:(gZ).ZeRat—‘0,. Y |Cnv+,Z=X|Cnv:
[#308'55412] D : X eRat, : (§2). ZeRat —1°0,. X +,Z=Y 3

R . &EW IIL
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F.%3083253.%30623.DF: X eRat,. YeRat.D.
Y+4,X|{CoveRat—10,. X +,(Y +,X |{Cav)=Y
F.(1).(2).(3).(4).(%30703).D
Fi. X<, Y.D:XeRaty: (gZ). ZeRat- 10, . X +,Z=Y
F.%35103.(%307:03) . D F: X e Rat, — 1‘0g. YeRat . 2. X <, ¥
F.%30855412.D
F:X,YeRat,.ZeRat —10,. X +,Z=Y.D.X|Cov=Y|Cnv+,Z.
[%306°52] 2.X>,Y

(#)

(5)
6

™

F.(6).(7).DF:. X eRat,: (gZ). ZeRat =10, . X +,Z=V:D.X <, ¥ (8)
F.(1).(8).DF: X eRaty : (3Z). ZeRat —10,. X +,Z=Y:2. X <, ¥ (9)

F.(8).(9).DF.Prop

#308661. F:. X <, V.=:YeRat,: (g2).ZeRat - 10,. X +,Z=Y
[¥308:5633]

%30857. F:X <, V.=.XeRat,. Y +,X|CnveRat —10,.

. YeRaty. ¥V +,X | Cav e Rat — 140,

Hi

Dem.
F.%30855564.2
Fio X <, Y.=:XeRat;: (g2). ZeRat - 10,. Z= Y +, X | Cov
F.%308555614.D
Fi. X<, YV.=:YeRat,:(g2).ZeRat —1°0,. Z=Y +, X | Cnv
F.(1).(2).2F.Prop
%3086. F:X,Y, ZeRat.D . (X +,V)+,Z2=X+,(Y+,2)
[%308-32 . %30622'31]
#30860L. F:X,Y ZeRat, . D (X +,Y)+,Z2=X +,(Y +,2)
Dem.

F.%308323 . %307-12
F:Hp.D.(X+,Y)+,Z=(X|Cuv+, ¥Y|Cnv)|Cnv+,(Z|Cnv)|Cnv

[%308:411] = {(X|Cnv +, Y |Cnv) +, Z| Cov}|Cov
[%308:6.%306°22] ={X|Cov+,(Y|Cov+,Z|Cav)}|Cav
[%308:411] =X +,(¥|Cnv +4Z|Cnv)|Cnv
[%308-323] =X +,(Y+,Z):DF. Prop

%308'602. F: N\ p,v,p,0,7e NCind.p,p,7~et‘0.2.

(1)

(2)

(A p+sv/p) ~sa/T=(Ajp —sa[T) +4v]p

Dem.
F.%30824.DF:Hp.o/r <, A/u.D.

(K/l" +8V/P) _!‘T/T= {()\' Xe P ch) +o(.l" Xe ¥ Xc'r) —c(l" Xe P xco')}/(/" XepP Xe T).
(k’//‘ _80'/7) +s ”/P = {(7\' Xe P X T)—e (P‘ Xe P X¢ 0') +o(p Xcvxc‘r)}/(p. Xep Xc'r) (1)
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F.%308241.0F:Hp. Mu+,v/p <, 0/7.D (N +4v/p) —aa/T
= xepXe ) = (M Xep XeT) =~ (1 X ¥ Xo T /(1 Xep %.7)]| Cav,

(=2 377) g vl = [{(1 %o ) =4 (0 %o )} (1 %o )] G 49 vip
[%308:322-21]

= [{(/" Xep Xo @) = (A Xep X T)— (1 X ¥ X, T)}/(/‘ Xep X¢ T)] l Cnv (2)
F.%30824'241.0F: Hp . AMu <, 0/7.0/1 <, Mu +,v/p. .
(7\//11 +s "/P) —s 0'/7'= {(7\' Xe P XoT) +¢ (X X T) —o (o Xe P %Xe U)}/(p Xgp Xo T)
(M —s a/T) +yV/P = [{(/" Xo @) =6 (A X¢ 7)}/(/-" %o )] Cov +y v/p
[*308322'21 ] = {(A Xe p Xo T) 4o (i Xo ¥ X T) =4 (4 Xo p X O}/ Xe p %o 1) (3)
F.%30816:12.2
F:Hp.Au=0a/r.d. (M u+:v/p)—sa/r=v/p=(Mu—a/T)+4v/p (4)
F.%308'12:53'17.2
F:Hp.Mu+cvjp=c/r. . N p+vfp) —afr=0=(Afu—sa/m)+4v/p (5)
Fo1)(2).(8).(4).(5). D F.Prop

x30861. F:X,Y,Ze¢Rat.D. (X +,Y)—Z=(X—,Z)+,¥

[%308'602:32]
%30862. F:X,YeRat.ZeRat,.d.(X+, V) +,Z=X+,(Y +,2)
Dem.

F.%30833321.0+:Hp.D. (X +,Y)+,Z=(X+,Y)—,Z|Cuv
[%3084] =(Y+,X)— Z|Cnv
[%308'61] =(Y—Z|Cnv)+, X
[%308°4] =X +,(Y =, Z|Cov)
[%308:321] =X +,(Y+,Z):DF. Prop

*308621. F: X, YeRat,. ZeRat . D . (X 4+, V) +,2=X +,(YV +,2)

Dem.
F.%30862.D
F+Hp.D.(X|Cnv+,Y|Cnv)+,Z|Cnv=X|Cov+,(¥Y{Cov+,Z|Cnv).
[%308411]D.(X +, Y)|Cnv +,Z|Cnv=X | Cnv +4(¥ +,Z) | Cnv
[%308-411] ={X +,(Y+,2)}|Cnv.
[%308412]D. (X +, Y)+,Z2=X 4+,(Y +,2): >+ . Prop

*30863. F.(X+,Y)+,Z=X+,(Y+,2)

Dem.
. %308660162:621 . D
:X,Y,ZeRat, . D (X +, V) 4+, 2= X +,(Y +, 2) 1)
. %30831'33.D
i~ (X, Y, ZeRat,) . D (X +YV)+,Z=A. X +,(Y +,2)=A (2)
«(1).(2).DF.Prop

~— T T T T
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*30871. F:XeRat,. 2<,2.0.(X+,2)<,(X +, 7))
Dem.
F.%30857 .0+ :Hp.D.Z 4,Z|Cnv ¢ Rat ~ 10,
[%308'56] D.(X+,20) < (X +32) +4(Z +4Z| Cnv)} .
[%30863-53] 2. X+,2)<,(X+;2):0F. Prop

30872, F:(X+,2)<,(X+,2).=.XeRat,. Z<,7

Dem.
F.%30833.0F: (X +,2)<,(X +,2).D.X,Z,7Z ¢Rat, (1)
F.%30857.D
Fe(X+,2)<,(X+,2).2.{(X+,Z)+,(X +,Z)|Cnv} ¢ Rat — 10, .
[%308:411:63'53] > .(Z +, 2| Cnv) e Rat - 140, (@)
Fo(1).(2).%30857.0F: (X +,2)<,(X+,2).2.2<L,7 3
F.(1).(3).%30871.DF. Prop

#3088, F:X,YeRat,. X [tn'p, Y tuue CH,.D . (X +, V) [ tu'u e O°H,
[%308:32:321°322:323 . %306-64 . %308:26]

¥3088L. F:X,VeCH,.D.(X+,Y)} tnC“CX e C‘H, [%3088]



%309. MULTIPLICATION OF GENERALIZED RATIOS.

Summary of %309.

The subject of this number is simpler than that of %308, because it
requires nothing analogous to the consideration of subtraction. The product
of two generalized ratios is defined as follows:

*30901. X x, ¥ =(X x,Y)w(X|Cuovx, Y|Cnv)
w(X %, Y|Cnv)|Covw (X |Cnvx,Y) Cov Df

As in %308, three of the four products concerned in this definition will
be null in any given case (unless X =0, or ¥=0,). Hence

30914 F:X,YeRat.D. X x, V=Xx,7V

%309141. F: X eRat. YeRat,.D. X x, ¥Y=(X x, ¥|Cav)|Cov
*309142. | : YeRat. X eRat,. 0. X x, ¥'=(X|{Cnv x, ) |Cunv
#309143. | : X, Y eRat,.D. X x, V=X |Cov x, Y| Cnv

The propositions of this number are merely generalizations of those of
*305. The proofs of the formal laws are straightforward, but the proof of the
distributive law (%309-37) is long, because of the multiplicity of different
cases.

%30901. X x,V=(X x,Y)u(X|Cov x, Y|Cuov)
w(X x, Y| Cov)|Cnvw (X |Cnvx,Y)|Cnv Df
*3091. F.Xx,Y=(Xx,Y)u(X|Cnvx,Y|Cnv)
w(X %, Y|Cnv)|Covw (X |Cnv x, ¥)|Cnv [(%309:01)]

*309101. F: X eRat —¢0,.0.X|Covx, V=A [%3052.%30725]
*309102. +: X eRat,—10,.0. X x, ¥ =A [%305°2 . ¥307-25]
*30911. F:f!X x,¥Y.D.X,YeRat, [%305°2 . %3091}
*30912. F. X x, Y=V x,X [%305°11.%309°1]
%309-121. +.X x, ¥=X |Cnv x, ¥|Cnv

=(X x, ¥|Cnv)|Cov=(X|Cnv x, )| Cnv [%3091.%307-12]
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%309'122. F. X x,Y|Cov=X|Covx, V=(X x,Y)|Cnv

[%309-121 . ¥307-12]
%309'13. F:X,YeRat—10,.0. X x,Y=Xx,Y [%3091'101'12]
%309'131. F:. X =0,.YeRat—10,.v. YV =0,. X eRat —10,: 3.

Xx,¥Y=XxY=0,
.De?'lb.

F.%309101.D
F:X=0,.YeRat—10,.2.X x, V=(X %x,Y)u(X|Cnvx, ¥)|Cnv.
[%307-26.%305:22] 3. Xx, V=X x, V=0, 1)
F.(1).%30912.5F: ¥=0,. X ¢ Rat —1°0,. 2. X x, Y=X x, V=0, (2)
F.(1).(2).2F.Prop
%309133. F: X=0,.7=0,.0.Xx,Y=Xx,Y=0,

[%3091 . %x307-26 . #305:22]

¥30914. F:X,VeRat.D. X x, V=X x, ¥V [%30913131133]

%309141. F: X eRat.YeRat,.D.X x, ¥ =(X x, ¥|Cnv)|Cnv
[%309-121-14]

%309142. F:YeRat.XeRat,.D. X x, ¥Y=(X|Cnvx,Y)|Cnv
[%309:141-12]

%309'143. F: X,YeRat,.D.X x, Y=X|Cnvx,Y|Cov [%30914121]
%309'16. F:X, YeRat,.=.X x, YeRat,

Dem.

F. %3053 .%309'14:143.D

F:.X,YeRat.v.X,YeRat,: D.X x, YeRat @
F.%3058.%309141-142.D

F:. X eRat.YeRat,.v.X eRat,. YeRat:D.X x, VeRat, 2
F.(1).(2). JDF:X,YeRat,.D.X x, YeRat, 3)
F.%30372.(%30701011).DF: X x, YeRat,.D.q! X x, ¥V (4)
F.(4).%30911. JDF:X x,YeRat,.D.X,YeRat, (5)

F.(3).(5).2F.Prop
¥30916. F.(X x, V)%, Z=X x, (¥ x,Z) [¥30541.%3091]
¥30917. F:X, ¥ ~ver'0utiw,.d. X x, ¥=Covi(X x, V)
Dem.
F.%3091.2F. X x, ¥ =(X x, ) (X | Cuv x, ¥'| Cov)
L'I(X’ Xg ;'|Cnv)]Cnv U(A\;]Cnv Xg I\;)|Cnv (1)
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F.%30512.3F: Hp.D. X x, ¥ =Cov(X x, ) )
F.#%30722.DF: X eRat. . X|Cav=Cov{(X | Cav) 3)
F.(3). DF:ZcRat.X=2Z|Cov.D.X|Cov=(Z|Cnv)|Cav
[%307°12] -z

[%307°14] =Cnv¥{(X | Cnv) (4)
F.(3).(4).DF: X eRat,.D. X Cov=Cnv¥(X | Cav) 5)

F.(2).(6).DF:Hp.X,YeRat,.D.
X iCnv x, Y|Cnv=Cnv¢(X|Cnv x,Y|Cov).
X %, Y| Cnv=Cuv¥X x, Y |Cnv).

X |Cov x, ¥ =Cnv(X |Cnv x, ¥) (6)
F.(1).(2).(6).%3091.5F:Hp.X,VeRat,.D. Xx, V= Cov¥(X x,¥) (7)
F.%303137 . SF:X,¥eRat,—10,.=. X, VeRat,— 0,  (8)
F.(8).%30911.D
Fieo(X, VeRat,utio,).D. X x, F=A.Cov(X x, V)= A 9)

F.(7).(9).DF.Prop
#30921. F:. X, YeRat,: X=0,.v.¥V=0:=.X %,V =0,
Dem.

F.%30914'141 . ¥305-22 . %307:26 . D F: X ¢ Rat,. ¥ =0,.2. X x, ¥ =0, (1)
F.%30915. DF: X x,Y=0,.D.X,YeRat, (2)
F.(2).%309:14:141°142143 . 30726 . D
FiXx, ¥ =0,.0: X%, ¥Y=0,.v.X|Cnvx,Y|Cov=0,.

V. X %, Y |Cov=0,.v.X|Cov x, Y=04:
[%30522.%307°26]1 D : X =0,.v. Y =0, 3)
F.(1).(2).(3).DF.Prop
*30922 F:X,VeRat,~10,.=.X x, ¥V eRat,— 10, [%309-21 . Transp]

%30923. F:XeRat,—10,.0. X x, X=1/1

Dem.
F.%30913. DF:XeRat—10,.0. X x, X=X x, X
[%305°52] =1/1 (1)
F.%309121.%30722.DF: YeRat —10,. X =Y |Cnv.D. X x, X =V x, ¥
(1] =1/1 (2)
F.(1).(2).2+.Prop
%30924. F:XeRat,.D. X x,1/1=X
Dem.
F.%309°14. DF:XeRat.D. X x,1/1=X x,1/1
[%305:51) =X (1)
F.(1).%309142.DF: X eRat, . D. X x,1/1 =(X|Cnv)|Cuv
[#307-12] =X (2)

F.(1).(2).DF.Prop
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¥309'25. F: X, AcRat, A+0,.0:Xx,A=A".=.X=A"x,4
Dem.

F.%309232416. DF:Hp.D.X=Xx,4dx,4 (1)
F.QQ). DF:Hp. X x,A=4".2.X=4"x, 4 (2)
bo() G 4309155 k1 Hp.D . 4= A" x, A x, 4 3)
F.(3). SHiHp. X=A'x,A.0. X x,A=A" (4

Fo(2).(4).DF.Prop

300251, F:. X, A’cRat,. A 40,.2: X x,A=A".=. X=A4'x, 4
[¥309°2515]

%30926. F:X,YeRat,. X+0,.0.(g2).ZeRat,. X x, Z=Y
Dem.
F.%30925.0F:Hp. Z=Yx,X.2.Z%x,X=Y @
F.(1).%3091512.DF . Prop

%30931 F:X,YeRat.ZeRat,.D.(X+,Y)x,Z=(X x,2)+,(Y x,2)
Dem.
F.%30882.x%30914.D
F:Hp.ZeRat.D. (X +, V) x,Z=(X+,Y) x, Z.
XX Z=Xx,2.Yx,Z=Yx,Z.

[%306-41] DX+, V)%, Z=(Xx,2)+,(Y x,Z) 1)
F.%309122.D

F:Hp. WeRat. Z=W|Cov.D. (X +,Y)x, Z={(X+,T¥) x, W}|Cnv
[(1)] ={(X Xy W) +0(va W)} | Cnv
[¥308:411.%309122] =(X %, 2) +,(¥ x, Z) ()

F.(1).(2).2F.Prop
*309311. F: X, YeRat,.ZeRat,. 0. (X +,Y)x, Z=(X x,2Z) +,(Y x,2)
Dem.
F.%308'41.%309122.D
F:Hp.D.(X+,Y)x,Z2={(X|Cuov+, Y|Cnv) x,Z}|Cnv
[%309-31] = {(X{Cuv x,2) +,(¥Y|Cnv x,2)}|Cnv
[%309:122.%30841] =(Xx,Z)+,(Y x,Z): D} . Prop

*30932. F:(v/p) <,(Mu).o/reRat.D.

M =ev[p) Xg o [T ={{(A X0 p) =5 (1 X ¥)) X T}/(16 %o p X T)
Dem.

F.%808:24. 3 F: Hp. D Mu—v/p= (A Xep) = (1 X /s X p (1)
k. (1).%309:14. %305142. D F . Prop
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%30933. F:A/u,v/p,a/reRat.D.

(Mp —sv/p) X5 (a/T) = (AM[p Xy 0/T) =5 (v/p X, o /7)
Dem.

F.%80914.3F:Hp.D . Mux,0/r=NpX,a/T.v/p X,0/T=v[p X,0/T.
[#305:142] D . N /u X, a/1 =(A X, 0) (1 X, T) « ¥[p Xy o[T=(v X 0)/(p X, 7) (1)
F.(1).%30824.D
FeHp.(v/p) <, (M) -2 (Mp X a/t) = (v[p X, a[T)=
(00 %0 9) Xe(p X0 ™) =0 (1 Xo ) Xo (¥ %o 9]t Xep X0 )
[%303:38] ={(\ X @ %o p) = (1 Xg ¥ X0 @)}/ X p X T)
[¥309:32] = (M =a7lp) g o7 @
Fo(2).2F:Hp.(Mp) <-(v/p).D.
(vlp Xy o7) =4 (M Xy 0f7) = (v]p = M) %y -
[%308:21.%309122] D.(A/u X, a/1) =, (v/p X, 0/T) =M p—sv/p) X, 0/ (3)
F.%30812.%30921.2
FeHp.AMp=v/p.d.(Mp—=sv/p)X,0/T=04.
(M %o 517) =4 (v]p Xy 7/7) =0, @
F.(2).(8).(4).DF.Prop

%30984. F:X,V,ZeRat.D. (X = ¥)x,Z=(X x,Z)—(¥ x,Z)
[%309:33]

%30936. F:X,Ze¢Rat.YeRat,.D. . (X+,Y)x, Z=(X x,2Z)+,(Y x, %)
Dem.
F.%308821.0F:Hp.D.X+,Y=X-,Y|Cnv.
(X %, 2)+, (¥ %, Z)= (X %, 2)~,(¥|Cvx,2) (1)
F.(1).%309:34.DF. Prop

30036, F:X,ZeRat,. YeRat.d. (X +, V) x,Z=(X x, Z) +,(¥ %, 2)
Dem.

F.%30841.%309121.D

F:Hp.D>.X +,Y=(X|Cov+,Y|Cov)|Cov.X x,Z=X|Cnv x,Z|Cuv.
Yx,Z=Y|Cnvx,Z|Cov.

[¥309122]2.(X +, Y) x, Z=(X | Cuv +, Y| Cuv) x, Z|Cuv.

(X x, Z)+,(¥ x, Z)= (X | Cav x, Z| Cav) +,(¥ | Cnv x, Z|Cov) (1)
F.(1).%309:35. D k. Prop

*309:361. F: X ¢Rat,. Y eRat,.ZeRat.D.
(X +, V)%, Z=(X %, Z) +,(¥ x,Z) [%309-311'36]
21
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%309362. F: X, ZeRat,. VeRaty. D (X +, ¥) %, Z=(X x,Z) +, (¥ %, Z)

Dem.

F.%309122.%30841.D

F. X+, V)%, Z={(X+,Y)x,ZiCov}|Cunv.
(X %, 2) +,(Y x,Z)={(X x,Z|Cav)+,(¥Y x,Z| Cpv)} | Cnv (1)
F.%309-361.D

F:Hp.ZeRat,.D. (X +,Y)x,Z|Cuav

=(X x,Z|Cov)+,(Y x,Z|Cav) (2

L(1).(2).0F:Hp.ZeRaty. D (X4, V)%, Z=(X %, Z)+,(Y %, Z)  (3)
.(3) . %309:361 . D F . Prop

309363, F: X, Y, ZeRat,. D (X4, ¥) x, 2= (X %, Z) +,(¥Y x, Z)

- T T T T T T T T

Dem.

. %309-35°12 . %3084.D

:Y,ZeRat. XeRaty . D. (X4, V)%, Z=(X x,2) +,(Y x,Z) (1)
.%309:36. D

:YeRat. X, ZeRaty . D (X +Y) %, Z=(X x5 2)+,(Y x4 %) @)
L(1).(2).>

:XeRat,. YeRat.ZeRat,. D. (X +, V) x, Z=(X x,2)+,(Y x,Z) (3)
. (3) . %30931.D

:XeRat,. YeRat. ZeRat,. D. (X +, V)%, Z=(X %, 2) +,(Y %, Z) (¥)
«(4).%309-362.D F . Prop

*¥30937. F. (X +,Y)x,Z2=(X x,2)+4(Y xy2Z)

[#309-36311°15 . %x308-3133]

30941 F: A eRat—10,.:(d x, X) <, Vo= X <, (¥ %, 4)

F.

F.

Dem.
*30856 . Db (Ax, X)<, V.=
A x;XeRaty: (§Z). ZeRat —10,. (A x, X ) +,Z=Y (1)
(1).%30915.0k::Hp. D (A x, X) <, V.=
X eRaty: (§2). Ze Rat ~ 1°0,. (A x, X)+,Z=7:

~

[%30925:37°23-24] D : X e Rat, : (Z) . ZeRat — 10, . X +,(Z x,4)=Y x, A :
[%305:31.%309'13] D : X eRaty: (§Z2'). Z' eRat — 150, . X +,4'=Y x, 4 :

[%308:56] 2: X <, (Yx,4) (2)
Similarly F:. Hp.D: X <, (¥ x,4).3.(4 x,X)<, ¥ 3)
F.(2).(3).D F. Prop
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30942 bz A eRat,—10,. D1 (A x, X) <, ¥z (Y x,d) <, X
Dem.
b . %3074 . %309122 . D
Fi.Hp.D: (4 x,X)<, Y.
[%309-41.%307-22]
[%309°121]

i

(Y |Cnv) <,(4|Cov x, X).
(Y [Cnvxg4|Cov) <, X.
(Y x,4) <y X 2. OF . Prop

i

il

#3095, F:X, VeRaty. XDt Vitu'ne OBy D0 (X %, V) [ tyfn e O°H,
[%309:14:141-142:143 . %305:26]

¥30951. F:X,YeCH,.D.(X x, V) [ tx,'C“C°X e CH, [%309'5)



%310. THE SERIES OF REAL NUMBERS.

Summary of *310.

Real numbers, as opposed to ratios, are required primarily in order to
obtain a Dedekindian series, 8o as to secure limits to sets of rationals having
no rational limit. If rationals and irrationals are to form one series, it is
necessary to give some definition of “rationals” other than “ratios,” since
the series of ratios (assuming the axiom of infinity) is not Dedekindian, and
is not part of any arithmetically definable Dedekindian series. But in virtue
of the propositions of %212, the series of segments of the series of ratios,
t.e. the series §‘H, is Dedekindian, and this series contains a series, namely

—_p
H’ H, which is ordinally similar to H. Thus the properties which we desire
real numbers to have will result if we identify them* with segments of H,

_)
and give the name “rational real numbers” to segments of the form HX,

r.e. to segments which have ratios as limits. Thus I_{)‘X is the rational real
number corresponding to the ratio X, and a real number in general is of the
form H®\, where A is a class of ratios. HA will be srrational when A has
no limit or maximum in H.

Since real numbers involve classes of ratios, the ratios concerned must be
of some one type, and cannot be typically indefinite. Thus, as might be
expected, hardly any of the properties of real numbers can be proved without
assuming the axiom of infinity. In the present number, however, we shall
be mainly concerned with just those few simple properties which are inde-
pendent of the axiom of infinity.

The series ¢*H, by which real numbers are to be defined, has both a
beginning and an end, namely A and D‘H (which=C‘H if the axiom of
infinity holds). DH will be infinity among real numbers. It is not con-
venient to include it in the series of real numbers as defined, just as it was
not convenient to include cc, in the series H.or H’. Again A is not
naturally to be taken as the zero of real numbers, which should rather be
taken as being t0,. Thus we are led to the two following definitions, in
which ©® is the series of positive real numbers other than zero and infinity,

* On this definition of real numbers, cf. Principles of Mathematics, Chap. XXxIII.
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while ® is the series of zero and the positive real numbers other than
infinity :
%31001. @ =(s‘H)[ (- ‘A -1‘D'H) Df
*310011. @ =:0,¢-© Df

These notations are framed on the analogy of H and H', the letter ®
being chosen to suggest 6, the relation-number of the continuum. Although
we do not .have Nr‘® =0, we have Nr‘s¢*H =6, and therefore (*310'15)
14+ Nr‘®+1=6, and Nr‘® 4 1 =6 (assuming the axiom of infinity). Thus
the relation-number of ® is simply that of a # with the ends cut off.

We put further, on the analogy of H,, H,
*x31002. O, =(s‘H,)[ (- t*'A-v'D‘H,) Df
%310021. @', =10, & B, Df
*31003. ©,=0,216’ Df

Thus O,, is the series of negative real numbers, ®', the series of zero and
the negative real numbers, ®, the series of negative and positive real numbers
including zero (infinity always excluded). The class of positive real numbers
is C*®, of negative real numbers C*®,, of all real numbers (excluding infinity)
COvi10,v CO,. If vis a positive real number, |Cnv‘v is the corre-
sponding negative real number (¥310'16). The properties of ®, ©,, @, in
respect of limits, continuity, etc., result from the properties of 6 as proved in
%275, and from the properties of series of segments as proved in %212,

Instead of taking the series of segments as constituting the real numbers,
it is possible to take the series of their relational sums, te. $3@. This
depends on the fact that $3®smor ® (%310-33). The chief advantage of
430 is that it is of the same type as the series of ratios. We shall show in
%314 how to coustruct the arithmetic of real numbers defined as the relational
sums of segments; until then, we shall regard real numbers as segments of
the series of ratios.

¥31001. ©=(s‘H)[(—t‘A—¢DH)  Df

*310011. © =10, ¢ © Df
*31002. ©,= (s*Hn){ (- ‘A~ \D‘H,) Df
*310021. ©', =10, ¢ 8, Df
*¥31003. ©,= 6,4 ¢ Df

¥3101. +.06,0,0,, 0,,0,¢cSer [%304:23 . x307-41'25 . %2045 . %212:31]
#31011. F:pOv.=.p,ve DHe—t‘A —t'DH . pCr.pudv.
cpveD'He . qluy gD H—-p.qplv—pn.

cpve DS Hads‘H . uCop.pn#v

[%212:23132 . 21161 . (%31001)}]

e wm
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¥310111. b1 u®,0.

1]

cpveD(H)e— A= t'D'H, . uCr.pn¥v.
e D(Hpe o qqlp. g DHy—~v.qlv—p.
cu,veDsHyanAsH, . uCr.pkv [(%310-02)]

310112, b py®,0. =1 4@ . v. O, v.
peC®,.vett0,v 0@ . v.p=10,.veC@ [(%31003)]

¥310°113. F:p®p.=1p=10,.v¢ 0O .v. 4Oy [(%310011)]
¥310114. Frp®p.=ip=150,.2¢CO,.v. O, [(%x310:021)]
¥31012. F. 0O =D's*H n A*s*H = D*H, ~ 1A — *D*H .

C@p= Dés*H, n Q*s*H, = D(H,)e — ‘A — ‘D'H,,  [%212132]
¥310121. +.C“® C Clex‘D*H . (®, C Cl ex'D‘H,, [%31012]

%310122. F:q!3.=.q!0.=2.410.=.4!0,.=.910,.=.9!0,
[%212:14 . %161°13 . %30427]
%310123. F:qq!8.2.0Q =110, v (O . C'O',, = 110, v C“B,, .
00, =COpv 110, v C“O  [%310°122. %161°14]
%31013. F.COACO,=A.5C0OnsCBO,=A

Dem.
Fox31011111.0F: e C@ . veC0,. 2. u CD'H .oy CDH, oy . o,
[%307-25] d.pFrv.pnav=A:IdF.Prop

%310°131. F. 10, ~eC'Ou (0, [%304282)
%x31014. |.®,smor® [%212'72. %307°41]

¥31015. F:Infinax.D.® 4> CH, @'+ CH,,C‘H, & 6,4 C‘H e 6
[%304:33 . #310°14 . %275°21]

%310'151. F : Infinax.D. @ @', ¢ Ser n comp A semi Ded
[%310°15 . %2751 . %271'18 , %2147 4]

¥31016. F:yeC®.=.|Cov¥ye ('O, [%310-12 . (x307-04)]
¥31017. +.|Cov¥|Cov¥y=1» [%307°12]
¥31018. F:p=|Cov¥y.=.v=|Cnvu [*316-17]
¥31019. F:p=yp.=.|Cnvu=|Covesy [%310°17]

¥310381. F:peCOuC®,.D.q!(u) [ Reluum [%3045 . %310121]
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*31032. F:ipve(0®,.D:5u=§v.=.u=v
Dem.

F.%310-31.%30362.2

FipeC®ulB,.v=10,.D.5! )] Relnum .~ 751 (s%) [ Rel num .
pYFTIERN Q)

F.%31012:31.%30725.DF:peC@®.veC®,.D.5u+sv (2)

Fox31011.DF:0apu®p . J:qqlv—p:

[%310:121] D:(qp,0):pf/oeviéinepm. e, EmFplo:

[%30352] D:(Hp,o,R,8):ploev.R(p/o)S:E/mep.d¢,.~{R(Ep)S]:

[#41'11]  D:nplév=su 3)
Fo(8).#3101.DF:p,veC@.udv.D. sudsv (4)
Similarly Frpve(Ou.utrv. D, uti (5)
F.o(1).(2).(4).(3).DF.Hp.D:pdv.D. suFsv (6)

F.(6).Transp.DF.Prop

%310:33. F.$'®smor® .0, smor ©,.50,smor®, [%31032]



%311. ADDITION OF CONCORDANT REAL NUMBERS.

Summary of %311

We define a set of real numbers as concordant when all are positive
or zero, or all are negative or zero, 1.e. when all belong to C“®’ or all belong
to C“®’,. Given two concordant real numbers u and v, we define the sum of
p and v as the class of sums, in the sense of %308, of a member of x and a
member of v, .¢. as

W{aM. N).Mep.Nev. W=M+,N},
6. a8 §'u +,5“y, in virtue of %407. It is easy to prove that, assuming the
»

axiom of infinity, the sum so defined has the properties we require of a sum.
We denote the sum so defined by “u +,».” In order to insure that u+,v
shall be A unless p, v are concordant real numbers, we put

*31102. pu+4pv= D¢ {concord (u,v). X €8 ,-i,-g“v} Df

Thus if u, v are concordant real numbers, u +, v=su ,-i,-g“v (x311°-11); if

not, u+p,v=A (%311'1). A definition of addition which applies to real
numbers of opposite sign will be given in %312.

The commutative and associative laws for +, (¥311:12:121) follow at
once from the corresponding laws for +,. Assuming the axiom of infinity,
we prove without much difficulty that the sum of two positive real numbers
s a positive real number (¥311-27), and the sum of two negative real
numbers is a negative real number (¥311'42). In these proofs, when propo-
sitions of previous numbers involving “ Rat ” are used, “ Rat” is replaced by
C‘H’ and “Rat — 10, by C*H. This is legitimate in virtue of %304-49-34.
In 311511 we prove (assuming the axiom of infinity) that if £ is a positive
real number, and Y is any positive ratio, however small, there are members
X of £ such that Y +,X is not a member of £, t.e. given any positive real
number, there are rationals differing from it by less than any assigned positive
rational. This proposition is useful, and is used in proving that if £ 7 are
positive real numbers, each is less than £ 4,7 (¥311'52). The converse of this
proposition, %.e. the proposition that, if u®p, there is a positive real number
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A such that v=p 4+, A, is proved in *311:621-64, after a considerable amount
of work. Thus we have

#311'65. F::lnfinax.D:t u®r.=:p,veCO:(gA) A e C@.v=p 4,2

We have, of course, a corresponding proposition for @, (¥311°66). From
%31165 we deduce without difficulty that if u is less than v (u, v being
positive real numbers), then A+, u is less than A+, » (A being a positive
real number), u.e.

%311:73. F:Infinax . AeCO. uBrv.D. A4, ) O (M +,v)
whence (with the corresponding proposition for ©,) we deduce
%31175. F: Infinax.concord(A, p) . D:X4pp=A4,v.=.u=v

which secures the uniqueness of subtraction.

%311:01. concord (u,v,...).=: pu,»,...eCO@ . v.p,», ..e O, Df
*31102. p+4,v= b'¢ {concord (u,v) . X € su ;*’-g“v} Df
%3111,  F:~concord (u,v).D.u+,v=A [(%31102)]
%*311-11.  F:concord (g,v).D.
By =5ty = W{HAM,N).Meu.Nev. W=M+,N}
[(%31102)]
#311112. Fou+yv=v4,p [%311°1°11 . %308'4)
*¥311121. F. (M4 pu) +pv =N+, (p+pv) [*3111-11.%30863]

%311-13. F: concord (u,v) . =. concord (| Cnv‘u, | Cnv¢‘y)
[%310°16 . (%311-01)]

%31114. | : concord (p, | Cnvefy).

.concord (| Cnv¥u,») [*311'13.%31017]
%311'16. F: concord (4, | Cnv“y). D . ~ concord (u, v) [%310:13'16]
%3112 F:Infinax. ECOH. X eCH.D.X +,“H"E= HYX +,4E 0 AX

Dem.
F.%30872.%304'34401.DF:. Hp.D: Ye X 4 “H“F.=.

W2, 2). 2 ek ZcCH. Y=X +,2.(X +,2)H(X +, 7).

(%376] =.(@Z Y).ZeCH.Y=X4+,Z.Y ¢ X +,%¢. YHY'.
[(*306'562] =. Ye H“X 4,6 . XHY :. D} . Prop

*¥31121. F:Infinax.ECCH.q!E. X eC'H.D. I_{;‘X CHYX ¢
Dem.
F.%306-52. %304401. D F . Hp.D: Vet . D. XH(X 4, ¥):
[%40°5161] D: X eH“X +,¢ Q)
F.(1) .%30423.D+. Prop

R. & W. 1IL
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%311'22. F:Infinax . ECCH.qlE.XeCH.D.

_)
H«<X +guf__. H*_‘XU X+g“H“E
Dem.

F.x30428.0 . HOX +,E = (H“X +,9E n HyX)0(HOX +,46n HX) (1)
F.(1).%311-2:21.DF. Prop
431123, F:lnfinax.£cC©. X e CH .. HX 1t = Hy'X u X +,H"F
[%311-22 . ¥310-12]
%31124. F:lInfinax.EeC'O®.YeC*H.D:
(WZ). ZHY . Ve Z + ¢ Yes‘f;tg“f_f)‘Y

Dem.
F.%30431.0F:Hp.D.(qW). Wek. WHY.
[%306:52] D.(qZ2, WY. WeE.ZHY .Y =Z +,W:DF}.Prop

%31125. F:Intinax.EneC@®.D.ECEL, 7. 9CE+,7
Dem.

_)
F.%31012.  DF:Hp.Yen.D.HV Cy.

[%31124] D. VesE+, (1)
»

F.(1).%31111.DF: Hp.D. 7 CE 4y 2)

F.(2).#31112.DF:Hp.D. £C £+, (3)

F.(2).(3).2F. Prop
%31126. F:Infinax. &neC@.D . HYE +pn)=E +pn
Dem.
Fox31128. 0 Hp.D: Ven. D HY(E H, Y) = Hy Y v (HE) Y
[(#31111.431012] D : H*(E4,n)=Hyn v (E+,7)
[%311-25.%310-12] —E+,71DF. Prop
*311'27. F:Iufinax.§£7neC@®.D.E+,7eCO
Dem.
F.%31125 .%310-12. D F s Hp. D g ! E4pr -
[%311-26.4310°12] 3. EtpneC®uiDH 1)
F. 31012 . x211703. D
FiHp.D.(gM,N). M,NeDH . MepHeE . Nep oo,
[x308:3272.4306:23] D . (g M, N) . M+, N e pH“(E+pm) A DH  (2)
b.(2).%200:5.DF: Hp.D. E+,n+DH 3)
F.(1).(3).2F.Prop

The axiom of infinity is essential to the truth of the above proposition, for
if it fails we have E! B°H . B°H ~e £+, 7, while pe C‘®.D . B*H ¢ pu.
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%311:31. F.|Cnv*(u+,v)= (| Cnvu)+,(|Cnvy)
Dem.
F.%311'131.D
b:e~vconcord (u,7). 3. | Cov(u+pv)=A . (| Coviu) +, | Covir) = A (1)
F.%3111311. 2 F: concord (u,») . .| Cnv(u +, v) =| Cavsiy +,“y
L)
[%308:411] = s*(} Cnv*u) +,5(| Cnv*p) (2)
2
F.(1).(2). DF.Prop
#31132. .| Cnvi(u+,|Cnvi)=(|Coviu) +,v  [311°31.%31017]
*311-33. F.pu+pv=|Cnv{( Cov*u) 4+, (| Cnv*v)} [%311'31.%310-18]
%31141. F:Infinax.pu,veC@,.0.uCput,v.vCu+yv
Dem.
F.%311:25.%310'16 .0 F: Hp.DJ.|Cov*u C (| Cnv¥u) 4+, (| Coviey).

[%311-33.%310°17] depuCuiyv 1)
Similarly F:Hp.D.vCQu+yv (2)
F.(1).(2).9F.Prop
%31142. F:Infinax.u,veC®,.D.pu+,veCO,
Dem.
F.%311-27 .%31016 . D F: Hp.D.(| Cov u) +, (| Cnvy) e 0O .
[%311:33.%310°16] . pu+pveC®,: DF. Prop
*¥31143. F:peC@©).D.u+,10,=p
Dem.,
F.x81111.DF:Hp. D p+,t0,= W {(gM). Mep. W=M +,05}
[%30851] =p:t+.Prop

*31144. F:Infinax.concord (,v).D.u+pveC®, [%311:274243]
#31146. | :. Infinax.concord (u,v): uFt0p.v.r=100,:D. uCpu+pv

[%311-25'41'43]
*31151. +:Infinax.feD'He—1A. Y eCH .V +,“ECED.E=CH=DH
Dem.
F.x3813.0F:Hp. X e£.D. YV +,X ek.
[*306'52) D.Yef 1

F.%30651.D

:Hp.veNCind. X e£. V4+,(v/1 %, X)eE. DYV 45 {(v+s 1)/Lx, X} e & (2)
+(1).(2).Induct . DF:Hp.veNCind . X e£.D2. Y +,(v/1 x,X)eE  (3)
+ %3057 . %30652.D
tHp.Xet.ZeC'H.D.(gv).veNCind . ZH {Y +,(v/1 %, X)} 4)
«(3).(4).DF:Hp.ZeCH.D.Zet:DF.Prop

T T T T T
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¥811'511. F:Infinax . £eC®.YeCH.D.(qX). X e&. YV +,X ~ef
[%311°51 . Transp]

%311'62. F:Infinax.£neC®.D.60(E4, 1)

Dem.
F.%311'511.0F:.Hp.D:YeCH.D. (gX). X eE . X+, Y ~ek:
[%311°11] D:(X, V). X+, Ye(E+pn)—E:

[%310°11.x311:27] D:E®(E+,m): D k. Prop
%31163. F:Infinax.§5e0®,.D. 0, (£+,7) [%311'52:33]
%31166. F:lufinax.£e0@,.D:E=F+,7.=.9=10, [¥3111435253]
*31157. F:uInfinax. D f=E4y,n.=:6=A.v.Ec (@, n=10,
[%311-56°1]
%31158. F:Infinax. weC®.D.u=H"u [%304'3.%270'31)

%3116. F:Infinax.u®v . X, Yevr—pu. XHY . Mep.d. M+,(Y - X)ev
Dem.
F.%31011.DF+:Hp.D. MHX .

[%308°42:72] d. [ M+y(Y - X)|HY (1)
F.(1).%311'58.2F. Prop
%31161. F:Infinax.u®y.
r=L{@X, ¥).X,Yer—p.XHY . L=Y -, X}.D.
s‘u+,“ACv [%3116]
2

%x31162 F:Infinax. . u®v . Xev—p.D.(qY). Yer—pu.XHY
Dem.
F.*31158.DF: Hp.D. X e H%y — Hu:DF . Prop

%311621. I : Hp*31161.2.1A¢00

Dem.
F.%31162. DF:Hp.D.g!xr 1)
F.%30846. DF:Hp.D.ACH (2)
F.x81162. DF:Hp.X,Yev—pu.XHY.D.(qZ).Zev—pu.YHZ.
[%308:4272] D.(qZ). Zev—p. (Y- X)H(Z-,X) (3)
F.(8).%371.DF:Hp.D. A CH*A 4)

F.%308'56'42:72.D

F:Hp. X, Yev—pu . XHY.LH(Y - X).D. XH(X +,L). (X +,L) HY .
[%310-11.%30843] D.Lexr (5)
F.(5).%371. DF:Hp.D.H*NC (6)
Fo@).(2).(4).(6).OF:Hp.D . reDHe— *!A — ‘D H .

[%310-12] D.AeC®:DF.Prop
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*31163. F:Infinax.veC®. Xev.NeCH.D.(qL). LHN.X +;Lev
Dem.

«#31158 . D F: Hp.D.(qY). Yev. XHY (1)
-%30842.0F:Hp.Yev.XHY.Z=Y -, X.ZHN.D.ZHN.X +;,Z¢ev (2)
.%30842:72.D

:Hp.Yev . XHY . Z=Y~,X . NHyZ.LHN.D.LHN.X +;Lev  (3)
.(3) .%311'58.D

tHp. Yev. XHY . Z=Y -, X . NHyZ.2.(qL).LHN .X +,Lev (4)
.(1).(2).(4). D F. Prop

%311:631. F:Infinax.u®y.Neu.D.

AMX,Y) . Meu. X, Yev—pu.XHY .N=M+,(Y -, X)

T r v T T 7T

Dem.
F.%311'58 . %30872.D
b:Hp.Xev—pu.LHN.X +yLev.Y=X+,L.M=N—,L.D.
Mep. X, Yev—p . XHY N=M+,(Y - X) (1)
F.(1).%31163.DF . Prop
%311'632. F:Infinax.u®v.Nev—pu.D.
(M, W).JWG/J,.M+0W,N+9 WGV—/L.(M+gW)H(N+gW)

Dem.

F.%306:52.%311'6358. DF:Hp.D. (g W). WeCH. N4+, Wev—pu ¢))
F.%311'511.DF:Hp. WeCH.D. (M) Mep . M+, W~epn (2)
F.%31158. DF:Hp.Mep.Nev—pu.WeCH.D.MHN.WeC‘H.
[%30872] . (M4, Wy H(N +, W) 3)
F.(3).%311:58.0F:Hp(8) . N4, Wev.D. M+, Wev “4)
Fa(2).(4).D

F:Hp . We CH. N4+, Wev—p.D . (M) Mep M+, Wev—p (5)

F.(1).(8).(3). D F. Prop

%311633. F:Infinax.u®v.Nev.D.
(M, X, V). Mep.X,Yev—p . XHY N=M+,(¥Y -, X)
Dem.

- . %308'61463 .2
:Hp . MHN . X =M+, W.¥Y=N+,W.D . N=M+,(Y -, X) (1)
%311'632 . %3082 . D F : Hp. Nvep.D . (gM, W, X, ¥).

MG/.L.X=M+0W-Y=N+0W.XHY-MHN-X,Y€V~/L (2)
F.(1).(2).DF:Hp.N~vep.D.

(M, X, V). Meu.X,Yer—pu . XHY .N=M+,(Y - X) (3)
<(3).%311:631.DF. Prop

T T

-
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#31164. F:Hp#311'61.J.v=p+,\

Dem.
F.#811%633.D.» Ca'p +,“N (1)

F.(1).#31162161.F : Hp. D A e (8w =sp+5“A.

[#311-11] d.v=p+,r:dF.Prop
%31165. F:uInfinax.D & pu®r.=:p,veCO:(FA) . Ne (A v=p 4\

[#311°5264]
#31166. F:aInfinax.D: uBuv.=:pveCQu 1 (FN) - NeCByv=p+p\
Dem.
F.#310:11'111. Db : p®,v.=.(|Covu) 8 (| Cnv*y) 1
F.(1).%31165.0F:: Hp.D:.

8,y .=:[Coviue C@: (gr) . A e CQ. | Cov¥y = | Cov pu+,M:
[%811:32.%31016:19] =: u e C‘Oy: (FN) A eCO, .v=p+,1:: D F. Prop
#31173. F:Infinax. AeC@.uBr.D. A+, ) O (A +,v)

Dem.
F.%31165.JF:Hp.D .(gp)- peCB.v=p+yp-
[*311-121] D.(Hp)peCO . Atyv=A4pp)+pp )
F.#31127.0F:Hp. D A 4p A4y e OO (2)
F.(1).(2).%311'65.D F . Prop

#*311731. F:Infinax . A eCB, . uBuv . D (A +p ) B (M +,v) [%31173]

#31174. F:ilnfinax: A pueC@.v. M ueCB i D i N+pu=A4pv. = p=v
Dem.

F.%311271. D npeCO@ . Atpp=A+,v.0.ve (0@ (1)
F.%311'73 . Transp. D F: Hp(1). D. ~(uBy) .~ (v8pu) $)
F.(1).(2).%3101. DF:Hp).D.u=v» 3)
Similarly Ferpue0B, Adpp=Adpv.d.p=vp (4)
F.(8).(4).dF. Prop

%311°76. F:. Infinax.concord (A, pu) Dt A+ppu=A+p¥.
[%3117443]

il
®
]
<



%312, ALGEBRAIC ADDITION OF REAL NUMBERS.

Summary of %312,

In this number we extend the definition of addition so as to apply to real
numbers of opposite sign. As in %308, this requires a previous definition of
subtraction. We define subtraction as follows: If there is a A such that
v+pA=p, then p—,v is \; if there is a A such that p+,A=v, then p—,v is
| Covéex, e the negative of \; in any other case, u—pv=A. The formal
definition is:

¥31201. p—pyv=X (@A) M 1, v e CB,:
viph=p.XeroVop+pdi=p.Xe|Cnvé¥rl Df
Hence assuming the axiom of infinity we have
v(BuB)u.d.up—v=(N) v+, A=p) (¥312:18),
p(BuUO)v.D.p—pr=(0)(u+y|Covia=p) (%312131),
NeC®,. D A—pA =10, (¥312191).

The algebraic sum of u and v is defined as p+4,v if uand v are of the
same sign, and as g —, | Cové*y if p and v are of opposite signs; i.e. we pub

%312:02. pu+,v=(u+pv)v(p—p|Cnv¢y) Df

This definition is justified because either pw+4,v or u—,|Cnv‘v must
always be A. Thus we have

%312:32. t:concord (u,v).D.ptav=p+p¥
%312:33. F:~concord(p,v).d.ptav=pn—p|Covy

The propositions proved are analogous to those of previous numbers, and
.offer no difficulty.

#1201 p—po=X{(g\) : )\ pveC°Q,:
Viprh=p.Xer.V.p+pA=v.X e|Cnvr} Df

*31202. ptav=(u+p)V(u—p | Cnv“v) Df
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#3121 bt Xepu—pv.=:pveCOp:(gr): 1 eC@,:
viph=p.XeX.V.u+,A=p.Xe|Cnv'h [(%311:01)]

#31211. F:~oconcord (u,v).d. p—prv=A [%811127:4243]

%31212. F:Infinax.v8u.D.

p=pr =R (@) A eCB vt h=pu. X eA] = (1N) (v+, A= o)
Dem.

F.#%3111°65. DF:Hp.D.~(g\) . p4pr=v 1)
Fo(1).#3121. DF:Hp.Dip—pr=X (G AeCBv4,h=p. XAl (2)
F.(2).%31174.D }. Prop
%312113. F:Infinax.uBy.D.
H—pv= f{('_’g[)»).)»ec‘@ cp4pA=v.X e]Cnv}
=|Cov¥\) (u+p A =v) [Proof as in %31212]
%31214. F:Infinax.»@,u.D.
/.b—pu=f{('_E[x).)»eO"@,,.u+p)»=p,.Xe7\.}
=(M\) (v + A =p) [Proof as in #312-12]
%31215. F:Infinax.u®,».D.
p—pv=X {(GN) A e C@p.ptph=v.X ¢|Cnvip}
=1Cnv*(1I\) (w +p A =) [Proof as in %312:12]

#3126, b:pue(98,.D . u—p 10, = p [%3121 . %31143]

¥31217. F:peC®,.D .10, — p=|Covi'u [¥31271 . %311:43]

#31218. F:Infinax.»y(Ou®,)u.d. u—pv=(N) ¥+, A=p) [¥312:1214]
%312181. F:Infinax . p(OWw®,)v.d. p—pv=|Cov() (u+, A=)

= () (u4p| Cavin =)  [%312:13:15]
%312-19. F:Infinax.concord(\, p) . D (A4pp) —pA=p
[%312:18 . #311°6566°43]
%312191. F:Infinax . AeC@,.0 . A — A =10, [%311'525343]
%3122,  F.|Cov¥(u —, v) =| Cov¥y —, | Covi'y
Dem.
F.%312'1.%31016.2
F&oXe|Coviip—,|Coviy.=:pu,ve(B,:
(AN : A eCB,: | Cnviy +, A =|{Cov¥u. X en.v.
|Covéu +,A=|Cnv¥y . X | CnvéA:
[#31132]=: v e CBy: (GA) s A e C* By :
V4 CoviA=p. X er.v.pu+p[Covia=v. X ¢| CnvéA:
[¥312:1.%31016]=: X | Cnv*“(u—pv) . D+ . Prop
%312:201. F. u—,| Covéy = Cové(| Covéiu —,v) [%312:2]
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%31221. F.[Covi(v —pp)y=p—p>
Dem.
F.#3121.0F:: X el Cov¥i(y —p ) « = 1. (T ) 1 g, v € 0“9, 7,
(AN A eCBy:ip+ A =v. Yer. X =Y |Cnv.v,
v A=p.VelCovA. X =Y |Cnvy:.

[#310°16) =:. v e COyz. (AA) i N e CBpipp+,A=v. X | Cnvéh.v.

V+p7\=p,.X€7\.:.
[#3121] =:. X ep—,vi: DF . Prop
%312211. F.pu—, [ Covév =v —, | Cnvu  [%312:201-21]

31222 F:Infinax.v (@u®,) u.D. p—pv e G

Dem.
F.%31165.%31212.DF: Hp.vBOu.d . p—yve C@ (1
F.%311°66.%31215.DF: Hp. u®,v.D .| Cov¥(u—pv) e (O, .
[%31016] Dd.pu—pvel® (2)

F.(1).(2).DF.Prop

31223, F:lnfinax. u(@u®,)v.d. u—pre(*®, [¥3122122.%31016]
%3123, F.put+av=(u+p») v(p—p|Cov') [(%312:02)]

#3128L Fieo(uveC®).D . ptgv=A (#312:311 . %311°1]
%31232. F:concord (u,v) . D.p+av=p4yv [%312:311.%31115]
%312:33. F:~concord (,).D. p+av=p —|Cov¥y [%3123.%3111)
%312:34 F:Infinax.pveCQy.D. u+,velQ,

[%312:32:33-22-23 . %*311-44)
31241 F.utv=vgp

Dem.
F.%312:32,%311'12. D b : concord (4, ¥) - D . pp+o ¥ =V +ap (1)
. %312:33-21. Dt~ concord (g, v)+ D p+ov=|Cnv¥(| Covéy —, u)
[%312:201] =p—p|Coviu
[#312:33] —vtap (2)

F.1).(2).dF. Prop

%312:42. F:Infinax.concord (A, u,v). D . (N4pp) —p (M +p¥)=p—p¥
Dem.
F.%31127-42:43.DF 2. Hp. D :concord (A 45 pt, A +p ¥, A, o, ¥)

[%311-75) Dintpp=p.=-(A4pp)tpyv=p+p?-
[*311-12:121] =.N4pW) tpp=ptpr (D
Similarly FeHp.D:p+pp=r.=.(p+p¥)+pp=NA+p? (2)

F.(1).(2).%3121.2F. Prop 2
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%312:43. | :Infinax . concord (A, p,7) . v (B U Bp)u.D.

A pp)—pr=A+p(p—pv)
Dem.

F.%3116566.0F:Hp.D.(gp).peCB®y.u=v+,p.
[%312:121819]D.(Fp) . p OBy (N 4pp) ~pv =M+ pe p—pv=p: D . Prop

%312'44. | : Infinax.concord (A, p,v) . p (O WO, )v.D.

()‘+pl-‘)_py=7"_p(V _pl")
Dem.

F.%311:6566.0F:Hp.D.(gp) - pe CBy.v=p+,p.
[%31242:19]1 D . (Fp) . p € OOy (A +pp) —pv=A—pp.p=v~yp: DF.Prop

%312:48. F:Infinax.concord (N p). D (A +pp) —p b=\ +p(p—p )
Dem.
F.%31219.%31143. 2 F: Hp. D p—p p= 10«
[%311-43] D Adp(p—pp)=x
[%312:19] =(A+pp)—pp:dF.Prop

%312:4b61. }: Infinax.concord (A, u,v).D.
(A 4pp) —p»=(A +ogm) +4|Covév=A+4(u +4 | Covéy)

Dem.
F.%31243.0F:Hp.»(Qu®) . D (Atpp) —p¥ =\ +p (4 —p ¥)
%312:33] =X +p (1 +a | Cnvey)
[%312:32:12:14] =X+4a(p +4 | Cnvéfy) (1)
F.o%31244 . DF:Hp. u(Ou®,)v.d. (A 4ppu) —pr=A—p (v —ppu)
[%312-21] =XA—p| Cnv¥(u —p »)
[%312:33:12:14] =N+q(—pv)
[%312:33] =N +q(p +4|Cnvéy) (2)
Fo#31245.0F:Hpopu=v.d . (N +pp)—pv=A+p(u—pv)
[%312:33-32) =N+ (g +4 | Covi'y) (3)

F.(1).(2).(3).%312:32.%311'43. D F. Prop

%312:46. F:Infinax.concord (N, p) D . (A +a ) +av =\ +4 (s +4 )
Dem.

F.#312:32 . %311°656643 . D F : Hp . concord (A, g, v). D .

(Mtap) tav=0N+pp) tpv . A +a(p +apv) = +p (4 +pv) 1)
F.#%312451.D
F: Hp.concord (A, g, | Cov¥p) . D v (M o i) +a ¥ =N 44 (4 +4 ¥) (2)
F.#31281.0Fip e 0@y D (Abap) +av = A At (utar)=A  (3)
F.(1).(2).(3).%311121 . F . Prop
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%312'461. | : Infin ax . concord (u,¥) . O« (A o p) +av =N 44 (g +4 v)
Dem.
F.%31246 .DF:Hp.D. (v+apw) +a M=v +a(n+a M) 1)
F.(1).%31241.DF. Prop

%312-47. F:Infinax.concord (A, »). D . (A +ap) +a V=2 +a (1 +4 )
Dem.

l".*312'461-:F:Hp.3.(;,L+‘,X)+ay=p,+a(7\+uv).

[%31241] d.(MHap)tav=p+a(A+av)

[%312:41] =N+, v)+ap

[%312-46] =N+q (v +o 1)

[%31241] =N +q (4 +qv): DF. Prop
%31248. F:Infinax.D.(A+ap) tav=A+s (s +4v)

Dem.

F.»31231.D
P v eC®p . D (M 4ap)tav=A . A+a(u+av)=A (1)
F.%31012 D F:h, u,veC“G,. D concord (N, x). v.concord (A, v) :
[%312:46°47] D:(A4opu) +av =N+ (u+4v) (2)

F.(1).(2).DF.Prop
331251 F:neCBy.D . N +,10=2 [%31232.%31143]
%312562. F:Infinax.AeC@y.D .\ +,|CnvéA =1,

Dem.
F.x31233.0F:Hp.D. A4, Covia=xr— A
[%312-191] =10g: D} . Prop
#31253. tF:Infinax v eCQ,.D:h+u=v.=. A= +,|Covu
[%312:4851'52)
%31254. F:Infinax . A pueC8,.0.(go).0ce (. M40 =p
Dem.
F.%312485152.DF:Hp. D . A+, ((Cov*'A +opu)=p @
F.%312:34 . DF:Hp.D.|OnviA +q p e 06, (2)

F.(1).(2).dF. Prop
%312:55. F:. Infinax . A pu,veC@y.d:h+p=N+ov.=.p=V
Dem.
F.%3124153.OF . Hp. Dt A +apu=A+,v.
[%312:4148)
[%219:51:52]

= (htap) +a  Cavien.
,p,—_:y-h,()\ +,,[Cnv“7\)-
.p=v:. k. Prop

il

1l

1
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%312:56. F:. Infinax.concord(A\, u).d:A8;u.=.(go).ceCB. A+,0=0p
Dem.

F.%31165.%312:32.D

FeeHp. M pueCB.0:08,u.=.(§0). e CO. A+,0=p 1)

F.%311:66 .%310°16.D

FeoHpohpeC8,.D:\8;u . =.(g0).ce ‘@, pu+,|Cnvio=x.

[#312:53:32] =.(go).ceC®. AN+,0=pu (2)

F.#31251. JFiuHp.A=:10,.0:08,p.=.(40).0e ‘O N+40=p (3)

F.%312:53'51 .0k Hp. p=10,. D: AB,p . =.(H0)-0 e CO. N 440=p 4)

Fo(1).(2).(3).(4). 9 F.Prop

#31257. F:Infinax.:, ue C“Q,. ~ concord (A, pu).D:
AB .= . (o). 00O N4y0=p

Dem.
F.%312485152. DF:neC8,.ueC@.D.pu=N+,(CoviA+,p) (1)
F.%312:32.%311'27.0F: Hp(1).D.(|Cav A+, u) e CB (2)
Fo(1).(2). dF:neCB,.ueC0.].(40).ce ‘O Nto=p (3)
F.%312:32 . %311:27 . %31013 . D
FirheCQ@.pe(8,.d.~(f0).0e Q. N4y0=p (4)
F.(3).(4).D
FeHp.D:Ne(B,.ueC@.=.(§0).0eCQ. A+40=p:.DF. Prop

#31258. F:Infinax.>,ueC®,.D:
A8 u.=.(qo).0eCO. A +,0=pn [¥31256'57]



%313. MULTIPLICATION OF REAL NUMBERS,

Summary of %318.

Multiplication of real numbers is simpler than addition, because it is not
aecessary to distinguish between factors of the same sign and factors of
opposite signs. Thus we put

*3130L 4 xov =X {uve 08y X es'ux, v} Df
1

Thus if u, v are real numbers, their product is the class of products (in
the sense of ¥309) of members of u and members of v; otherwise their product
is A. 'The propositions of this number are analogous to those of previous
numbers, and the proofs are as a rule analogous to those of %311, except in
the case of the distributive law (%313'35).

#3130L  uxav=2X[u,veC8,. X esuxs v Df

Proofs in this number are mostly analogous to those for addition, and are
therefore often omitted.

#1311 Freo(uveC8,). D uxar=A

#31312. FipveC@,.D. . puxav=5 3(,9“"

#31321. F:pveCOuif0,.d. uXv=28% 3(,'“"

*31322. Fip,veC'®,utitf0,.D . pu Xx,v =8 Cnv“p,);f,“(l Cnv*p)
#31323. F:peCBO,.veCB®.D.puX,v=|Cnvs( Cnv¥u) :(},“v
#31324 F:peC®.veCBC,.D.uXv=|Cnv*s(u ﬁ,)“l Cov'y
%31325. F.pux,v=|Cnv(Cnv¥u x,v)=|Cavu X, | Cnv‘y
%313'26. F.u X, |Coviu=|Cnvux,v=|Cnvi(u x,v)

%31331. t:Infinax.feC@. X eCH.D. X x,“ECH"X x,k
%31332. F:Infinax.feCO.X e CH.D. X x,56=H“X x,*“
%313:33. F:Infinax.£eCO. X e C*H.D.X x,“Ee (‘O
%31334. F:Infinax.£eC®, . X eC'H,.D. X x,Ee (‘O
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%31336. F:Infinax.feC®.XeCH,.D.X x,Ee (8,
%313361. F:Infinax.£e(0®,. X ¢C'H.D.X x,Ee C‘G,
%31336. F:£e(®,.D.0,x,“E=10,

-
F
F

%x31337. F:XeC'H,.D. X x,f 0, =10,

%31338. F:Infinax.(eCO,. X eC‘H,.D.X x, ke (",

%31341. +:Infinax.concord (u,v). pFt0g.vF104.D. pu %X, v e (B

%31342. +

%*31343. +

%*31344. +

%31345. F

%31346. F:Infinax.D. (A Xoap) Xa¥ =N Xq(p Xav)

: Infinax . ~ concord (u, ») . u, v e 08, . D.uXave (O,
p=10,. V. =10, p,veCBy: D. puXgv =10,
:Infinax. u,veC8,.D. ux,velB,

U Xg V=V X

The following propositions are concerned with the proof of the distributive
law.

%313 51. F:Infinax.concord (A, u,v). D . (¥ Xg\) +q (¥ Xq p) =
M{X, Y, 2.2).Xen.Yeu. 22 ev. M=(Z x, X)+4(Z %4 V)]
[%313:12.%312:32 . 31111 . %313-41]

¥313511. F:Infinax M\ peC®. 2, Z ep. ZHZ . X en.D . Zx, B %, X €
Dem.
F.%304'1401 . %30514. D+ : Hp. . (£ x, X) H (Z' x, X).
[%309:41) >.(Zx, 2 x, X)HX
[%31158] >.Zx,Z" x,X en:DF. Prop
%313:62. +:Infinax.concord (A, g, v). D. (¥ XgA) +4 (¥ Xg ) =v Xg (X +a 4)
Dem.
F.%31851:511.3 F: Hp.D.

(0 XN +a(@xan) =Y [(gX, Y, Z2). Xen.Yep.Zev. M=(Zx,X)+,(Zx, V)]
[%309-37] = M{(gX,V,2).X ern.Yeu.Zev.M=Zx,(X +, 1))
[%31312.%312:32.%311'11] =y x, (A 4, p): D . Prop
%313653. I :Infinax.concord (A, pu).~ concord (A, v).ve(*Q,. D.

(v Xa N) +a (v X ) =¥ X (N +4 p)

Dem.
FLo%31325.0 Fo(W+q ) xgv =] Cnve{\ +4 ) xa | Covii} (1)
F.%31352.2F: Hp.D. (A +q &) Xa{Covér=(A x4 | CnvD) 44(u Xo | Cnv )
[%313:26.%311:31) = Cov¥{(A Xq 2) 44 (Bxar)}  (2)

F.(1).(2).2F.Prop
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%313-64 | :Infiu ax . concord (A, v) . ~concord (A, p) . L. (“8,. D,

v xu(x+ul")=(" xux)'{"u(ll Xa )
Dem,

F.%31233:34 .3 F:. Hp. A +4 p =p.I:concord (A, p) . v. concord (i, p) (1)
F.#%31352. OF:Hp (1).concord (A,p).D.
(p Xgv) +4 (| Covéu X4 v) = (p +4 | Coviiu) x4 v

[%312:53] =AXgv.
[%312:53.%318:261D . p X4 v = (A Xg ¥) +4 (i X ¥) (2)
Similarly F:Hp (1).concord (u,p).d . p Xgv=(AXqv) +4{u Xsv) 3)

F.(1).(2).(3).9F.Prop

%31366. F:Infinax.d.(¥ XgA)+a (¥ Xgp) =v Xa (A +a pt)
[#313:52:533:54:11 . %312:31]



%314, REAL NUMBERS AS RELATIONS.

Summary of *314.

In this number we take up the definition of real numbers suggested in
#310, namely §“C‘®, instead of C“®,. The series of real numbers is now
§30, instead of ®,. Everything in this number depends upon
#31032. Fipve®,.d:8u=5.=2.p=vp

It consequence of this proposition, § [ C‘@, is a correlation of the two
sorts of real numbers, and the properties of the relational sort can be
immediately deduced from the propositions of previous numbers. We define
addition and multiplication of relational real numbers so as to secure that, if
. v are real numbers of our previous sort, the arithmetical sum of §4 ana
§%v i8 §(p +4 v) and their product is §(u X, »). This is effected by putting

¥31401. X+, V=R8[(qu,v) . X = . V=5%. R{i(u+,»)} 8] Df

with a similar definition for X x, ¥. The zero of real numbers is now
0, instead of t‘0,, and the negative of a real number X is X |Cnv. The
fundamental propositions are

#31413. F:p,veC8,.D.8u+, 8 =5 +,v)
#314'14. F:ipve(®,. D.5%u X, 8 = §(u X4 v)

in virtue of which the arithmetical properties of relational real numbers
follow at once from those of real numbers as segments.

Relational real numbers are useful in applying measurement by means of
real numbers to vector-families, since it is convenient to have real numbers
of the same type as ratios.

For some purposes, a somewhat different definition of real numbers as
relations is more convenient. Instead of deriving our relations from ©,, we
may dertve them from ¢‘H,, ie. we may consider the relations §“C¢s*H,
instead of the relations §“C“@,. In virtue of x217-43, (s*Hy) [ (—t‘A—1‘C*H,)
1s ordinally similar to ®,; hence the requisite properties of §“C‘s‘H, follow
at once.
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%*314°01.
%314°02.

%31403.

%31404.

%314°05.

*314°1.

*314'11.

%*314°12,

%*31413.
Dem.

X+, Y=RS[(@nv). X =%. Y=5% . R (§(u+av)} ] Df
X %, ¥ =RO[(qu,v) . X =i%. V=5% . R {(uxa»)} 8] Dt
& =(Hye| (C*H, =) | (D(H,)e — ‘A — 1C*H,,)

w (CH,) | (10, © (C*H, v) I (D He — 1A — “C*H)  Df
M+, N=RS[(gp,v). M=¢@u. N =53 R {(5du+a)} S] Df
Mx,N=RS[(qu,v). M =5 9u. N=5dv. R (8 (uxqr)} 5] DI
Pt X+, V.2 X, Ves“("®, [%312:31 . (%31401)]
Fulnfinax.d:g! X +,V.=.X, Ves“C@, [#314'1.%x312:34)
FrInfinax.d:g! X x, V.=.X, Ves 0@,
FipveCBOy.D. 8 u+,8v=5u+qv)

F.*3141. (¥31401). D F: R (5% +, §%} S. =.

(Hp,0) - p,0 €00, $u=5p.§v=§c. R{i§p+aa)} S (1)

F.(1).%31032.2}. Prop
#1414, F:pu,veC®,.D . 8u %, 8% =§(u Xqv)
*3142.  F:Res(0OQ,—1“0,).D .71 R} Rel num [%310:31]
*314'21. F:Infinax.D: R Ses“C‘®,.=.R+,8¢5CQ,.
=.Rx,8e54CB,
Dem.
F.%314'13 14 .%312:34 . 31344 .D
F:Hp. R ,Se¢5“C@,.D.R+,8, R x,8¢3“C‘Q, n
F.(1).#31411-12.3F. Prop
%314:22. F:KesC0,.D.R+,0,=R.Rx,0,=0,
Dem,

k. 3141314 .2
FrpeCB@y.D s+, 0,= 8 +q10g) + 8 Xy 0 = §(ps Xa 10) -
[¥312°51.%313:43] D . 8% +, 0 = 8 . §u %, 0g = 0g: D F. Prop

%*314:23.

Dem,

F:Infinax. Res“C®,.0. R+, R|Cov=0,

Fox814'13.DF: ueCBy. D ¢+, 8| Cnvéu = 8(u +4| Cnvp) .
[%43421] D+, (8w)| Cov = §(u +4 | Cnvéip)
[%312-52] =04:JF. Prop

R. & W. III.
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%31424. F-R+,8=8+ R [%31241.(%31401)]
%31425. F.Rx,S=Sx,RB [%31345.(%31402)]

%31426, t:Infiuax. D . (R+ )+ T=R+, 8+, T)
Dem.
F.%31413.DF:Hp.p,0,7¢0By. R=§p . S=§‘c . T'=4§r. D.
(R+,8)+, T=5V(p+40) +aT}
[#312-48] =§{p 44 (o +4 7)}
[%314-13] =R+,(8+,.1) (1)
F.%3141121.D
Fieo(ip,0,7) po,TeCBy. BE=5p.8=5¢.T=57.D.
(R+,8)+T=A.R+,(S+.T)=A (2)
F.(1).(2).2F.Prop

#31427. F:Infinax.D. (B x,8) x, T=R x, (8%, T)
[#314°14 . %313'46 . %314°12-21]

%31428. F:Infinax.D.(Bx, )+ (Bx,TN=R %, (8+,T)
Dem.
F.%314:1314.DF:Hp.p,07e¢(0®,. R=§p.8=§c.T=é7.D.
(B %, 8) +, (B x, TV=8(p X4 6) ++8(p X4 T)

[#314:21°13] =§{(p X4 ) +a(p Xa 1)}
[%313'55] =§{p Xa (o +4 )}
(*314:21°14] =§p X, 50 +4 1)
[%314:13] = §p X, (G +, §T)

[Hp] =Rx,(S+,7T) (1)

F.#%314-21°'11'12.D
Fo~(p, o, 7)ep,o,7eC8,. R=5p.8=5c.T=5r.D.
(R, 8) +,(Rx, T)=A.Ex,(S+, T)=A (2)
F.(1).(2).DF.Prop
%3144 F:lnfinax.D. d e {(s°Hy[ (- t‘A — t‘C*H,)} smor O,
[#217:43 . %304-31'282:23 , #307'41-44-46°25 . (%310°01:011-02-03)]

*314'41. F.$]M(Cs‘Hy)el—1 [The proof isanalogous to that of ¥310-32]
*31442. F:Infinax.D .55 @, smor &, [%3144°41]

%3145. F: Infinax.D:
MIM+,N.=. ' Mx,N.=.M Nes(Ds‘H,—1‘A)
[#312:34 . %31344 . 31442 . (%314:04:05)1
%31451. F:Infinax.pu,ve(C®,.D.
$ 9 o 8 = 5P ¥) « P X B P = 5P X 9)
[#314-42 . (%314:04-05)]

The properties of M +, NV and M x, N result from this proposition exactly
as those of X +, Y and X x, Y result from #314:1314.



SECTION B.

VECTOR-FAMILIES,

Summary of Section B.

The present Section is concerned with the theory of magnitude, so far
as this can be developed without measurement. Measurement—i.e, the
application of ratios and real numbers to magnitudes—will be dealt with in
Section C; for the present, we shall confine ourselves to those properties of
magnitude which are presupposed in neasurement. But throughout this
Section, measurement is the goal: the hypotheses introduced and the
propositions proved will be such as are relevant to the possibility of
measurement.

We conceive a magnitude as a vector, t.e. as an operation, i.e. s a
descriptive function im the sense of #3u. Thus for example, we shall so
define our terme that 1 gramme would not be a magnitude, but the difference
between % gramues and 1 gramme would be a magnitude, 7.e. the reiation
“+1 gramme” would be a magnitude. On the other hand a centimetre
and a second will both be magnitudes according to our definition, because
distances in space and time are vectors. It will be remembered that we
defined ratios as relations between relations; hence if ratios are to hold
between magnitudes, magnitudes must be taken as relations.

We demand of a vector (1) that it shall be a one-one relation, (2) that it
shall be capable of indefinite repetition, .e. that if the vector takes us from
@ to b, there shall always be a point ¢ such that the vector takes us from
b toc. If R is the vector, the point to which it takes us from @ is Ra;
thus the above requisite is expressed by “E!R‘.D,.E! R‘R‘a,” e by
“D‘RCA‘R.” Tt will be observed that the points which are starting-points
of the vector form the class ‘R, t.. the class of possible arguments to B
considered as a descriptive function, while the points which are the end-
points of the vector form the class DR, 7.6. the class of values of R considerec
as a descriptive function. Since D‘R CU‘R, we have ‘R = C‘R; thus the
field ot the Yector consists of all points from which the vector can start. By
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assuming DR C "R, we exclude magnitudes of kinds which have a definite
maximum, unless they are circular, like the angles at a point or the distances
on an elliptic straight line; but, except when they are circular, such
magnitudes are of little importance.

According to what has just been said, if R is a vector whose field is a, we
have
Rel—>1.0‘R=a.D‘RCa
A relavion which fulfils this hypothesis is called a ‘“correspondence” of a,
because it makes a part of a correspond with a.  The class of correspondences
of a we denote by “ cr‘a,” which is the cardinal correlative of “cror‘P,” defined
in %208. Thus we put

€ v
cria=(1 —-1)nd‘an D“Cl‘a Df.

We proceed next to define a  vector-family of a” This we define as an
existent sub-class of cr‘a such that, if R and S are any two members of it,
R|S8=8|R. We define a class of relations as “ Abelian ” when the relative
product of any two members of the class is commutative, 7.e. we put

Abel =k (R,Sex.dps.R|S=8|R) Df.
Thus a vector-family of a is an existent Abelian sub-class of crfa, r.e. writing
“fm‘a” for “ vector-family of @,” we put
fm‘a = Abel n Cl ex‘cr‘a Df.

The class of vector-families is then defined as everything which is a vector-
family of some a, .. we put

FM=5D‘fm Df.
Thus a vector-family is an existent Abelian class of one-one relations

which all have the same converse domain, and all have their domains
contaived in this common converse domain. If « is a vector-family, the

common converse domain is :‘(I“x, which 1s identical with s‘df‘x, and will
be called the “field ” of the family. Thus we have

FekeFM.=.ceAbel.«C1 5 1.Tel.sD e C sk

A vector-family may be regarded as a kind of magnitude. In order to
render measurement possible, we require various hypotheses as to the nature
of the family. Measurement within a given family « is obtained by limiting
the fields of ratios to «, t.e. by considering X [ ¥ where X is a ratio, or Z[ «
where Z is a relational real number of the kind defined in %314. In order
to make measurement possible, we wish « to be such that, if X is a ratio,
X [ « shall be one-one; again, if R, S, T are members of «, and R has the
ratio X to S, while § has the ratio ¥ to T, we wish R to have the ratio
X x,Y to T, 1.e. we wish to have

X[ u|VEeCX x, V)b
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again, if R has the ratio X to T, and 8 has the ratio ¥ to T, we wish R|S
(which represents the “sum” of R and §) to have the ratio X +, Y to T,
.. we wish to have

XL DY eTYC( X+, V)] «T.

The above and other similar properties will be proved, with suitable
hypotheses, in Section C; for the present, we shall proceed with the theory
of vector-families without explicit regard to measurement.

The first and most important hypothesis as to a family which we consider
is the hypothesis that it is “ connected,” 1.e. that there is at least one member
of its field from which we can reach any member of the field by a vector
belonging to the family or by the converse of a vector belonging to the
family. Such a member of the field of x we shall call a “ connected point ”
of «; the class of such points will be denoted by “conx‘x”; the definition is

s «—
conx‘x = sk n g (§k‘a v §k‘a=sU*k) Df.
—>
It will be observed that §«‘a are the points to which there is a vector from

a, while jéT/c‘a are the points from which there isa vector toa. The definition
states that these two classes together make up the whole field of the family.
We define a connected family as one which has at least one connected point,
t.e. we put

FMconx =FM n &( ! conxx) Df

The properties of connected families are many and important. Among these
may be mentioned the following: If « is a connected family, the logical
product of any two different members of « is null, t.e. if P,Qex . P4 Q, then
PAQ=A, or, what comes to the same thing, if P, Qe «, and if we ever have
Péy= @z, then P=Q; if Pex, all the powers of P are either members of «
or the converses of members; if P,Qe«, then P|Q is either a member of
« or the converse of a member. A connected family may not form a group,
te. we do not necessarily have

P Qex.Dpg.P|Qex,

but we shall show at a later stage (¥354) that a group can be derived from a
connected family « by merely adding to it the converses of those members of
« (if any) whose domains are equal to their converse domains. The result
of this addition is to give us a connected family which is a group.

Another important property of a connected family « is that I ['s‘d“x is
always a member of it. I [ s‘d““x is the zero vector. In a connected family,
every vector except I [ s‘d*x is contained in diversity. For many purposes,
the class of vectors excluding I | s*d%« is important. We therefore put

ky=«x—RI‘T Df.
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In the study of a vector-family «, an important derived class of relations
is the class of all relations of the form I\é|S, where R,Sex. The operation
R[S'consist.s of an S-step forward, followed by an R-step backward; that is
to say, if RSa exists, it is obtained by moving a distance S forward from a
to S‘a, and then a distance R backward from S‘a to }%‘S‘a. The class of

sach relations as R| S, where R, Se«, we call «,; i.e. we put
x, = s(Cnvk)| ‘¢ Df.
2

The class &, will have different properties according to the nature of «. We
may distinguish three cases:

(1) The field of x may have a first term, z.e. there may be a member of
s‘d*“x which is not a member of §D*«ky. This case is illustrated, e.g. by a
family of distances from left to right on the portion of a given line not lying
to the left of a given point. This given point will then belong to s*“‘x,
since there are vectors which start from it, but it will not belong to #Df«;,
since there are no vectors which end at it except the zero vector. A
connected point @ which belongs to s‘d““« but not to s*Df‘ky is called the
“initial ” point, and a family which has an initial point is called an “initial’
family. A family cannot have more than one initial point. Thus we put

init = t(conx’x —sD*x;) DI,
FM init = FM A (“init Df

(2) It may happen that, even if « is not an initial family, none of the
converses of members of x5 are members of «. (If « is an initial family, this
must happen.) This case is illustrated by the case of all distances towards
the right on a straight line. It is also illustrated by the family of vectors of
the form (+,X)[ C‘H, where X e C‘H’. In this case, as in (1), it is possible,
by adding suitable hypotheses, to secure that §‘«; shall be a series. This case
divides into two, which are illustrated by the above two instances: it may
happen, as in our first instance, that the domain of a vector is always equal
to its converse domaiy, 1.e. D4 = d“«; or it may happen, as in our second
instance, that the domain is only part of the converse domain. (The domain
of (4, X) [ C“H consists of all ratios greater than X.)

(3) It may happen that x; contains pairs of vectors which are each
other’s converses. In this case, it is obvious that §c; cannot be serial, since
R,RBexz .D.R|R=1[sUk.R|R G (5%g), so that (§«;) is not contained
in diversity (except in the trivial case x = ¢‘A).

In considering «,, we do not at first explicitly introduce any of the above
possibilities, but it is necessary to bear them in mind in order to realize the
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purpose of the propositions proved concerning «,. If L is a member of «,,
and L= R|S, where B, Se«, then if ¢ is a connected point, and Lfa exists,
it follows that there is a member 7T of x v Cnv¢‘,x such that Lfa=T¢q. Tt ig
easy to deduce from this that L=7T, hence Lex v Cnv*,x. The same holds
if Léa exists, Hence if E! L‘a.v.E! L‘a, 1.6 if ae C°L, L i3 a member of
£V Cnv¢‘%.  Thus if ¢ belongs to the field of every member of «,, we shall
have x,=«vCnvs. We say that a family “has connexity ” (not to be
confounded with “being connected”) if oy ! conx‘x mn p‘Cx,; thus we put

FM connex = FM ~ % (4 ! conx‘e n pC<k) Df
and by what has just been said we have

b:xeFMconnex .D.x, =« v Cnvé.

We also have F:xe FM connex . J. §‘%; e connex
and Fi.keFMconx.D: ke FM connex . = . §'%; € connex.
It.is these propositions that justify the notation “ FM connex.”

It is obvious that we shall have q ! p*C*k, if Dk =Tk, unless « = t‘A.

Some illustrations will serve to make clearer the nature of the hypothesis
q ! p*C¢,. This hypothesis states that there is at least one term a in the
field of « such that, if R, S are any two members of «, we can either take an
R-step forward from a, followed by an S-svep backward, or we can take an
S-step forward followed by an R-step backward. Suppose, for example, that
our family consists of all vectors of the form (+,u)[ NCinduct, where
peNCinduct. Then if Ris the operation of adding u, and 8is the operation

of adding , §|S is the operation of adding v—,p if » > u, and is the
operation of subtracting u—,» if x> v. In the former case }J% | S ¢ «, while
in the latter case §| Rex. In the former case, if w is any inductive cardinal,
(ié | S)wr = v —, p+,w; in the latter case, (§| RYw=p—yv+,w Thus in
either case w’eC"(I\%[S). Thus the family in question has connexity, and
k. =k v Cnv,

But now consider the family consisting of all vectors of the form
(%, u) [ (NCinduct — t0), where weNCinduct—¢0. This is an initial
family, its initial point being 1. But it does not have connexity. If

R=(x,u)[ (NCinduct — ¢0) and 8 =(x,»)[ (NC induct —t‘A), B|S is the
operation of multiplying by » and dividing by g, with its field confined to
inductive cardinals other than 0. If v is prime to u, this relation has only
multiples of x in its converse domain and only multiples of » in its domain.
Hence its field consists of multiples of u together with multiples of v. Thus
Do member of «, except I[s‘d‘, te (X,1)] (NCinduct—¢0), has the
whole of s‘0%x for its field, and there is no number which belongs to the
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field of every member of «,. The above family may be uasefully borne in
mind in considering «,, since it affords good illustrations of most of the
general theorems concerning «..

If « is any family except t‘A, any finite number of members of #, have an
existent relative product, and their converse domains have an existent
logical product. If x is a connected family, any two members L M of «
whose logical product exists, s.e. for which (7y) . Ly = My, are identical, and
if z,y are any two members of s‘U*, there is just one member of «, such
that z=L%. If Mex, and P 1s a power of M, there is some member L of
«. such that PG L. But P is not in general itself a member of «,. For the
application of ratio, the member of «, which contains P is important. We
call it the “representative” of P, The general definition of a representative is

&
rep, P =8k, n C'P) DI

(.—
In a connected family, x, n C¢P cannot have more than one member; hence
if there is any member of k, which contains P, that member is rep, ‘P, and if
there is no member of «, which contains P, rep, ‘P = A.

If'l\3 | @ is any member of «, (where P, @ € k), we shall have

rep, (P | QP = P*| @r;
and if L, M ¢ k., we shall have
rep(L | My = rep, (Le| M) = rep.t{(rep,1¢) | (reps M),
These two formulae are the most useful in determining representatives.

In order to apply the above theory to the measurement of vectors, it is
necessary to distinguish between open and cyclic families. An open family
is one in which, if Mex, —RI‘T, M, CJ, i.e. one in which no number of
repetitions of a non-zero member of «, will bring us back to our starting-
point. If this condition fails, as in the case of angles, or distances on the
elliptic straight line, the problem of measurement is more complicated, since,
if 6 is a measure of an angle, so is 2vrr + @ for any integral ». The case of
cyclic families will be considered in Section I; for the present, we proceed
to consider open families, and we shall still be concerned almost exclusively
with open families in Section C. It should be observed that in cyclic
families, as we shall define them, members of «; return into themselves,
whereas in open families, not merely no member of «;, but no member of
&, —RI‘Z, returns into itself. In most of the families that naturally occur,
it happens either that no member of «, — RI‘J returns into itself, or that
there are members of «; which do so. But tnere is no logical necessity in
this, as the following instance shows: Consider the family consisting of
positive and negative integral multipliers other than —1, with their fields
confined to positive and vegative integers other than —1. Then 1 is a
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connected point of this family, in fact the initial point. Multiplication by
—1 is a member of &, since it can be obtained by multiplying by any integer
p and then dividing by — 4. Also the square of multiplication by —1 is
contained in identity, and is the zero vector of our family. Hence there is a
member of «, — R1‘J whose square is contained in identity, although no power
of any member of «j is contained in identity.

In order to avoid brackets, we put
kg=(x); Df,
ie kg=r«,— RI‘IL,
Then the definition of open families is
FMap=FM n & (sPot‘‘cy; CRIV) Df.
Hence bixeFMap.=:xec FM:Mexy .y M,, CJ.

It will be observed that if « is an open family, «, is contained in Rel num id
(cf. #300), and x5 C Rel num. Hence if M e x5, MY = M, (cf. ¥121), and the
propositions on intervals in %121 become available. Also if M e« , and
aes'd“k, we have

v —) ~ e 4

M My‘a eProg. My, [ My‘a cow.
The chief use of these facts is to show that the existence of open families
implies the axiom of infinity and the existence of 8,. Hence as applied to

open families, the theory of ratio undergoes the very great simplification
which results from the axiom of infinity.

If « is open and connected, and L. M ¢ «,, and o is any inductive cardinal
other than 0, we shall have L=M if Le=M" or rep L’ =repM° or
q!L°AMe. If p,v are also indactive cardinals other than 0, we shall
have reszLp___ repKqu if pr,r___Max.,r’ or 1if rep,“LPx”:rep,“M"x”, or if
1 Lexer A Moxer, We have in fact

rep,‘L? =rep,M° .=.q1 Lr A M°
=. E{ 1 LpXer A Mo Xor
and repMe=rep M .=. Me=M".=.p=0.

On applying the definition of ratio (¥303-01), we see from the above
propositions that, with the above hypothesis,

M(p/e) N.= .5 M A Nv.=.rep M’ =rep, N?,
while if R, T are members of «,
R(p/o)8.=.R" =8
Further, we have, in virtue of the above propositions,
qYLPAMe .t LPAMF. D uX,0=vX,p,

whence X, YeCH .qq' XjwgAY[kp.2.X=7.
23
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These propositions, together with
XeCH.D. XLk el1,

belong to Section C. They are mentioned here as showing why the
propositions of this Section are useful in connection with measurement.

We next proceed to consider serial families, which are those in which
§‘k; is an existent serial relation. For this purpose we require the definition
of “FM connex” already given, and also the definition of “transitive”
families. We define @ as a “ transitive point” of « if

— —

(8%, sk a C k3 a,
v.e. if any point which can be reached from ¢ in two non-null steps can also
he redched in one non-null step. We define a family as transitive when it
has at least one transitive point. If x e FM conx, the hypothesis that « is
transitive is equivalent to the hypothesis that «; forms a group, and implies

that x forms a group. We define a serial family as one which is transitive
and has connexity, t.e. we put

FMsr= FM trs n FM connex Df.

Then if k e FM sr, ik, is a serial relation, so that the points of the field of «
are arranged in a series by means of relations of distance.

When a family is serial, the vectors also can be arranged in a series, by
means of a relation which may be regarded as that of greater and less. After
a short number on initial families (explained above), we proceed to the
consideration of greater and less (as it may be called) among vectors. We
may call a point y “ earlier ” than a point z when there is a non-null vector
which goes from y to 2, t.e. when 2 (§¢3)y. If M, Ne«,, we then say that N
1s “less” than M if the N-step from some point z takes us to an earlier
point than the M-step. Writing V, for “greater than” among members of
x,, our definition is

V=M (M, N e, : (gz) . (Mz) (3%;) (Nx)} Df.
For the same relation confined to members of x, we use the notation U, ;
thus
U=V.\0« DL
If k € FM conx, we have
U=PQ(P,Qex:(qT). Teny.P=T|Q};

this is generally the most serviceable formula for U,.

If « is a seriai family, U, and V, are series ; and if « is an initial family,
U, is similar to $«;.

The last number in this Section is concerned with the axiom of
Archimedes and with the existence of sub-multiples of vectors. The axiom
of Archimedes will be expressed by saying that if ¢ is any member of the
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field of x, and R is any vector, then R*‘a, for a sufficiently great finite », will
be later than any assigned member of the field of x. In other words, putting
P =Cnv*s‘cy, we wish to have

zeCP.D;.(qv) . ve NCind — 10 . 2P (R"a),
or, what comes to the same thing,
P ‘E*‘a =C‘P.
This will hold if « is a serial family and P is semi-Dedekindian (cf. ¥214),

If, further, P is compact (i.e. P?= P), then all finite sub-multiples of a given
vector exist, v.e

Sex.veNCind —-10.D.(gLl).Lex. 8= L

It will be observed that, according to our definition of ratio, if S=L" and
8% A, L has to S the ratio 1/, so that L is the »th sub-multiple of S.

Instead of treating vector-families by the method we have adopted, we
might have started from a double descriptive function, which we may denote
by # +y, and concerning which we should make various hypotheses. By the
general notation of %38, we obtain various relations of the form + y or z +.
These relations may replace the « employed in our method. For convenience
of notation, we may put

_'
+y=+4+y Df
(——
+x=ax+ DL

e 4
Then if + has suitable properties, and « is a suitable class, +““y will be a
vector family.

Let us assume that x4y exists when, and only when, « and y both
belong to the class , and that when 2 and y both belong to the classy, z + ¥
also belongs to this class. Then if z 4y exists, so dues «+y +y; hence
D+ y Cd°4-y. Further, by our assumptions, if 2, yey, o+y exists, and
therefore zed-+y. Hence yey.D.d‘+y=¢. Hence if ¢ exists,

— — —
C[(‘+("y € 1 R S‘D“+“'y C s(q(‘+("y.
If we now assume Y+x=2+4+2.Dgy::Y=2
e 4

then +¢9yC1—1. Hence we now have

—’

+¢y e Cl ex‘ery.
In order to obtain the Abelian property, we require

(@+y)+e=(@+2)+9

which holds if + obeys the permutative and associative laws. Thus in this

case,

e 4
+%¢y e fim‘y.
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—
In order that +¢“y may be a connected family, we reauire
(Ha):zey. 2, :(gy):a=2+y.V.2=0a+y.

A sufficient, though not a necessary, condition for this 18 that there should be
a zero, u.e.

(a):zey.d,.z=a+2
In this case, + « i8 the zero vector, and if a is not the sum of two terms other
than itself, o is the initial point of the family.

—
The condition that if x,y are members of « 80 is x + y secures that +¢“y
is a group. Families which are groups we denote by “ FM grp.”

Thus collecting what has been said, we find that

-~
+¢“y e M conx grp

if + fulfils the following conditions :

(1) =z +y exists when, and only when, z,y¢y;

(2) zyey.dzy.v+yery;

@) z+y=2+2.D4y,..Y=2;

() z+y=y+e;

@) @E+P+z=z+y+2);

(6) (ga):zey.d;.z=a+z2
From (3) and (4) it follows that the a of (6) is unique, t.e. there cannot be

more than one zero.

In order to insure that our family ehall have connexity, we require
further

(7) zyey.dpyi(F2)izeyiztz=y.V.y+z=x;

(8) in order that our family may be an initial family we require that
x +y shall only be zero when = and y are zero,

With this further condition, our family becomes serial.

The above is only a sketch of one of the simplest ways of generating
families by means of double descriptive fanctions. Other ways are possible,
and by greater complication greater generality can be obtained.

There are some advantages in the above manner of treatment. First, it
is possible to take our magnitudes as being the # and y which appear in
“&+y,” instead of having to take them as the vectors + y or z+. Secondly,
our vector-family derives unity from the fact of being generated by the
single operation +. Thirdly, the method is more in agreement with current
conceptions of quantity than the method we have adopted. The choice
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between the two methods is a matter of taste; but it would seem that the
method we have adopted is capable of somewhat greater generality than the
other, and that it requires less new technical apparatus than the other., We
have not elsewhere had occasion to treat of double descriptive functions
which only exist when their arguments belong to assigned classes, though
it is to be observed that our definitions of various kinds of addition and
multiplication might quite easily have been so framed as to give this result.
For instance, we might have put

ptev=01%){(qa,B) . p=Nyc‘a.v=Ngec‘8.w=Ne‘(a+8)} Df.
In that case, E! (u +,») would have implied u,v e N,C, whereas with our
definition it is only 77 ! (4 +, v) that implies u, v e NyC. The general treatment
of double functions which only exist in certain cases would require a
considerable logical apparatus not required elsewhere in our work, and this
is, for us, a reason against adopting the method of treating vector-families
which derives them, as in the above sketch, from a single function z +y.



%330. ELEMENTARY PROPERTIES OF VECTOR-FAMILIES.

Summary of %330

In this number, we begin by defining tne class of “ correspondences” of
a. A “correspondence” of a is a one-one relation R which makes every
member of a correspond to an g, i.e. which is such that, if € a, Rz always
exists and is a member of a. Thus, for example, if 4 is an inductive number,
+4 p, with its field limited to inductive numbers, is a correspondence of the
class of inductive numbers, provided the axiom of infinity holds. (Otherwise,
(+o#)} NCinduct is not one-one.) The definition of correspondences of
ais

« v

%*33001L. crfa=(1-o1)n danDClla Df

Le. a correspondence of a is a one-one relation whose converse domain is
a and whose domain is contained in @ The definition should be compared
with the definition of “cror*P ” in %208.

It will be seen that if Recr‘a and xzea, Kz exists and is an a, and
therefore R‘R‘z exists and is an a, and so on. Hence all the powers of
R exist (%330:23). Similarly if R, 8, 7, ... are any finite number of corre-
spondences of a, B|S|7|... exists. This is proved for two and three factors
in %330°21-22.

We define a “vector-family of a” as an existent Abelian class of
correspondences of a, where an Abelian class of relations is defined as one

such that the relative product of any two of its members is commutative.
Thus we put

%33002. Abel =k (R,Sex.DJgs.R|S=8|R) Df
%330'03. fm‘a= Abel n Cl ex‘crfa Df
%33004. FM=5‘D‘fm Df
It will be remembered that Potid‘P and (for certain kinds of, relations)
finidP are Abelian classes of relations (¥91'34 and %121°352). 1f Pel — 1,

Potid‘P will be a vector-family of C*P, and if further P, €J, finid*P will be
the same vector-family.

One other definition belongs to this number, namely
#330056. « =s(Covik)|“x Df
2

This definition has been sufficiently discussed in the summary of the
present Section.
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After some preliminary propositions on Cl ex‘cr‘a (¥330'1—32) and on
k. (%¥330'4—43), we proceed to such properties of families as do not require
any further hypothesis as to the nature of the family concerned. These
properties are mainly such as assert the existence of relative products, and
of logical products of converse domains, or such as assert commutativeness of
the relative product under certain circumstances. The earlier propositions
deal with members of «, the later propositions mainly with members of «,.
The most useful propositions are:

%33054. FixeFM.Q Rex.E1R'%.D.E1 RQw
%33056. F:ceFM.Q Rex.E1RG.D. RQ% = QR

%33061. F:ixe FM— 1AL Mex,.D.

qUALAdM.q!DLadM.q!ALaD'M.q! DL aD'M
%330611. Fixe FM~ttA.L Mex,.D LM
%330624. Fixe FM— 1A . Lex..D.A~ePot‘L
%33063. F:ixeFM.L Mex, BV L2. BV LMz.D. LMz =MLz
%330'642. Fixe FM— ‘A L, Mek,.D. qa). BV L'a . BV L Mx
%3307, F:ixeFM.P,Qex.peNCind— 0. E1 Priz. D . E1(P|Qy%
%33072. tikeFM —1tA.L Mex .p,0eNCinduct.D.qq! ALe n ‘M
¥33073. F:xeFM.P,Qex.peNCind . EX(P| Q. .(P|Qyc= Prgris

«— ~
%33001. crfa=(1—1)n T~ D“Cléa Df
%33002. Abel=#(R,Sex.Dps.R S=8|R) Df
%33003. fm‘a= Abel n Clexfer‘a Df
%33004. FM = s‘Défm Df
#33005. k. = s‘(Cnvx) [“k Df
b2

%3301. F:xceClex‘erfa.z.«C1—o1.0% =1a. D CCla [(x330-01)]

%330'11. F:(qa).«ceClexferra.=:xCl—-1:(ga). Ak =1fa.sD“c Ca
[#330°1]

%33012. F:xeClexéer‘a.d.sT¢=a [%3301.%5302]

%33013. F:xeClex‘era.D . D CCls Tk . 5Dk Cs'Tk  [%330'112]

%#330'131. F:(ga).xeClex‘er‘a.=.xCl—oa1.UT“kel.sD Csdx
[%3301112]

%330'14. F:xeClex‘erfa.D. D% CNcfa [%330'1]
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%330-16. F.Clex‘cr‘A =“‘A [#330°1]
%330'161. F:qla.xeClex‘ora.d. A~ex [%330-14]
%33016. F: (ga).ceClex‘eratkF ‘A D . A~vex [%830-15'151]
%33017. F:gla.ceClex‘era.d.Dc CClex‘s‘d“k [%330-18:1511
#330'18. F:.(ga). ke Clex‘er‘az x4 t°A:D Dk C Clex‘sd%x [%330°1517]
%330'19. . (I a)eClex‘eria [%330°1]
%3302 F:xeClex‘or‘a. Rex . ! DM as‘T“c.D.q'R| M

Dem.

F.%330112.0F:Hp.D.q! DM And‘R: D} . Proy
x3302L. F:reClex‘or‘a. k1A . R, Sex.D. ! R|S
Dem.
F.%33018.0F:Hp.D. g ! DS s 1)
F.(1).%3302.2F. Prop
sweClex‘era. kA R, 8, Tex.D. ! R|S|T

-

%*330-22.
Dem.
F.%33021'18 . D+ : Hp.D. 4! DY(S| T) n sk ¢y
F.(1).%3302.2F. Prop
%33023. F:xeClex‘er‘a.x+1’A. Rex.D.A~ePotid‘R
Dem.

F.%33016.DF: Hp.D. 5! T} C‘R 1)
F.%33018.2F: Hp. PePotidR.{ ! P.D .5 D'P ngfd k.
[%3302] D.4!R|P ()

F.(1).(2).Induct.dF. Prop
#3303. F:ikeClex‘er‘a. Il aen.d.xCsc|“x
»
Dem.
F.%3301.0F:.Hp.D:Rex.D.R=R|Ila:dF.Prop
¥3308L. F:keClex‘era. Rex.D . R|R=1I[ s [%3301]

%330:82. F:.xeClex‘era. B, Sex.d:R|S=1}sA%.=.R=S8
Dem.

F.%33081.0F: Hp.D: R=8.D.R|S =1 s (1)
F.%3301. DF:Hp. D.R|R|S=(DR)18 @)
F.(2).9F.Hp.D:R|S=1}sd%.D.R=(DR)1S.
[¥72:92] >.R=S}AR.
[%330'1] >.R=8 (3)

F.(1).(8).DF.Prop
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%3304,
#33041.

33042
Dem.

riMen,.=.(@R,8). R Sex. M=R|S [(%33005)]
F.Cnvf, = «, [%330-4]

F:eeClex‘er‘a. ITaex.Dd.xvCnv¥e Ck,

353

F.#3301.%50'551.3F: Hp. Rex.D. R=(I1a)| R. I TaeCnviée (1)

F.(1).
%330-43.
%330°5.
%330°51.
%330'52.

%330'53.
Dem.

%330°54.

Dem.

%330°641.
%330-542.

%#330-556.
Dem.

%330°551.

%¥330:4:41 . D F. Prop

FreeClex‘era.d. I sk e, [%330°314]
FikeAbel.=: R, Sex.dps. R|S=8|R [(%33002)]
F:eefma.=.xeAbel n Clex‘era [(%330-03)]
FiceFM.

«(ga) . k e Abel n Cl ex‘era.
=.xeAbel.xClo1.d%el.sDk CstT*x
[%330°51°131 . (¥330°04)]

FineFM.Q Rex.EURQ%.D . E1 Q. Et Rie

F.%3805.2F: Hp. . El QK%
F.(1).%30'5.2F. Prop

FiceFM.Q. Rex.E1Rs.d.E! RQ%

F.%330:3152. D F: Hp. D. Rw = R‘Q‘Q'
F.(1).%33053.2}F. Prop
FexeFM.Q Rex.D.Q“DRCD‘R [%330°54]
FikeFM.Rex.D.D'R esect‘s’x [#830°541 . %211°1]
Feice FM—tt’A.Q, Rex.D. g1 D‘QnAD‘R.qg! Q“D‘R
F.%330'54 . Jt:Hp.D:xeD'R.D.QzeD‘R:
[%33-43) D:q4!D'R.O.q!D‘Qn DR
F.(1).%33016 . DF:Hp.D.q!D‘QnD‘R
F.x33011116. DF:Hp.D.D'RCA‘Q.g'DR.

[*37-43} D.qlQ“DR
F.(2).(8).DF.Prop

F:Hp%33055.0.0 Q| R [*330°55.%37-32]

R. & w. 1L

)

M

(1
@

3)
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%33056. FixeFM.Q Rex.ElRa.D . RQ= QR

Dem.
F.%330511.2 F: Hp.D. QR*R‘a= B‘Q‘Ra.
[¥72:24] >. Q= RQR.
[¥330°31°54] . RQéa= Q°Rn: D+, Prop

¥330561. F:xeFM.Q Rex.D.RIQID‘R=Q|R [#33056]
¥330562. F:xe FM.Q Rex.D. . R3QCQ [%330'561]
330563, FixeM.Ren ACr.D. RSENGIN  [#330'562]

%33057. F:xeAbel.R,Sex.veNCinduct.d. R |S'=(R|Sy.R8"=8R
Dem.

k%3012, Dh.R|S=(R|S).R|S'=5|R 1)
F.%330:5.%30121. D F: Hp. R[S =S| R.D. R|§+1=§+1|R  (2)
F.(1).(2).Induct . DF: Hp.D.B|S =8| R (3)
F.(3).%30121.2F: Hp.D. R+l | §+1= R | & | B[S (4)
F.(4).%30121. D F: Hp. R*| 8 = (R|S)y.D . R+l [ S+l = (R| S+ (5)
F.(1).(5).Induct . dF:Hp.D.R"| S8 =(R|S) (6)
F.(3).(6).9F.Prop
%8306. FixeFM—1%A.Lex.D.q!L

Dem.

F.#330164.DF:Hp.D.(qQ R). Q. Rex. ! R.L=R Q.
[%330°54] 5. (@R z).Q Rex.E1RQw.L=R|Q.
[%34-41] D.:q!'L:DF. Prop

%33061. FixeFM— 1AL, Mex,.D.
HUALAdM.q 1 DL adM.qt AL aDM. g1 DL n DM
Dem.
F.%330'554. D
F:Hp.D.(@Q RS, T). QR S, Tex . L=R|Q.M=T8.q! D‘RaDT.
[%330-54]
>.(AQ RS, T,5).Q RS, Tex.L=R|Q.M=T|S.Et RQ's . E1 TSz
[%34:41] . (qz). E1 L'z . B! Mea .
[%3343]1D . ! A‘L A ‘M )
F.(1).%33041.DF. Prop
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%330611. F:xe FM — 1A L Mer, . D gL L| M [%330-61.%34:3]

330612 F:ke FM—10A L M, Nex,.D.q ! AL n AM n QN
Dem.
k. %330224. D
F:Hp.D.(gP,Q R 8, T,W).P,QR 8T Wex.
L=P|Q.M=R|S.N=T|W.q!P|R|T.

[%33033] . (P, Q. R, 3, . W,2). P,Q R, S, T, We .
L=P|Q.M=R|S.N=T|W.E\P%.E! R'z.E! T.

[%33054] J.(qz) . E! L'z . E! M‘z . E! Nz : D F . Prop

¥330613. Fixe FM— 1A . L M, Nex, D it LI M|N
Dem.

k. %330:224. D

F:Hp.D.(qP,Q, RS T,W,2). P,Q,R,8,T.Wex.
L=P|Q.M=R8.N=TIW.E! PBTw,

[%330'54]D . (aP, Q, R, S,z). P,Q R, Sex.
L=P|Q.y~R|S.EI PR{(N%).

[%33054] D . (P, Q). P,Qex.L=P|Q.E! P{MNw).

[*330-54] D . (qz) . B! LM*Néz : D F . Prop

%33062. F:xeFM.Lexk .Sex.d.S|LCL|S

Dem.
F.%330561.0F:Hp.P,Qex.L=P|Q.D.8S|PCP|S.
[%330-5] D.S{P{QCP|Q|S:IF.Prop

*330621. ke FM—t5sA . Lex, .CPCsTAk. g P:

Sex.ds.S|PCP|S:D.9q'P|L
Dem.

F.%33011.0F . Hp.Q Rex.L=Q|R.D:
zPy.D . (qu,2) . uRz . 2Qy . Py .

[%341] >.i!1R|P|Q.
[¥330'5] >.4!P|R|Q.
[%330-561] >.41P|Q|R.
[Hp] D.5!P{L:DF.Prop
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%330622. +: Hp*330621.0.9!L|P

Dem.
b.%33011.#72:59.0F:Hp.Q Rex.L=Q[R.D.PCQ|P|Q.
[¥72:59] >.P|QGCQ|P.
[%330:621] >.q1Q|P|R.
[%330'5] >.q!Q|R|P.
[Hp] D.iq!L|P:D}t.Prop
%330623. F:xe FM.Sex.Lex, . MePot’L .D. 8| MCM|S
Dem.
F.%3434 . Db:Hp. S| MGCM|S.D.S|M|LCM|S|L.
[%33062] >.8|M|LCM|L|S )
F.(1).%330-62 . Induct . D +. Prop
%330624. Fixke FM—tA.Lex,.D.A~ePot‘L
Dem.
k. %3306 . Sh:Hp.D.g!L (1)
F.%330622:623. ODF:Hp.MePotL. ! M.D.q!M|L (@)
F.(1).(2).Induct.DF:.Hp.D: MePot'L.Dy .y ! M:.DF. Prop
%330625. FikeFM.L Mex,.QePot'(L|M).Sex.D.8|QCQ|S
Dem,
F.%33062.2F: Hp.D.S|LIMCL|M|8 (1)
F.%34:34.D
b:Hp.RePotL|M).S|RCR|S.D.8|R|L|MGR|S|L|M
()] GR|L|IM|S (2
F.(1).(2).Induct. D . Prop
¥330626. F:xe FM — 1AL Mex,.D. A~ ePot{(L| M)
Dem.
F.%330611. DOF:Hp.D.q!L{M (1)
F.%330621'625.DF: Hp. Qe Pot*(L | M). §!1Q.D. ! Q|L (@)
F.%830625. DF:Hp.QePot{L|M).Sex.D.81QLCQ|SIL
[%33062] CQILIS (3)
F.(2).(3).%330621.DF: Hp. Qe Pot’(L| M).541Q.D. g QI LIM (4

F.(1).(4).Induct.D}+. Prop
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*330627. l-:xeFM—L‘L‘A.L,Mex‘.PePot‘M.D.[J{!PQL.[;{!LIP
Dem.

F.%330-611. Dh:Hp.D.g!M|L.g!L|M Q)
F.%330:623 . Dt:Hp.Sex.D.8|P|LCP|S|L.

[#33062] >.8|P|LCP|L|S  (2)
F.(2).%330622. DF:Hp.j!P|L.D.q!M|P|L (3)
F.(1).(3).Induct . D+:Hp.D.q ! P|L (4)
F.(2).%330621. DF:Hp.g!L|P.D.q!L|P\M (5)
F.(1).(5). Induct . D +:Hp.D. ! L| P (6)

F.(4).(6).DF. Prop
%33063. tikeFM.L, Mex E'Lc. B! L‘Mi2.D. LMz =ML
Dem.
F.%33056.DF: Hp.Q RS, Tex.L=Q|R.M=8|T.>.
Q*RST's = Q*S‘R*T*z
[%330'5] = S}QTRw
[%330'56. Hp] = STQR'z: D +. Prop
#33064. F:ixkeFM.L Mecx .D:
E'Lz.ElL‘Mz.= . El Mz . E! MLz [%33063]
*330641. F:. ke FM. L Mex, .EtL's . 1 M2.D:
E!L‘Mz.= . Bt MLz.=. LMz = MLz [%330:63:64]

%330642. F:xke FM —teA. L, Mex,.D.(qz). E! L'z . E! L‘M‘x
Dem.,
F.%33021.D

F:Hp.D.(gP,Q R S 2).P,QR Secx.L=P|Q.M=ER|S.E1 PRw.
[¥3305354]D. (g P,Q, R, S,2). P,Q, R, Sex. L=P|Q.M=R|S.
EtPQw.E1 PQR‘S%w: Dt . Prop
%330643. F:xeFM.Pex.Lewx .E!' Lfz.D . P L'e=LPx2 [%330:565]
%33065. F:xeFM.Q.R, 8, T'ex. RQw=T8%. . Qs = R‘S'
Dem.

F.#7224.2F: Hp.D. Qo= RTS8

[%330'56] ~ RS .

[%72:24] D.T7Qz=RSz:DF.Prop
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%33066. FixeFM.QR, S Tex.EI RQw. E1 T8, D+
RQw=T8%.=. T'Qz = RSz

Dem.
F.%33056. D F: Hp. 7°Q'z = RSz . D . T*R‘Q‘z = R‘R*S‘x
[¥72:241] = 8.
[¥72:241] 3. RQ'z = T*S's 1)

F.(1).%330'65.D F. Prop

%3307. FixkeFM.P,Qex.peNCind—10.E1Q(P|Qp-1P%z.D.

Q(P|Qy-1Pz=(P|Qy=
Dem.
F.%330'56 .%301'2.D

F:Hp.E! Q(P|Q"P'z.D. QP | QrPiz=(P|Q) s )
F.%330°56 . ¥301:21 . D
beHp:E1Q(P|Qp-1Pw.D,. QP | Qp-1Pw=(P|Qpez: Dt
E1Q<P|QrPs.d. Q(B|QpPu=(P|QprqPu
[%330°56.%301°21] =(B|Qw+ 1z (2)
F.(1).(2).Induct. D F. Prop
¥3307L F:ixeFM.P,Qex.peNCind —10. B! Priz. D . E1(P|Qy
Dem.
F.%33054. D F: Hp. Et Pz, D . E1(P| Q) 1)
F.%80121.D b2 Hp: Bt Prig . D, . E1(P|Qyw: D
E1Preig, D E1(P|Qrbs.
[¥330°52] 3. F1Q(P|QyrPe.
[%3307] >.E1(P|Qy+iz (2)
F.@1).(2).Induct.dt . Prop

#330'7T11. F: ke FM . QesPoth . D . AQ=sUT%
Dem.
F.%33052.0+F:Hp.Pex.d. AP =sU 1)
F.%37322.D
F:Hp.Pex.QePot‘P.AQ=sU.D.AY(Q| P)=sTA 2)
F.(1)-(2).Induct.dF.Prop
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%33072. FikeFM—tvA.L Mex.. p,oeNCinduet.d.q 1 U Lea A M-
Dem.

F.%3307711:23.D

F:Hp.P,Rex.D.(ga). E! R a . R**a e A*P7.

[#330°52] D.(ga). Et Pe*Ro‘a (1)
F.%33057. D+ : Hp(1).o = P*Rea.D . E! Pz, Bl Rr'a @)
F.(2).%33071.D

F:Hp(2).Q Sex.L=P|Q.M=R|8.d.El Loz . E1 Moz,
[%33-43] D.zeldLra(l‘M- 3)

Fe(1).(8).2F.Prop

We have “ NCinduect” in the above proposition, n.’ “*NCind,” because
it is necessary to have E! L¢r . E! M7, and by %301'16 this inay fail if either
p or o is null in the type of L and M. The existence of a family does not
imply the axiom of infinity, since the family may be cyclic.

%33073. F:keFM.P,Qex.peNCind.E1(P|Qyz.D.
(P|Qyta=Proria

Dem.
F.%33056.DF: Hp. E1 Pty.D. QPy=PQy )
F.(1).DF:Hp . QProttp= Po-eteQip B1 Priy D . @ Briy= PQPr-aity
[Hp) = BePr-aeqey
[*301-23] =PQy (2
F.(1).(2). Induct. D+ : Hp. E1 Pty D, Q<Poiy = PrQry ®)

F.%301:23. D F: Hp.(P| Qe = Pr@riz. E1(P|Qp+1w. D,
(PlQy+ia=PQPiga

[(3)] = PePreQeQpis

[%301-23] =}\;P+e1‘Qp+ol‘x (4)

F.(4). Induct.DF. Prop



#*331. CONNECTED FAMILIES.

Summary of %*331.

A “connected point” of a family « is a point of the field of « from which
every member of the field can be reached by a member of « or the converse
of a member. That is, if @ is a connected point, we are to have

zes’d“.D,.(qR). Rex.z2(RuR)a
as well as a € s**“«. This amounts to saying that every member of s*I*‘x

is of the form Rfa or E‘a, where R e«x. The definition is

— —
#33101. conx‘x = sk n 8 (§x‘a v §kfa = s*Uk) Df
Here we include the factor s**“x in the definition, in order to exclude
the case when x=1t‘A. If s*0*k were not included, we should have
conx‘t’A =V, whereas with the above definition conxfi‘A = A.

In the case of any other family, the factor s*d*x makes no difference,

since if s*(I¥“x exists,
— «—

#rfa v ikia=sU.D.ael%,
and if « is a family, 0%% =s*T“«. But in the case of t‘A, the factor
s*(*“«x insures that no connected point exists, thus securing, conversely, that
a family which has a connected point is not t‘A. This is convenient, since
the case of t‘A, which is trivial, would often otherwise have to be explicitly
excluded.

The definition would be more analogous to the definition of a connected

relation in %202 if we put
- «
vonx‘x = s*(*“k n G ('xy'a v $'kxfa v tfa = s°U*¢) DI

But this definition fails to give us the information that there is a member
of « which relates @ to itself, whereas our definition does give this informa-
tion, and hence leads to the proof that I[ s‘d*“k ¢ «, 7.e. that there is a zero
vector.

We say that a family “is connected ” when it has at least one connected
point, 7.e. we put
#33102. FMconx = FM n % (q ! conx‘c) Df
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When all points of the field are connected points, the family  has con-
nexity” (cf. #834-27), provided x# t‘A. For the present, we only assume
that at least one of the points of the field is a connected point. To
take an illustration: the family whose members are of the form
(%o ) [ (NCinduct — t°0), where u e NCinduct —¢“0, has only one con-
aected point, namely 1. If we had taken positive and negative integers,
both as multipliers and as constituting the field, we should have had two
connected points, namely 1 aud — 1.

Almost all our future propositions on vector-families will be confined to
connected families. In the present number, we prove first that in a connected
family «, the vector which relates a connected point to itself also relates any
other member of the field to itself (%¥331'2), whence it follows that I |' s«
is a member of x (¥33122), and that every other member of « is wholly
contained in diversity (%33123), and that « v Cnv*x Ck, (%331:24). We
next prove that the product of two members of « is a member of « or of
Cnvéc (%331'33). We then proceed to consider «,, and prove at once the
two fundamental properties of «, in a connected family, namely (1) that
between any two members of s“(*‘« there is a relation which is a member
of x, (¥331'4), and (2) that two members of x, whose logical product exists
are identical (¥331'42). From these two propositions it follows that there is
Jjust one member of x, which relates any two members of s*(0“x (%331°43).
Finally we prove that any power of a member of « is a member of « v Cnv*«
(%331°54), and that any power of a member of «, is contained in some member
of «. (#331°56).

Stated symbolically, the above propositions are as follows :

#3312 tinxkeFM.acconxk.zes*U« . Rex.D: Rla=0.=.R'z=2

%33122. bF:xeFMconx.D. I s kex

%#33123. F:xeFMconx.Dd.xCRIFIVRIYV

%33124. F:xeFMconx.D.xvCnvk Cxk,

#33133. F:xeFMconx.D. s‘x,|,“x CxvCnv¥s

%3314 t:xeFMconx.z,yes’Ac.D.(gL). Lex .x=L'y
#3142, FixeFMconx. L, Mex .D:q!LAaM.=.L=M
%33143. ‘F:xeFMconx.z,yesd“k.D. M (Mex,.zMy)el
%33164. F:xeFMconx.Pex.D.Pot*PCrvCnviic

%331566. F:xeFMconx.Lex,.MecPot‘’L.D.(gN). Nex,. MCN

-«
*33101. conx‘e=sU n & ($c‘a v §c‘a =s‘U*c) Df

%*33102. FM conx = FM A % (5 1 conx‘x) Df
24
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- o«
#3311, F:aeconxx.=.aesTA“k. $cfa v na=sU [(%331-01)]

%33111. t:acconxh.z=:aes A :zes' T k., .(YR) . Rex. m(RwFE)a
[%3311]
#33112. F:gleonxe.D.eF ‘A [%3311]
- «
#33118. F:ikeClex‘er‘a.D:aeconx’e.=. .k F 1A . $kfa v ke =sUA
Dem.

. « - “—
F.%5824.0F:Hp.eF1°A. $«c‘a v §'cfa=sT k. D . g 1§k a vikia.
[%330-13] D.aesd*« 1
F.(1).%331'1'12. 2 }. Prop
%331718L. F::xeClexfera. Diacconxo. =t uF LA zesd . D,.

(gR). Rex.x(Rw R)a [%331'13]

—-)
#33114. FiA=xuCnvk.D:acconx‘s.=.aesTAx. $\Na =T«

[%331°1]
%3312 FrnkeFM.aeconx‘s.zes'd“¢ . Rex.D: R'g=a.=.Rz=x
Dem.
Fo%33111. DF:Hp.D.(gS).Sex.z(Sua Q)
F.%330'5. JDF:Hp.Sex.2=8.Ra=a.d.Rz2=8R‘a
[Hp] = S¢a
[Hp] =z (2)
F.#33056. DF:Hp.Sex.z=8.Ra=a.d.Rz=58Rq
[Hp] = Sa
[Hp] = (3
F.(1).(2).(3).OF:0.Hp.D:R'¢=a.d.Rz=2z 4)
Similarly Fi.Hp.J:R2=2z.D.R‘e=qa (5)
F.(4).(5).DF.Prop

#33121. F:ikeFM.aeconx’k.Rex.d:Ra=a.=.IsAc=R
Dem.
F.*3312. DF:Hp.Re=a.d.I[sd“=R @)
F.»331'1. DF:Hp.ITsd“s=R.D.Ra=qa (2)
F.(1).(2).DF. Prop
%33122. tF:keFMconx.D.I[ s e«
Dem.
F.%331'11.DF:Hp.aeconxe.D.(qR). Rex. Ra=a (1)
F.(1).%33121.D F. Prop
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#331'23. F:xeFMconx.D.x CRI‘T v RIFJ
Dem.

r.*331'2'21.DF:Hp.Rex.[;[!Ri\I.D.RGI:DI-.Prop
#33124. t:weFMconx.D.xvCoviie Ck, [%33042.%33122)
#33125. F:xeFMconx—1.D.5!«xnRIJ [%33122:23]
#33126. F:xeFMconx —1.D. %, §c~ex,

Dem.
F.%331-2225.0F: Hp.D.(ya, R,S,7). R,Sex.aRa.aSz.a%4z.
[*71‘172.*411'11] D.$fx~el—1. (1)
[%331-24] J.§%x,~el—o1 2)

F.(1).(2).%330:52. D F. Prop

#33131. FixkeFM.aeconx,s.2es Uk . Pex . New,.D:
Pa=Na.=.Pz=N'z

Dem.

F.%331°11, %3304 .2

F:Hp.D.(FQ R, S).Q, R, Sex.2(QuQ)a. N=R|S )
F.%330'5.D

:Hp.Q R Sex.2=Qa.N=R|S.Pa=Nu.d.Po=QRSa
[%330-56] = RQ*S*a
[%330°5] - R'S°Q‘a
[Hp] =Nz (2)
F.%330:56.D 5
F:Hp.Q, R,sex.x=é‘a.N=§|s.P‘a=N‘a.J.P‘x=é‘§‘s‘a
[%330°5] - IE‘Q@‘“
[%330-56.Hp] = R'8Qa
[Hp] =Nz (3)
F.(1).(2).(8).2F:Hp.Pla=Na.d.P'a=Nz (4)
Similarly F:Hp.Pz=Nz.D.Pa=N (%)

F.(4).(5).DF.Prop

%331'32. F:ikeFMconx.Pex.Nex .D:q!PAN.
Dem.

F.%331'31.DF::Hp.aeconxh. D 2, yesd“k. D

Pz=Nzx.=.Pa=Na.=.Py=Ny (1)
F.(1).(%331:02).DF:. Hp.D:a, yesT“c . Ploa=Nzw.D. Py=N'y:
[%33-45.%72:94] >:q!PAN.D.P=N (2
F.%331-12.%33016.2F:.Hp.D: P=N.D.q!PAN 3)
F.(2).(3).OF.Prop

.P=N

it
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#33132L. F:.xe FMconx.P,Qex.D: ! PAQ.=.P=Q [%331'32:24]

%33133. F:xeFMconx.D. 8‘x’|’“x Cxv Cnvic
Dem.
t.%33111.2F . Hp.D:(qa): P, Qex.Dpq. @R) . (PQa)(Rv R)a
F.%330°5.2
F:Hp.P,Q Rex.PQa=Ra.Sex.y=8%.D.PQy=8PQa

[Hp] = SRa
[%330'5.Hp] — Rey

F. 33056 . D

F:Hp.P,Q Rex. PQa=Ria.Sex.y=5a.D. PQy=SPQa
[Hp] =SRa
[%330°56.Hp] =Ry
F.(2).(3).%33111.0F: Hp. P,Q, Rex. P‘Qa=Ra.D.P|Q=R
Similarly F:Hp.P,Q Rex. PQ'a=R'a.>.P|Q=R
Fo(1).(4).(5).3

FiHp.P,Qex.D:(gR): Rex: P|Q=R.v.P|@=R:.Dt.Prop

%3314 F:xeFMconx.z,yesUdk.D.(qLl) . Lex .a=LY

Dem.
b.#33111.DF: Hp.D.(qa, R, 8) . R,Sex.2(RvR)a.y(Sua
F.%33056.0F:Hp. R, Sex.a= R‘a.y=S‘a.3.x=§‘R‘y.
[%3304] Jd.(qL).Lex,.ax=Ly
F.%33124:33.D

F:Hp.R Sex.a=Ra.y=8a.D.R|Sex.z=(B|S)y

F.%331:24'33. D

F:Hp. R, Sex.o=Ra.y=8.D.R|Sen.o=(R|S)y

F.%330'4.D

F:Hp.R,Sex.o=Ra.y=8a.D.R|Sex.o=(R|S)y

Fo(1).(2)-(3).(4).(5). D F . Prop

¥3314L. F:xeFMoonx.D . i = (%) 1 (k) [#3314]

%33142. F:xeFMconx.L,Mex,.D:q!LAM.=.L=M
Dem.,

F.%3306.%331'12.0+:Hp. L=M.D.q' LA M
F.%3314.D

}-:Hp.L‘x=M‘x.E!L‘y.D.(aN).Nex.-N‘x=y.E!L‘y.

()

2

3
(4)
(%)

M

@)

3

#)

®)

®
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[%330°63] >.(qN).Nex,. Nw=y. L'y=NLz
[Hp] =NMez
[#53063] =M‘Nz
[%13:12] d.Liy=My (2)
Similarly F:Hp.L'z=M2.E! My.d.L'y=My 3)
F.o(2).(8).%7135.OF:Hp . g1 LAM.D . L=M 4)
F.(1).(4).2F.Prop

%33143. I—:xeFMconx.x,yes‘([“:c.D.ﬂ(Mex‘.mMy)e1
Dem.
F.%331'4. DF:Hp.D.(qM).(Mex. .2My) (1)
F.%33142.OF:Hp. L, Mex,.oMy.2ly.D. L=M (2)
F.(1).(2).OF.Prop
#33144. FixkeFMconx.P,Qex.D:J!PAQ.=.P=Q [%33142:24]
#33145. Fi.ceFMconx.L,M,Nek,.D:

HIL|IMAN.=.L|M=N[dYL| M)
Dem.

F.%330611.DF:Hp. L|M=NIALIM).D.q!L|IMAN 1)
F.%33063. DF:Hp.L'Mea=Nz. E\L‘My. X ex..y=Xz.D.
LMy=LXMz. Bl LMz . B! L'XM2.E1 X 2.

[%330°63] . L My=XL'Mz. El X‘z.

(Hp] d.L‘My=X‘N‘z . E! X‘z.

[%330°63] . L‘My=NX‘z

[Hp] =Ny )

F.(2).%381'4. D+ :Hp. L'Mas=Nz.ye A(L| M).D. L'My=Ny  (3)
F.(1).(8).OF.Prop
%33146. +: Hp%33145.0: M|L=N[AM|L).=.L|M=N[A(L|M)
Dem.
F.%83064263.DF:Hp. LIM=NIAL|M).D.(gz). M'L‘z=N‘z.
[%33145] D.M|L=N[AYM|L) (1)
Similarly t:Hp . M|L=NAM|L).D.LI{M=NTAL|M) (2)
F.(1).(2).DF. Prop
#33147. F:xeFMconx.L, Mewx..D.(qN). Nen, . LIMCGN.M|LCN
[%331°46°454]
%33148. F:xeFM.Lex .qleonxcnC°L.D.LexvCavi
Dem,
F.%33041.DF:.Hp.aeconx’s nC°L.D: L, Lex:E!Lfa.v.E! Lfa:
[%331°11] D:L,Lex‘:(gR):Rsxanv“x:L‘a=R‘a.v.z‘a=R‘a:
[#381:24'42) D :(qR): Rex vCnv*¢: L=R.v.L=R:.DF.Prop
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%*331°5. l-:xeFMconx.Pex.Lex..D.LlP,F’lLem
Dem.

F.%38183.D

F:Hp.Q Rex.L=Q|R.D.(g8.SexvCnvie. L|P=Q|S (1)
F.%3304.3F:Hp(1).Sex.L|P=Q|8.D.L|Pex, )
F.%342.D
F:Hp(l).SeCnvee. L| P=Q|8.2.(gT). Tex.L| P=Cov{(T|Q).
[%331-33] J.L|PexvCnvi.

[%331:24] D.L|Pex, (3)

Fo(1).(2).(3).%33041. D F. Prop
%33161. F:xeFMconx.Pex.D.Pot‘PCux, [%831°5 . Induct]
331652 F:xeFMoonx. P, Qex.Lex.D.P|L|Qex, [3815]

x331'63. F:xeFMconx.P, Qex.p oeNCinduct.d. Pr|Qrex,
[%331'5 . Induct . 33151 . %330°43]

#33164 F:xeFMconx.Pex.Dd.PotéPCxv Cnvék

Dem.
F.%330711.DF:Hp.aeconx‘c. QePot‘’P.D . E! Q.
[%331-11] D.(gT). Tex v Cuv¥k. Qe =T"g.
[%331-51-42-24] D.QexvCnvhc: D F. Prop

%33166, F:ixeFMconk.P,Qex .peNCinduct.D.
(P(QPGCPeiQe.PriQrex [%33073.%33153]
%33166. F:xeFMconx.Lew .MePot'L.D.(gN). Nex.. MCN
[%331:55 . %3304



%332. ON THE REPRESENTATIVE OF A RELATION IN A FAMILY.

Summary of *332.

We saw at the end of the last number (%331'56) that any power of a
member of «, 1s contained in a member of x,, When a relation is contained
in a member of «,, we call this member the “representative” of the relation
in the family. For purposes connected with the application of ratio, the
“representative” is an important function of a relation, especially when the
relation concerned is a power of a member of x,. By the definition of ratio
(%303:01), we shall have L(p/a) M if i{!L° A MP and p Prma. Now if L°
and Me each have a representative, then they must have the same representative
if g 1 LY A M (by %331'42). Hence we are enabled to substitute an equality
for 7! L A M? in dealing with ratios of members of x,. The elementary
properties of representatives are dealt with in the present number.

We denote the representative of P in the family « by “rep,*P.” In order
to insure E ! rep,P under all circumstances, we do not define rep, ‘P as the
only member of x, which contains P, but as the logical sum of the class of
members of x, which contain P, v.e. we put

«—
%33201. rep P =s(.n CP) Df

In a connected family, if P is not null, &, A‘E‘P cannot have more than
one member (¥332'21), and therefore the representative of P, if it is not null,
must be a member of «, (¥332:22). If P is a member of «,, it is its own
representative (%332:241).

We prove in this number that, if P, @, R, ... have existent representatives,
the representative of their relative product (unless this product is null) is
the representative of the relative product of their representatives (%332:37).
Among other important propositions in this number are the following :

%33232. F:xeFMconx . L Mex .D.rep(L|M)=rep,(M|L)
x33261. F:xeFMconx.P,Qer.D. rep(P|Q)=Q|P

%33253. F:xeFMconx.P,Qex.peNCinduct.D.rep,(P|Qy = Pr|@r
%33261. :xe FM coux . Lek, .. reptPotid“L C,

-
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%3328, F:xeFMconx.L Mek, .£eNCind.D.
rep (L | M) = rep.(L¢ | M?)

%33281. F:xeFMconx.v,0e NCind—t0.Lex,.D.
repK{Lv)(cv . repr(repK(Lv)a

33201, rep, P =ik, n CP) Df

3321, F.rep P =(cn GP)=29{(gl). Lex..PCL.aLy)
[(¥33201)]

%33211. F:rplrepP.D.P CrepsP [%332:1]

433212 F:gitrep P .D.q!(k n GP) [#3321]
%33213. F.rep A =%, [%3321]
%33214. F:PGQ.D.rep QCrepSP  [%3321]
%*332'15. F. rep,‘lg = Cnv‘rep,'P

Dem.

v “«—
F.%33041.0F . k. n CP =Cnvé(x, n G‘P) (0]
F.(1).%3321.2F. Prop

%33216. F:e=tA.D.repP=A [%3321]

“—
%3322, tikeFM—t¢A.D:q (koA CP).=.7 ! repsP
Dem.

- «
F.%3306.2F:Hp.q!(,x,nGP).D. 5 (k.n GP)— ‘A
[%332°1] D.5trepfP 1)
F.(1).%33212.DF. Prop

“
33221, tF:xeFMconx . ! P.D.(k,nCP)eOv1
Dem.
F.%x33142.0+r:Hp.L, Mex,.PCL.PCM.D.L=M:DF.Prop

%38222. FixeFMconx.jq!'P.d:rep,Pex,.v.repP=A
Dem.
‘—
F.x33221112.DF: Hp. g !rep. P.D.(x. n CP)el.
[%3321] J.repSPex.:2F. Prop
“—
%33223. F:xkeFMconx. gl P.D:rep S Per..=.q ' (x.n CP)
Dem.
—
F.%x332222,3F:Hp.repPe~ew . D (6, n CP)=A (1)
F.%x3306. DF:Hp.repPex..2.7 ! rep S P.

(%332:2] .51 (e nGP) @
F.(1).(2).2F.Prop
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#332231. F:.xke FMconx—1.D:repsPex,. .[{{!P.g!(xtn(-C:‘P)

Dem.
F.%33126.0+:. Hp.D:repPex,.D.rep, P % s%,.
[%332:13] D>.P4A (1)
F.(1).%33223.2F. Prop

#332232; F:i.keFMconx —1.D:repPex,.=.7 1 P.5rep, P

th

[%332:231-2]
%33224. | :.xeFMconx.i{!P.D:Le(x.n(CT‘P).E.(g{!rep,“P.rep,“P.-:L
Dem.
F.%332211. ODFuHp.D:LewnGP.D.rep P=L (1)
F.%3322. DF:.Hp.D:Lex,n‘G_‘P.D.i{hep,‘P (2)
F.%332:22. JDF:Hp.D:!rep,P.D.rep,*Pex.:
[%1812] Dinylrep S P.rep, P=L.D.Lex, 3)

F.(3).%33211.F 1. Hp. Dy repP.rep P =L.3. Le(kn GF) (4)
F.(1).(2). (). dF. Prop

#332241. F:xe FMconx . Pex,.D. P =rep P

Dem.
F.%33224.DF:. Hp.q! P. D:PGK‘AE‘P.E o trepP.repfP=P:
[Hp] J:repSP=P 1)
F.%3306. DF:Hp.~f!P.D.k=t‘A.
[%332:13] d.repP=A (2)

F.(1).(2).dF.Prop

%332242. F:xe FMconx . ! P.ny trep,P.D . rep P = rep, rep, P

Dem.
F.%33222. OF:Hp.D.rep.Pex, 1)

F.(1).%332:241.DF . Prop
%332243. F:xe FMconx . g1 P. PGIsT“k.D . rep P =I[ s
[%332:24 . %330'43]

%332:244. F:ixeFMconx—1.D:
q!P.PCI[sd.=.rep, P=1[sUT“

Dem.
F.%33126.%33048.DF . Hp. D8 F I Tk
[%332:13] DirepP=I1sA%.D. 71 P (1)
F.%x33211. Db Hp.d:repP=IlsT%.D.PCIIsd“ (2)

F.(1).(2).%332:243. D F. Prop
R. & W, 1l1.
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%332:26, FixeFMconx.qy! P.oylrepsQ. P CQ.D. .rep P =repQ

Dem.
F.%33211.3F:Hp.D. P GrepqQ 1)

F.%332:22.DF:Hp.D.repfQex. 2
Fo(1).(2).%332:24.DF. Prop
%33226. F:xeFMconx.jf!PAQ.5!repsP.nlrepQ.D.
rep, P =rep‘Q=rep, (P A Q) [%33225]
%33227. t:xeFMconx. ! P.oplrepQ.q!Q Arep, P.D.repP=rep.fQ

Dem.
F.%332:11.2F:Hp.D.Q CGrepQ.

[Hp] D .5 rep P A rep,Q (1)
F.%33222.0F:Hp.D.rep, P, rep.Q e x. (2)
Fo(1).(2).%33142. I+ . Prop
%33231. F:xeFMconx.L, Mex .D.rep(L| M)ex.
[%3830611 . %331°47°12 . %332:23]

%33232. t:veFMconx.L Mex,.d.rep*(L| M)=rep.(M|L)
[*330611 . %331°47°12 . %332-24
%33233. “:xeFMconx.rep, P, repQex. .5 ! P{Q.I.rep(P|Q)
= rep,‘{(rep.‘P) | (rep.‘@)} = rep.‘{(rep«‘P) | @} = rep,‘{P | rep.‘Q}

Dem.
F.%3306.%331'12. DF: Hp.D. 5y ! rep, P. 3 L rep.Q.
[%332-11] D.PCrepfP.QCrepfQ. ¢))
[Hp] J.y ! PlrepQ (2)

F.%3306.%332:31.(1).D
F:Hp.J.P|rep.Q Crep, P|rep Q. ! repirep. P | rep.‘Q} .
[(2).%832-25]

D . rep, (P rep,“Q) =rep.{rep. P |rep, Q} . 5 ! rep,/ P rep,Q) (3)

Similarly F: Hp . D . rep,{(rep.*P) | @} = rep.{(rep.‘ P)| (rep.Q)} (4)
F.(1).2F:Hp.D.P|QCP|repsq.
[Hp.(3).%332:25] J.rep (P | Q) = rep. (P | rep. Q) (5)

F.(8).(4).(5).2F.Prop
¥332:34. F:Hpx332:33.D.rep(P(Q)ex, [%332:31:33]
%33236. t:xecFMconx . L, M Nex..D.
repc‘(L | M| N') = rep.*{L | rep{M | V)] = rep[{rep (L | M)} | N]
[%330613 . x332'31°33]
33236, F:Hpx33235..rep.(L| M|N)er, [#3323531]
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%332:37. F:xeFMconx.rep P, rep.Q repRex .y P{Q|R.D.
rep(P| @| R) =rep.irep. P |rep Q| rep R}
=rep,* {rep“P | Yep R | rep,‘Q}
= rep.‘{rep.‘@ | rep.‘R | rep,‘ P}

Dem.
F.%332:33.D
F:Hp.D.rep(P| Q| R)=repSirep.*P|rep, (| R)}
[%332:33]} = rep.‘{rep. P |rep,‘(rep,‘Q |rep. R)} (1)
[%332:35] = rep,‘ {rep. P | rep, Q| rep*R} (3]

F.(1).%332:32.D

F:Hp.D.rep(P| Q| R) = rep.{rep.‘P | rep,‘(rep.‘R | rep. @)}
[%332:35] = rep,‘{rep,*P | rep* R | rep.‘Q)} (3)
F.(1).%3323332.D

F:Hp.D.rep,(P| Q| R) =rep.[{rep. (rep.‘Q | rep R)} | rep.  P]
[%332:35] = rep.‘{rep.Q | rep.‘R | rep,‘ P} @
Fo(2).(3).(4). 2 F . Prop

%33241. F:xkeFMconx.L, M,Nek, .D:
rep(L| M) =rep(L|N).=.M=N
Dem.
F.%34:34.0F: Hp.rep(L|M)=rep(L|N).D.

L{rep (L M)=L|repS(L| N).
[%332:35] d.rep(L|L| M)=repS(L|LiN).
[%330-31] J.repfM =rep,fN.
[%332-241] D.M=N:DF.Prop
¥332411. F:.xe FMconx.L, M, Nex, . D:rep (M |Ly=rep,‘(N|L).=.M =N
[%332:32:41)
33242, F:xeFMconx. L, Mex.. . Cavirep (L | M)=rep(L| M)
[%332:3215]
#33243. tixkeFMconx. L, M Nex,..D:
N=rep(L|M).=.L=repS(N|M).
M=rep(N|L).

.L=repx‘(1§|N).
M=rep (L|N)

1

il
"

Dem.
F.%332:35.%330°41 .2

F:Hp. N =rep(L|M).D.rep (L) M| M) =repS(N| M).

[%330:31] . rep.tL = rep (N | M) .
[%332:241] 3. L=rep (N | ). (1)
[%33232.%33041] 3. L=rep (M| N) (@)

F.(1).%330:41.D+: Hp. L=rep, N | M).D. N=rep.(L| M) (3)
F.(1).(2).(3).2F. Prop
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¥33244 ticeFMconx.L M, Nex.D:rep L | M)=N.=.L|{MCN
[#330°6 . %332:24-81]

#39245. F:. Hpad3zdd.d:rep(L|M)=N.=.repS(L| M| N)=I}sex

Dem.
F #%332:35.DF:. Hp.D:rep.“(L| M)=N.D.rep(L|M|N)=rep (N|N)
[%332'24.%330'31] It s (1)

F.%332:85.DF:. Hp. Dt rep,(L| M| N)=1I s ..
rep.[{ropc(L | M)} | N]=1 [ sQx.
[%332:31-43] . rep (Lt M)=rep N
[#332:241] =N @)
F.(1).(2).DF. Prop

i
b~
i
=

%33246. F:.xeFMconx. L, Mex..d:L|MGCI.=

Dem.
F.%330°43:611 .%332:243.D

F:Hp.LIMGI.D.repS(LiM)=1I[sdA.
[#332:43.4330'43] D . L = rep. M
[%332:241.433041] =M Q)

F.¥71191.DF:Hp . L=M.>. LI MGC] (2)
F.(1).(2).dF. Prop

%83251. F:xeFMconx.P,Qex.D . .rep(P|Q)=Q| P
Dem.,

F.%33124. x382:32. D F: Hp. D . rep.(P| Q) = rep.(Q | P)
[%332:241] =Q|P:2+.Prop

%33252. F:xe FMconx.P,Q R Secx.D.rep(P|Q|R|S)=Q|S|P|R
Dem.
F.#330613.%33112:124. Dk : Hp. .5 1 (P| Q) |(R| ).

[%332:33:51] >.rep(P|Q|B|S)=rep Q| P|SIR) (1)
F.#330:561611.DF: Hp.d.Q|P|S|RCQ}S'PIR.41Q|P|S|R (2
F.%33152.  DF:Hp.D.Q|S|P|Rex, (3)

F.(1).(2).(3).%332:24. D F . Prop
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%*33258. F:xeFMconx.P,Qex.peNCiuduct.D.repK‘(;lQ)P=1\;P[QP

Dem.
F.%330624.DF: Hp.D. ! (P|Qy (1)
F.%33078. DF:Hp.D.(P|QyGC Pr|Qr @)
F.%33153. DF:Hp.D.DPe|Qex ®)

F.(1).(2).(3).%33224.DF . Prop

%33261. F:xeFMconx.Lex,.D.repPotid’L Cx,

Dem.

F.%332243.%33043.DF:Hp.D.rep (I [ C*L)ex. ()
F.%332:81.DF:Hp. MePot‘L.rep,Mex,.d.rep{L|repM}ex. (2)
F.%330:624. DtF:Hp.MePot'L.D. 4! LI M 3)
F.(2).(3).%332:38. DF:Hp(2).D.repL|M)ex 4)

F.(1).(4).Induct.Dt. Prop

%33262. F:xeFMconx.A~ePot‘P.jlrepP.D.
rep,*‘Pot¢ P Crep,*‘Pot‘rep, P

Dem.

F.%332:24%.DF: Hp.D.rep P =rep,‘rep, P 1)
F.%33222. DF:Hp.D.rep Pen, (2)
F.(2).%33261.D

F:Hp.QePot'P.rep QerepPotrep, P.D.rep,Qex, 3
F.»91:86. DF:Hp.QePot‘P.J.5!P[Q “)
F.(2).(8).(4).%332:33.D F: Hp(3).D.rep(P|Q)=rep.{rep P|rep. q}.
[Hp.%91-36] D.r1ep,(P| Q) erepPotrep,‘P (5)

t.().(5).Induct.d}F . Prop

%332:63. | : Hp %332:62.D . rep,*Pot‘P C«,

Dem.
F.%83222.0F:Hp.D.rep Pex, 1)

F.(1).%332:6261 .3 . Prop

%33264. F:«eFM conx.rep“Pot'P Ck,.D.rep,Pot'P CrepPot‘rep,‘P
Den.

F.%331:26.%332:18.DOF:Hp.x~el.D.A~ePot‘P 4))

F.%3306.%33112. DF:Hp.D. A~ erepPot‘P 2

F.(1).(2).%33262.DF: Hp.x~el.D.rep“Pot‘P Crep,“Pot‘rep, P (3)

F.%330-45.#33122. DF: Hp.xcel . d.x = t(I [ sT“c) =« 4)
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F.(2).(4). %33212.0+:Hp(4). 2. PCI [ sk, (5)
[%332-24313.(4)] J.repSP=1[sUA“ (6)
F.(5).%3013. DF:Hp(4).D.Pot‘P=1t'P.
[(6).%332:241] D . rep“Pot‘P = t‘rep.‘rep,‘P )
F.(3).(7).9%. Prop
%33266. F:A~ePot‘P. i1 L rep P . D . Pot‘P Cs‘Ri*Potérep, ‘P

Dem.
F.%332:11.2F:Hp.D. P Grep.fP 1)

F.(1).DF:Hp.QePot‘P.RePotrep,P.QCR.D.Q|PCR|repP (2)
F.(1).(2).Induct.dt . Prop

%332:66. F:g!lrepP.RePotrepP.D.(4Q).QePot‘P.QCR
[Proof as in %332'65]

%33267. F:xeFMconx.A~ePot“P.flrepP.D.
rep,‘“Pot‘rep, ‘P = rep,*“Pot‘P

Dem.

F.%332:242. Dt :Hp.D. rep. repP =rep, ‘P (1)
k. %332:66 . Dt:Hp.D:RePotrep,P.D.!R|P (2)
F.%x332:22. JDF:Hp.D.repPex. 3)
F.(3).%33261.DF:. Hp.D: R ePotrep’P.D.repRen, 4)
F.(2).(3).(4).%33233.D

F:.Hp.D: RePotrep P.D.rep(rep,R|repP)=rep,(R|rep,P) (5)
F.%33233.DF:Hp. B ePotérep, P.QePot‘P.rep R =reps Q..

rep.(Q| P) = rep.‘(rep.‘R | rep.*P)
[(5)] =rep.(R | rep.‘P) (6)
F.(6).DF:Hp. RePotérep,sP . rep R erep, *Pot‘P.D.
rep.(R | rep,P) erep,““Pot‘P (7)
F.(1).(7).Induct. D F: Hp. . rep. “Potirep, P C rep.“Pot‘P 8)
F.(8).%332:62.DF . Prop

%*33271. F:ixeFMconx. L, Mex, .D.
rep,““Pot*(L | M) = rep,“Potrep (L | M)
Dem.
F . %330-626 . DF:Hp.d.A~ePot‘(L| M) (1)
F.%332:31.%3306 .2 F:Hp.D. i rep(L| M) 2)
k. (1).(2).%332:67.D F. Prop
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%332772. F:Hp#33271.D .rep,“Pot{L| M)Cr, [332:316171]

%x33273. F:xeFMconx.L,Mex,.D.Pot'(L| M)Cs‘Rl“Pot‘rep. (L | M)
[%382:65'31 . %330-626]

*%33274 tVt:xeFMconx.L Mex,.PePot‘M.D.
rep, ‘(L | P)=rep.(P| L) =rep,(L | rep,*P)

Dem.
F.%380627 .%332:61'83.D
F:Hp.D.rep (L |P)=rep.|L|repsP} (1)
[%332:61-32] =rep.‘{rep.*P| L}
[%330°627.%332:61-33] = rep,(P| L) (2)
Fo(1).(2).5F. Prop

¥33276. F: Hp%33274.D . !rep (L P) [%33274:61:31.%330:6)

%3328. bFixeFMconx.L, Mexk .£eNCind. D,
rep(L| M) = rep,*(L*| M*)

Dem,
F.%332243.5
b:Hp.£=0.D.rep (L | M)t =1} 5Tk = rep,(Lf | M¥) 1)
b .%301-21.%332:33 . 330626 . D
F:Hp.rep (L | M) =rep (L M¥).D.
rep (L | MY+ = rep | L¢ | M¢| L | M)
[%332-37] =rep,‘{Lf | rep,‘(M¢| L) | M}
[%332-32:33] = rep,“{L¢ | rep. (L | M¥) | M}
[%332-37] = rep,{Li+el | MEtel] (2)

F.(1).(2)-Induct.DF.Prop

%33281., F:xeFMconx.»,0eNCind—¢0.Lex..D.
rep"( YXcO — rep“(repK‘L")"
Dem.,

F.%30123.D3F: Hp. rep ‘L% =rep(rep,‘L*)". I .

rep,‘ Lr*cte+e) =rap {(L**<v| L*)
[%332:33) = rep.“{(rep.L*)" | rep.‘ L’}
[%301-23] = rep,‘(rep L) el (0]
F.(1).Induct.dF . Prop

%33282. t:xeFMconx.veNCind-¢0. L, Mex..D.
rep‘(L | M) = rep.[rep.(L| M)}
Dem.
F.%33233.DF: Hp.rep(L| M) = {rep.(L| M)}x.D.
rep. (L | My *- =rep.‘[{rep.(L| M)}*|rep,(L| M)]
[%301-23)] =rep, {rep, (L | M)}+:! (1)
F.(1).%113'621 .%3012. Induct . J F . Prop



#333. OPEN FAMILIES.

Summary of %333.

An “open” family is defined as one such that, if L is any member of «,
which is not contained in identity, then every power of L is contained in
diversity, v.e. L,, GJ. We shall often have occasion, both in this number
and later, to consider the class x, — RlZ, and in later numbers we shall often
have occasion to consider the class x — RI‘Z.  We therefore put

%33301. x;=«—RI‘I Df
#333°011. «;=(x); Df

Thus «; consists of all members of «, which are not contained in identity,
i.e. (if x 18 a connected family) all members of «, except I[ s*U“x. The
definition of an “open” family is
%33302. FMap=FM nk {sPot“,, CRI*J} Df

From the point of view of the application of ratio, the hypothesis that
a family is open is very important. To begin with, it insures (%333'18)
that x5 consists of “numerical ” relations (cf. #300), so that if Lexy, we
have Pot‘L = fin‘L (%333-15), and in virtue of %300:491, the existence of
open families implies the axiom of infinity (¥333:19).

Again, in an open connected family, if L, M are two different members
of «,, all the powers of L|M are contained in diversity, and therefore the
representatives of these powers are members of «,3; that is, we have
%33322. Fixe FMapconx.L, Mex,. L+ M. . rep,“Pot(L| M)C xg

It follows from this proposition that, with the above hypothesis, if o i

any inductive cardinal other than 0, L’lﬂ” is not contained in identity, and
therefore L 4 M and rep,‘Le 4 rep,*M°. Hence by transposition we obtain
the two propositions :
%33341. F:ixeFMapconx.L Mex .oeNCind—10.D:

rep ‘I’ =rep, M°.=.L= M
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#33342. +: Hp33341.D:Lo=M.=.L=M
Hence we obtain
*33343. F:. Hp#33341.D:q!LrAaM .=.L=M
This proposition shows that in an open connected family, no two
members of x, have the ratio 1/1 unless they are identical. Again it
follows from %33841 that if L#*e~ and M*-" have the same representative,
then L, and M~ have the same representative, and vice versa, t.e.
%33344. F:.xeFMapconx.L Mex, .p,0,7e NCind —¢0.D:
rep, ‘LX< = rep SMe*e" . = . rep,‘Lf = rep, M°
Hence we obtain two propositions which are vital for the application of
ratio, namely :
%33347. F:ikeFMapconx.L,Mex .p,ee NCind—1¢0.2:
repfLr =rep M’ .=.q P A M-
#33348. F:ixeFMapconx.L Mex .p, o, 7e NCind—10.D:
qlLPAMT .=t Leem A Moxer
On comparing this last proposition with the definition of ratio (*303:01),
it will be seen that, whether p is prime to o or not, L has to M the ratio o/p
when, and only when, 51! L*» A M?, ie. (by ¥333'47) when, and only when,
rep,fL? = rep, M°.
From %333'47 it follows also that, if M e x;, M? and M7 will not have the
same representative unless p = o (%#333'51), v.e.
%33361. F:xeFMapconx.Mexy.p,0e NCind.D:
rep. Mp=rep,M° . =.p=0
From this it follows that no member of x; has any other ratio to itself
than 1/1. Again, by x383'47:48'51, we have
%33368. F:xeFMapconx.L Mexy.qp!LoAaMr. gt LrAM-.D.
B XT =V Xgp
Hence if L and M have the two ratios p/a, u/v, we have pfo = u/v; that
is, no two members of «,; have more than one ratio.

The applications of ratio indicated in this summary will not be made till
the following Section ; they are here mentioned in order to show the utility
of the propositions of the present number.

*33301. «;=«—RIJ Df
*333011. x5 = (x,); Df
%33302. FMap=FM n & {s‘Pot“xy CRIJ] Df
*33303. FM ap conx = FM ap n FM conx Df
25
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%3381 F:Mexy.=.(gP,Q). P.Qex . M=P|Q. a1 MAJ.

I}

=.Mex. . HIMAJT [(%333:01'011)]
%335101. Fi ke FMap.=:xe FM: Mexy. PePot'M.Dy ,. PCJ:
=:xkeFM:Mexy.Oy.M,,CJ [(%333-02)]

x83311. F:xeFMap.Lexy.d.LGJ. ['GJ . LaL=A.L+L.q!L
[%3331:101]
%333'12. F:xeFMapconx.qjlrepP.q!PAJ.D.
rep‘P e« . (rep.P),, CJ

Dem.
F.%33211.DF:Hp.D.qqlrepSPAJ.

[%332:22.%3331] d.repifPexy @
F.(1).%333101.2F. Prop
%33313. F:xeFMapconx.qlrepSP.q{'PAJ.D.P CJ
Dem.

F.%332111. JDF:Hp.D.PCrepfP ¢
F.(1).%33222.2F:Hp. .5t (repP)AJ. Py, C(rep Py, - rep s Pe k. .
[%333:1] J.P,,C(repSP)y, - repPex,.

[%333:101] 3.P,CJ:DF.Prop

¥33314. F:ceFMapconx.L Mex, . L+M.D . (L| M), CJ
Dem.

k. %330626 ., DF:Hp.D.A~ePot/(L| M) 1)
F.%332:31.%330:6. D F: Hp.D. 5 trep(L| M) (2)
F.#332:46 . Transp.DF:Hp.D. 1 (L| M)A J (3)

F.(1).(2).(3).%33313.DF . Prop
%333'16. F:weFMap.Lexy.D.Pot'L=fin‘L = finid‘L — t*L,
[%121:501 . ¥333-11'101]
¥33316. t:ceFMapconx.L Mew, L+ M.D.
Pot“(L| M) = fin’(L| M) = finid“(L| M) — 15(LI M),
[%121°501 . x33314]
#333'17. F:xeFMapconx.qlrepsP.q ! PAJ.D.
PotfP = fin‘P = finid‘P — t*P, [%121'501 .%333:13]
%33318. t:weFMap.D.xzCRelnum  [%333101.%3003]
%33319. F:xeFMap—1t9fA.D.Infinax [%333:18.%330'624 .%300-491]
%3332 F:g!FMapconx.D.Infinax [%333-19.x%331-12]
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%33321. F:xeFMapconx.Lexg.D . rep,“Pot'L Cky

Dem. .
F.%33261. Dt:Hp.D.repPot‘L Cx, (1)
F.%333:101.%330624 .2+ :. Hp.D: A ~ePot‘L.Pot‘L CRIJ :
[%33211.(1)] d:MerepPot'L.D.qIMAJ (2)

F.(1).(2).%3331.0F. Prop
33322, F:xeFMapconx.L, Mex,. L+ M.D. rep“Pot/L|M)Cu,
Dem. i
F.%38271.DF 1 Hp.D . rep,“Pot(L | i) = repPoterep (LI M) (1)
F.%33246:11232:31. 2 F: Hp.D.rep,(L| M) e« (2)
F.(1).(2).%33321.DF . Prop

%33323. F:xeFMapconx.A~ePot’P.ytrepP.jy1 PAJ.D.

rep.“Pot‘P Cx

Dem.
F.%332:62. Dt :tp.D.rep“Pot‘P Crep,“Pot‘rep P (1)
F.%332:1122.%333'1.DF: Hp.D.repPex (2)

F.(1).(2).%33321.DF. Prop

%33324. F:xeFMconx.A~ePotP.r!rep,P.ve NCind.qg!
(v +.1) n P . D . rep, P* =rep,(rep« L)

Dem.
F.%3012.%332243.DF: Hp.J.rep P’=1 [ s*T*k = rep*(rep'P) (1)
F.%332:63 . %3306 . x301'16'22 . D
F:Hp.D.repP* rep. Pex. .0t Pr*l, (2)
[%301:21.%332:38] J . rep,  P**<! =rep,*{(rep. P*) | rep, P} 3
F.(2).(3).DF:Hp.rep P»=rep(rep,SPy.D.

rep P+l = rep f{rep,(rep  P) | rep, P} .

rep,(rep. Py, rep, P ek, )
F.(2).%330:624 .%301-21. D F : Hp . D. 5 ! (rep. P)" | rep, ‘P 5)
F.(4).(5).%332:33.D F: Hp (4).D . rep P! = rep.‘{(rep.‘ P) | rep. P}
[%301-21] = rep,‘(rep Py +! (6)

F.(1).(6).Induct.d+. Prop

A hypothesis equivalent to ve NCind.qq! (v +,1)n t#P is ve A UL P
It is sometimes convenient to substitute this for the other.

%33325. t:ixeFMconx.L, Mex..veNCind .5y !(w+.1)nt*L.D.
rep(L| M) =rep,‘{rep.(L| M)}
Dem.
F.%330626.%33112. D F: Hp.D. A ~ePot‘(L| M) (1)
F.%332:31.%3306. DF:Hp.D.qtrepS(L|M) (2)
F.(1).(2).%33324. DF.Prop
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%33332. F:xeFMconx.L,Mex,.p,oe A(ULEL).D.qq!Le| M”
Dem.

F.%33061.%301'2.DF:Hp.D.qq! L°| M® e8]
. %330623. DF:Hp.D:Sex.Dg.8|Le|MCL | M"|S: (2)
[%330-622] d:fptLe|Mo.D. ! Ieter | M 3)
F.(2).%330621. ODF:uHp.D:gptLeiMe.D.np!t L) Mote! 4)

F.(1).(3).(4).Induct .+ . Prop

%33333. F:ixeFMconx.L Mex .oce AU t*L).D.
repe!(L7| Mo) =rep(L| M)

Dem.
F.%333:32. %332:243. D
F:Hp.D.rep,(L°| M°)=1I[s*Q*k =rep (LI M) 1)
k. %332:37 .%301:21.D
F:Hp.D.rep (Lot | Moty = rep,*{rep, (L | M") | rep.‘L | rep, M} 2
F.(2).OF:Hp.rep (L7 | M°) =rep.(L| M) .D.

repf(Loter| Motety = rep, “{rep(L| M)" | rep*L | rep. M} (3)
F.(3).%33332.%332:37.D
F:Hp(3).D .repf(Lote! | Mo+")=rep{(L| M) | L| M}
[#%301-21] =rep,(L| M)+ 4
F.(1).(4).Induct.DF. Prop

%33334. F:Hp#33333.D.rep (L7| M°)=rep, {rep.(L| M)}*=rep (LI M)
Dem.

F.%330:626'6 . %332:31.D
F:Hp.D.A~ePot‘(L|M).q ! rep(L| M) 1)
F.o(1).%33324.0F:Hp.D.repf{rep.s(L| M)}* =rep(L| MY (2)
F.(2).%33333.DF. Prop

%33341. F:.xeFMapconx.L,Mex, .ceNCind—1¢0.D:
rep L =rep, M°.=.L=M

Dem.
F.%333:34222. O F: Hp. L4 M. D . rep(L*| M) e x,y.
[%333-21°32.%332:33] 3. rep.“{rep.‘L? | rep M7} € ..
[¥332:44.Transp] S .~ {rep. L7 | rep, Me G I [ sT%x} .
[%332-15°46.Transp) D.rep. L7 % rep.M” ey

F.(1).Transp.d}. Prop
*33342. t: Hp%33341.D:L-=M".=.L=M [%33341]
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%33343. F: Hp#33341.0:q!'LcaM .=.L=M

Dem.
F.%333:21.%33226. D F: Hp. gt Lo A M. D . rep L7 =rep. M°.
[*333-411 D.L=M (1)

F.(1).%330624.2F . Prop

#33344. t:xeFMapconx.L,Mex,.p,0,7:NCind—10.D:

rep“L”‘" = rep“M’X“ L=, rep“Lp =repM°

Dem.

F.%301'5.%33324.D
F:.Hp.D:repSLleXer = rep Mo" <" . = . rep.*(rep. L*)" = rep(rep. M)
[%333-41-21] =.rep L =rep, M7 :. D }. Prop
#33345. F: Hp%33344.D: LpXe= M7*cv, D, rep S LP=rep M’ [%33344]
%33346. : Hp*333:44,D:q01 LeXer A Moxet, D rep,Lf =rep M

Dem.
. %332:26 .%33321.D

F:Hp.ggt LeXer i Mo*et . D, rep,f L% =rep, M*<* 1)
F.(1).%33344.D F. Prop
#38347. F:.xeFMapconx.L,Mex,.p,aceNCind—10.D:
repfLr=rep Mo .= .t LPA M
Dem.
F.%33346.DF:Hp.5p! Lo A M?.D . .repLr =rep, M° (¢))
F.%332:53.%7292.D
F:Hp.P,Q R Sex.L=P|Q.M=R|S.D>.Lr=(P| @)} QLr .
Mo =(Re | S7) P AMe . topLe= Pr| Qo . rep Mo = Ro |87 (2)
F.(2).%3514.2
F:Hp(2). rep Lo =reps M. . Lo & Mo =(Pr| Qo) P (“Lr n QM) .
[%33072] D.qtLe A Mo 3)
F.(1).(8).2F.Prop

%33348. F:.xeFMapconx.L, Mek..p,0,7e NCind—1t0.D:
qtLe AMe . = gyt Lpxem & Moxer

Dem.

F.%33346 . DF:Hp.q!LrAM?.D. rep L =repM” ¢h)
b . %330:624 . %832:61. D F: Hp.D . A ~e PotéLr. i trep,<Lr .

[%333-24] D . repfLrxet = rep,“(rep LP) (2)
Similarly F: Hp.D.rep . Mo = cep,“(rep. M) 3)
Fo(1).(2).(3). DtF:Hp.qtLra M. D, repLeXer =rep, M%7,
[%333:47] D.npl Lexer A Moxer (%)
F. 3334647 . Sk:Hp.g!LexeraMexee, D it Ip A M" (5)

F.(4).(5). D F.Prop
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%x33349. F:xeFMapconx.L, Mex,.p,0e NCind — 0 . rep.“L? =rep,M".
. MAM =M AL . (DM Lr =(D*Lr)1 M°

Dem.
F.%333-21.%3306.DF:Hp.D, i ! rep Lr.
[%332:11] J.LrCGrep,flr.
[%72:92] D . Le=(rep. Lr) [ A Lr 1)
Sumilarly F:Hp.J. M= (rep M) | QM.
[Bp} D . Mo = (repLr) [ A*M* 2
F.(1).(2).2F:Hp.D. Le P UM = (rep, L#) [ (A Lr n A M) = M° P A Lr (3)
Similarly F:Hp.J.(D*M°){ Le=(D*Lr)1 M* 4)
F.(3).(4).DF.Prop

#3335. Fi.xeFMapeonx.P,Qex.oce NCind—10.D:
Po=@r.=.qIPPAQ.=.P=Q [%3334243.x%331-24]
#33361. F:.xeFMapconx.Mexy.p,c e NCind.D:
repMP =rep/M°.=.p=¢c

Dem.,
F.%33347.Dt:, Hp.repMp=rep Mc. Dy ! Me A M :
[%301-23.%120-412°416] dip=za. D I M—~AT.
[%333101] d.p=c (1)
Similarly Fe.Hp(1).d:io=p.Dp=a (2)
F.(1).(2).DF. Prop

#333562. F: Hpx*33351.0: Mr=M-.=.p=0 [%33351]
%333:53. l-:rceFMapconx.L,Me/cla.:,'{!L’r'\Mp_:,‘{!Lv,'\Mn_:)_

B X O =V Xyp

Dem.
F.%33348.%301'16. D F : Hp. D .oyt Lrxes A Muxee iy [¥%p A Muxco ,
[%333-47] D . rep,L#*e? = rep, Mr*ee =rep,Lv*er .

[%333:51] d.uxXeo=vXsp:IF.Prop



%334. SERIAL FAMILIES.

Summary of *334.

The purpose of the present number is to consider what properties of
a family « will insure that §°«; is serial, or has one or more of the properties
characteristic of serial relations. Suppose, for example, that « consists of dis-
tances on a line. Then «; consists of those distances which are members of «
and are not zero. Any selection of distances on the line may constitute «; thus
e.g. x may consist of all distances which are integral multiples of a given distance,
or of all which are rational multiples of a given distance, or of all distances
from lett to right, or of all distances on the line in either direction. It is
plain to begin with that if §%«, is to be scrial, x must not contain equal
distances in opposite directions, since if it does, (§*¢5)* will not be contained
in diversity, t.e. §c; will not be asymmetrical We call a family « asym-
metrical when no member of k, has a converse which is also a member of
k3. 'The definition is

¥834'05. FMasym=FM n#(xn Cov¥x CRIT) Df

It will be observed that §«; G J in any connected family, by ¥331-23. If
« e FM asym, we have also (§°x3)* C J.

In order to secure that §x; shall be transitive, we require that the field of
« should contain at least one “transitive point,” where a “transitive point”
means a point @ such that any point which can be reached from a by two
Successive non-zero steps can also be reached by one non-zero step, t.e. such

that
— —
(§k5) 6 %5'a C éxgta.
The definition of transitive points is
- —
%334'01. trs‘e=3U % n @ {(§%%;) " ke Céxfal Df

Thus if a is a transitive point, and R, Se x5, there is always a member of
k5, say T, such that R‘S‘a=T¢‘a. It will be seen that if « is a connected
family, the existence of a transitive point implies that the family is agym-
metrical. Again, if there is a transitive point in a connected family, then
R, Sex;.D.R|Sexy by %#331:32; hence x5 is a group. The converse also
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holds, 7.e. if «; is a group, any member s*U*“x is a transitive point (%334°11).
Hence if there is any transitive point, every point of s*(I*“x is a transitive
point.

The definition of a transitive family is
%x33402. FMtrs=FMnax(yq!ts's) Df

By what has just been said, a connected cransitive family is one in which «;
is a group, e

*¥334'13. FixceFMconx.Dd:ixe FMtrs.=.8%; | %3 Cuy
1

A connected family is transitive when, and only when, §‘«, is a transitive
relation, 7.e.

%33414. F:i.keFMconx.D:xe FMtrs.=.§«,etrans

In order to secure that $‘x, shall be a connected relation, it is not enough
that « should be an FM conx, 1.e. that s*d“x should have at least one con-
nected point. We require that every point of s*U*“x should be a connected
point. This will be secured if there is a connected point which belongs to
the field of every member of «,, 1.e. if

o ! conx‘x A p*C*,.
For suppose a e conx‘x A p*C*«,. Then if L ¢ «,, either Lfa or Lfa exists, and
is of the form Rfa or R‘a, where Rex. Hence, by %331:82, L is identical

with B or with B; hence x,=x v Cnv“,.. Hence by %3314, §°¢; ¢ connex.
Conversely, if ke FMconx and §‘«;econnex, it follows from %331:32 that
k.=xvCnv,; hence p*C*x, = s*Ux, and therefore we have i !conx‘xnp*C*,.
Hence putting

%33403. FMconnex = FM n k(7 !conx'c n pCk,) Df
where “ FM connex” means “ families having connexity,” we have

%334'26. t:.xeFMconx.D:xeFMconnex.=.s%,econnex.
==V Cnviie.=. O, =T
and

#334'27. F.FMcounex=FM % (s*U,c =conx‘c . k% t°A)

1.e. a family having connexity is one whose field consists wholly of connected
points and is not null.

We thus secure (1) §¢3 € J by the hypothesis x € FM conx, (2) §%; e trans
by the hypothesis « ¢ FM conx n FM trs, (3) §%; e connex by the hypothesis
& € FM connex (which implies x e M conx). Hence we secure §‘;eSer by
the hypothesis x e #M trs n FM connex. When this hypothesis is fulfilled,

we call ¥ a “serial” family ; thus we put



SECTION B] SERIAL FAMILIES 385

%334:04. FMsr=FMtrsn FM conuex Df
and we have

%3343, FixeFMsr.D.ékyeSer
*33431. tixeFM. I[sUen.dineFMsr.=. §%5eSer— ‘A

An important special case, which is briefly considered in this number, is
the case when the domains of members of « are the same as their converse
domains, 2.e. when

Defe = J .

This case is illustrated, e.g. by the family whose members are all relations of
the form (4,X)[ C‘H,, where X eC‘H. It is also illustrated by cyclic
families, which are considered in the next Section but one. When D x =%,
if & is a tamily, so is £ v Cnv“x (%334'4), and if £ is a connected family, so is
x v Cnvk (¥334'41). In the case of the above family, whose members are
(+¢ X)L C°H, where X eC‘H’, «vCnv, will consist of all relations
(+9 X)[ C*H, where X ¢ C*Hy, .. it will consist of all additions of positive
or negative ratios to positive or negative ratios.

A connected family in which D%k = 0%k is a family having con-
nexity, t.e.

%33442. t:xeFMconx.Dc=U“k.D.xeFM connex

The definitions and propositions of this number are much used through-
out the remainder of Part VI.

— —
#334°01.  trs‘e =sU% n @ {(§°%;) “$x0°a C 5 al Df

%334°02. FMtrs=FMn (5! trs'c) Df
%#334'03. FM connex =FM n k(! conx, np‘C*«,) Df
%33404. FMsr=+#Mtirs n FM connex Df

%334'06. FMasym = FM n & (x n Cové'x CRI‘T) Df
%33409. F:xeFMconx.D.s%; CJ [%33123]
#3341, FuweFM.D:iaetrs'n.=:
aesA: R, Sexy. dps.(qT) . Tery. RSa="Ta [(x33401)]
%33411. FixkeFMconx.D:aetrs'e.=.aesUc . 8%, “k; Crey
Dem. 7
F.%331-3324. DF:Hp.R,Sex;.D.R|Sex, 1)
F.(1).%331'32.DF:Hp.Texy. RSa=Ta.D.R|S=T 2
F.(2).%3341. Db Hp.Du
aetrs’s .= :aes'U“c: B,Sexy. Dps.(@T) . Teny . RIS=T:

[%13:195] =:taesU“k:R,Sexz.Dp ¢ R|{Sexy:: DF. Prop
R & W. 11L
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%334'12. FixeFMconx.a zesIk.D:
wetrs'e .= wetish. = . 5% [k, Cry  [#33411]

1

%38413. FixeFMconx.D:ke FMtrs.=.s%;|“k; Cky
2
[%334:12 . %331'12 . (%33402)]
%334131. F:xeFMconxn FMtrs. Rex;.D . Pot‘RCk; [%334:13.Induct]

%x334'132. F:xe FMconx n FMtrs.D . sPot‘n Ck [#334°131]
%334'14 t:iceFMconx.Dd:ke FMtrs.=.5%;¢trans
Dem.

F.x4151.%334'13.0F . Hp. D1k e FM trs. D . (8°;)* G $k; 1
F.%330°52. Db Hp.D:é%getrans. D

RSexy.ves A% dp g, (AT) . Tewy  RS'z=T'x.
[%331'31-3324] Dpse (AT) . Texz . RI8=T.
[%13:195] Dpsae R|Sex; 2
F.(2).%331112. DFuHp.D:évgetrans. D1 R, Sexy. dp 5. R{Sexy:
[%334:13] D:ikeFMtrs 3)

F.(1).(3). 9 F.Prop
¥334'16. F:xeFMconx n FMtrs.D. s |“k =«
b2

Dem,
k. %331:321-22. dFiHp.Rex—x;.2: R=1}sU:
[%50'62:63] D:8ex.D.R|S,S|Rex (1)
F.(1).%33413. Db:Hp.D.s|“cCxk (2)
I-.ak331'22.*50'62'63.3|-:Hp.D.xC,;‘x]“x (3)
F.(2).(3).DF.Prop i

%334'16. F:xeFMconxn FMtrs. Rexy.D.R,,CJ [%334:131'09]
—*
%334'161. F:xe FMconxn FMtrs. Re k5. aes' A% .. Ryfael,
[%334'16 . ¥123'191]
%334162. F:q! FMconx n FM trs—1.D.Infinax [%334:161]
#33417. F:keFMconxnl.D.ky=A [%331-22]

#334'18. F:ikeFMconx—1.D.0% k;=sUAk=sU;,. 5 15%;. 7 ! &5
Dem.
F.%33122:321.0F:. Hp.D:qgley:

[%330-52] diaesT“k.D.(R) . Rex;.ae UR.
[%40-4] D.aesd,. @
[%4145] 3. ae (5, (2)

F.(1).(2).%331'12.D +. Prop
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%33419. F:xeFM.D. C6ny CofUn  [%4145 . x330°52]

¥3342. FikeFM.DuaepCu.=1. Lew.D Bl La.v. Bt Lig
[#330-52]
%334'21. t:xeFMconnex.D.x,=xvCnvig
Den.
F.%3342.%331'11.DF:. Hp.aeconx‘s n pCk,. Lex,.D:

(R): RexvCnv¥k: La=R'a.v. La= Réa :

[%331-42-24] J:(qR): RexvCnv¥«: L=R.v.L=R 1
F.(1).%33124.DF. Prop

%334'22. F:xeFMconnex.D.pCé.=sUe [%334:21.%33052]
%334'23. t:xeFMconnex.D.conx‘s=sUc [%33421.%3314]

%33424. |+ :keFMconnex. D . s%;econnex
Dem.
F.%33421.4331'4.D
FeHp.o,yesd“«k.24y.d:(gR): Rexz:aRy.v.yRz:. D F. Prop

%33426. t:xeFMconnex.d.C%, =Ux [%334-21.%330'52]

%334°261. Fixe FM.k.=kvCnv¥.D.p C, = sk
Dem.
F.%40'18.%3322.0F: Hp.D.p‘C¥k, = p‘Ci 1)
F.(1).%33052.D F.Prop

%334'262. F:xeFMconx.$xkyeconnex.D. k=« v Cnvéx

Dem.
F.%4111.0F:Hp.Lex,.a=Ly.D.(qR). Rex vCnv¥s.zRy.
[%33142:24] D.LexvCnvéik (1)
F.(1).%3306.%331-12. D} . Prop

%334:263. F: ke FMconx. Ok, =k . D . x e M connex
Dem.
F.%33052.0F:Hp.D.p 0 =sT*.
[%331-1] D.qip'C%k, nconx‘c: D . Prop
*334:26. F:ikeFMconx.D:«xeFMconnex.=.§%;econnex.
S.k=xvCnvie.=. 0%, =T [%33421:24-25251-252:253]

%334'27. +.FMconnex =FM n & (s*U*k = conx‘c . k + t°A)

Dem.
Fox3311.DF ke FM . it/ . s*Uk = conx‘, . D . §, € connex .
[%334-26.(%331:02)] D .x e FM connex D
F.%334:23.(%834:03) . D F : k e FM connex . D . s‘A“k = conx‘c . k 1A (2)
F.(1).(8). %, Prop
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%834'3. tF:ixeFMsr.D .5 eSer

Dem.
F.%38409.2F:Hp.D .83 CJ 1)
b .%33414.0F:Hp.D. ;e trans (2)
F.%33424.D+:Hp.D.4%;econnex 3)

F.(1).(2).(3). 9 F.Prop

#33481. tikeFM.IPsUern.Drxe FMsr.=.8%zeSer —t‘A
Dem.
F.%4111 . O F: Hp.5%zeSer—¢‘A.D:
5,y esA. D, . (GR) . Rex .z (RoR)y:
[%331'11] D : sk = conx’x 1)
F.(1).%3341426.DF:Hp(1).D.«x e FM trs. x e FM connex (2)
F.(2).%3843.%331'12. D }. Prop

#334:32. +.FMsrCFMap [%33416:21.%333101]

#8844 tixeFM.D“c=Uc.D.xvCovise FM

Dem.
F.%83221. DF:Hp.D.D« v Cnvix)=UT“x v Cnvie)=U% (1)
b.%330'561.0F: Hp.D: R, 8ex.D.R|S=8|R @)

F.(1).(2).%330:52. D+ . Prop

#884'41. Fi:xeFMconx.Dc=Uk.D.xvCnvik e FM conx
[%384°4 . %331°11]

#334'42. F:xeFMconx.Dc=U“x.D.xe FM connex

Dem.
F.%37823.0F: Hp.D: R, Sex.D . AR|S) = A8
[%330°4] D : (e, = Aok Q)
F.(1).%334'26.DF. Prop

#33443. F:xeFMconxn FMtrs. Dk =0, .D. ke FM sr
[%334:42 . (%334-04)]

#38444 F:xeFMconx.D¢=U“k.Lew.D.DL=UL=0CL=sT"

Dem.

I-.ak37'323.3|-:Hp.R,Sex.D.C[‘(R|S)=(I‘S:DI-.Prop
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%33446. F:xeFMconx .D¥=Uc. L Mex..D. AL M)=sT¢%
[%334-44]
#334'451. F: Hp%334'44.8e¢Pot'L.D.DS=UAS=CS=s'U [%334:44]

%33446. F: Hp%33444.M,Nex,.D:q'LIMAN.=.LiM=N
[%334°45 . %331'45)
%3345. F:xeFMconx n FMasym.D. (8% CJ
Dem.

F.%33246. ODF:Hp.R Sex.R|SGI.D.R=%.
[(%334:05)] D.R=TItsd% (1)
F.(1).Transp.DF:.Hp.D: R, Sexz.d.~(R|SCI).
[%331:33:23] D.R|SGJ: Dk, Prop



#335. INITIAL FAMILIES.

Summary of %335.

A family of vectors may or may not have a point in its field which is a
starting-point but not an end-point of non-zero vectors. For example, the
family of which a member is (+, X)[ C“H’, where X ¢ C‘H’, has such a point
in its field, namely 0,; but the family of which a member is (4, X)[ C°H,
where X ¢ C*H’, has no such point in its field, and no more has the family of
which a member is (4, X) [ C‘H,, where X ¢ C‘H’. If such a point exists, it
is a member of s*U*x but not of s*D¢‘xz. Such a point, if it is also a cou-
nected point, must be unique, t.e. we have

%336'12. t:ixeFM.D.conx‘e —sDkye0v ]

When conx‘x — s*D*x; exists, we call its only member “ the initial point
of ,” putting
33501 inite = t{(conxe — sD%;) Df

If the initial point of « exists, we call « an “initial” family; thus we put
%33602. FM init= FM n d¢nit Df

An initial family is asymmetrical (¥335'16) and transitive (¥335'18), and
forms a group (%335°17); and if its initial point is a member of p*C¥“,, it is a
serial family (%3353).

*33601. inités = t*(conx‘c — D) Df
33502, FM init = FM n (init Df

— “«
#336'11. F:keFM.aeconxfe —~ $'D¥k5. 0. 8Tk = §¢‘a . ta = 5¢‘a
Dem.

~
F.%4143 .%33'4.DF: Hp.D.ssfa= A (1)
«— «—
F.%331-2322. DF:Hp.D.é«‘a=éka via (2)
-
F.%331:12322. DF:Hp.D.sUd“k = a v kd‘a 3)

F.(1).(2).(8).2F.Prop
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%33612. F:xeFM.D.conx‘hk —sDkze0v 1

Dem.
——
F.%33511.DF: Hp.a,beconx‘s —sD%xy. D . beska.
P
[%32182] J.aescd.
[%33511] Dd.a=b:DF.Prop
%33613. t:iceFM.D:Elinit'c.=.q ! conx‘x — 5D,
[%33512 . (x33501)]
33614 F:xeFMinit.=.ceFM. 5! conxto—sDiry [%33513. (x33502)]
——
#336'16. F:xe FMinit.D.s*dx = §«‘init‘x [%335'11.(%33501)]
%336:16. F.FMinit C FM asym
Dem.

F.%33514.DF ke FMinit. D
(qa):aes‘d“ck:Rex.aeDR.D,. ReRI‘T (1)

F.%33052.0F:ke FM.acsU . Rex nCnv¥s.D.ae DR 2)
F.()«(2). Dbk e FMinit.D: Rex nCnv¥s. Dp. ReRI‘T:
[(%334-05)] d:xeFMasym:. D} . Prop
%336'17. F:xeFMinit.D.s% | k=«

Dem. i
F.%33515.02F: Hp.D: R, Sex.D.(T). Tex . R‘S‘init‘x = T¥init‘x .
[%331-24-33:32] 2.(qT).Tex.R|8=T.
[%13-195] D.R|Sex (1)
F.%33122.DF:Hp.D.xC s‘x,],“x (2)

F.(1).(2).DF. Prop
¥336:18. t. FM init C FM trs

Dem.
F.%33517, DbukeFMinit.D:K,Sexy. ). R|Sex (1)
F.%834'5.%33516. DF:keFMinit.D: R, Sexz.D.R|SCJ (2,
Fo(1).(2).%330551. Dbk e FMinit.D: R, Sex;.d. R{Sex; (3)
F.(8).%334:13.DF. Prop

%335:19. F: e Minit.D:xeFMconnex.=.init'c e p‘C“k,
[*334-23 . (¥334:03 . ¥335:02:01)]

¥335:21. F:xe FMinit,D. ik, etrans. (%) GJ [¥3351816 . %334:14:5)

%33522. FixeFMinit.D:$%;econnex .= . 0%, =T . =.1init‘x ¢ p* 0k,
[%334:26 . %335:19]
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%33623. t:xeFMinitn FM connex.Lexy.D:
init‘s e DL .= .init’c > e AL

Dem.
F.%38519.DF:. Hp.D:init‘x e D‘L.v.nit‘c e ‘L (1)
F.%33421.D0F:Hp.D.Lex; v Cnvik, (2)
F.%33511.0F:. Hp.D:Lex,.d. init‘c ~eD‘L:
LeCnv¥ky. D init‘c ~ e L 3)
F.(2).(3). DF:.Hp.D:it's ~eDL.v.mit‘c ~ e L €)

F.(1).(4).%517. D F . Prop
%33624 t:.keFMinit n FMconnex.R,Sex.R+8.D:
Réinit‘c e DS. = . Sinit‘x ~ e DR
Dem.

b.#71-162. D b 1. Hp. D : Réinitk e DS = . initx ¢ A(S| B) -
[¥3331.%335-23] . init‘x ~ ¢ D{(S| R) .
[%71°162] =.8Nmit‘c~eD‘R:. D F. Prop
#336'26. Fi: ke FMinit. D ::$°k;econnex . = :.

R,Sex.Dps:D'RCDS.v.D‘SCD*R:.

=na,BeD%.D, 5:aCB.v.8Ca

i

Dem.
F.%202:185.D F:: Hp.ékyeconnex . J 1. §°k e connex :.
[%211°6.x330°542] 3:#R Sex.d:DRCDS.v.DSCDR (1)
F.#¥71162.2 F: Hp . Rénitc e DS. D . init'x ¢ TR §) @)
F.%71162. F : Hp. Stinit'c e D'R. D . init‘x ¢ DR | S) 3)

F.(2).(3). Dkt Hp.R,Sex: D'RCDS.v. DS CDR:D.
initce C(R|S) (4
b.(4).%3304.5F:: Hps. R, Sex.Dps: DRCDS.v. DSCDR ..
inite e p*C*“x. .
[%33522] D.§%k;econnex  (5)
F.(1).(5).%37'63.Dt. Prop

%33626. t:xeFMinitn FMconnex.D. D kel o1

Dem.
F.%3343. Dt:Hp.R,Sex. Réinit's ~eDS.D . DR+ DS 1
F.%33524.DF:Hp.R,Sex.R+S. Riinitle e DS. D . Sinit‘c ~ e DR
[¥3343] D.D‘R+ DS (2)

F.(1).(2).OF:Hp.R,Sex.R+8.2.D‘R4+D*S:D+.Prop
%336'3. FixeFM.init‘c e p*C k.. D . 8kyeSer [%33521:22]



%336. THE SERIES OR VECTORS.

Summary of %336.

In this number we consider a relation between members of & or of «,
which, with suitable limitations as to the nature of the family, may he
identified with the relation of greater and less. If there is a member of «
which takes us from a point z to a point y, t.e. if y (§°«;) 2, we say that 2z is an
earlier point than y; thus we regard $‘c; as the relation of later to earlier.
If now M and N are two members of «,, and if, for some x, Mz is later than
Néz, we shall say that M is “greater” than N with respect to «. This
relation we denote by V., where “V” is intended to suggest that the relation
holds between vectors. The definition is:

¥33601. V,=MN (M, Nex.: (q2). (M) (%) (N'a)} Df
For the same relation when confined to members of x, we use the notation
U, ; thus we put

¥336011. U, =V.[« Df

In dealing with V, and U, it is desirable to be able to express M‘z as a
function of M. We wish to consider (say) a fixed origin a, and the various
points R‘a, Sa, T*a, ... to which the various vectors which are members of «
carry us from a. For this purpose we put

Ria= AR,
where “ A4 ” stands for “argument,” and “ 4,°R” may be read “the vaiue,
for the argument a, of R’ The definition is
A4,=2R(=Ra) Df,
whence we obtain
%336'101. F:E!R‘a.D.Ra=A4,R
Then the points R¢a, S‘a, T*a, ..., where R, 8, T, ... are the various members

of «, form the class A4,«, which is thus the same class as é_‘;’c‘a. The relation
A, |« correlates the point R‘a with the vector R. The vector R is analogous
to the coordinate of R‘ac when a is the origin; thus 4,[ « is analogous to
the relation of a point to its coordinate. A relation which is more exactly
that of a point to its coordinate will be explained in Section C, where, in
26
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addition to the above correlator 4,1} «, we shall also correlate a vector with
its numerical measure in terms of an assigned unit.

If « is a connected family, and a is any point of its field, 4, [ «, is a one-
one relation (¥3836:2). If « is an initial family, and a is its initial point,
Aq [« is a correlator of s‘U*x and « (¥336-21), so that in an initial family
the class of vectors is similar to the field (%336'22). If « is a connected
family, and @ is any point of the field, and A is those members L of «, for
which Z‘a exists, then 4, [\ correlates the field with A, so that A is similar
to the field (%336°24).

By the definition of 4,, if M e x, and M‘a exists, we have
. Ma=A,M=A4,T ‘M.
Hence by the definition of V,,
FeMV N.=.(ga). (A, [« M) (85) (Ao [ €N ).
. (5a). M(x. ] A38kz) NV, by %15041.
Similarly F:PUQ.=.(ga). P(x1 Zuf'.é‘xa) Q.

Now in a connected family, if a and b are any two members of the field, and

P, Qex,

it

il

(Pia) (5%5) (@) . = . (Pb) (5°%;) (@) (¥33638);
hence K.'1 Za;é‘xa =K 1 ;{b;é‘lca,
and hence Uo= 1 AdJi'n; (¥33643).

Since k1 4, is one-one (by %336-2), the above gives an ordinal correlation of
U, with (s%;) [ 4. (¥336'461), t.e. U, is ordinally similar to ‘¢ with its
field confined to those points which can be reached from a by vectors which
are members of k. If « is an initial family, it follows that U, is similar to
§ky (%336°44) ; if not, U, is in general only similar to a segment of §k; (in
the sense of %213).

1t should be observed that «, ] 4,z is the member of «, which takes us
from a to «, and «1 A,‘z (if it exists) is the member of « which takes us from

@ to . Thus «1A4,58; is the series of vectors which take us from a to all
the various points which can be reached from a by members of &, the order

of the series being that of the points to which the various vectors take us
from «.

If « is a connected family, U, is the relation which holds between two
members of x when one of them is the relative product of the other and a
third (other than the zero vector), t.e.

%33641. F:xeFMconx.D.U.=PQ(P,Qex:(qT). Texs. P=T|Q
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This is 1r many purposes the most convenient formula for U,. If in
addition, we have D*x = ¢k, a similar formula holds for V,, z.e.

#33664 F:xeFMconx.Dc=U.D.
Ve=MN (M, Nex.:(T).Tex,. M=T|N)
If k e FM conx, V, is contained in diversity (¥336°6); if « is also transitive,
V., is transitive (336'61); and if « has connexity, so has V, (¥336:62). Hence
if « is a serial family, V, and U, are serial (¥336:63:64).
In addition to the above-mentioned propositions, the .ollowing propo-
sitions in this number are important :

%336411. F:.xe FMconx.s¢ |“k Ck.D:PUQ.Rex.D.(P|R)U,(Q|R)
1
%336511. F:uke FMsr.veNCind—¢0.D: RU,S.=.RU,S*

¥33653. Fi.xe FMconx. M, Nex.D: MV, N .=. NV, M

The present number is important, since V, and U, are the gencral
relations from which greater and less among magnitudes are derived, and
the subject of magnitude is therefore intimately dependent upon them.

i

¥33601. V.=MN (M, New,: (gz). (Mx) (5;) (V)] Df

336011, U,=V, [« Df
¥33602. A,=2R (zRa) Df
%3361. t:z24,R.=.zRa [(%336-02)]

%336101. F:EtRa.D. Ra=A,R [%336°1]
%336'11. F:z(d.[«)R.=.Rex.xRa [%3361]

.—’
¥336'12. F. % a= A, = D4, [ )

Dem,
.—’
F.%41'11.DF. s%%‘a=2 {(§R). Rex . zRa}
[%336°1] =Z{(qR). Rex .24, R} .JF.Prop
%33613. F.D‘A,[ « CsD«
Dem.

F.%33612.%3315.D0F. DA, [« CD%‘«. D F. Prop
#33614. F:«C1->Cls.D.A,Tkel->Cls

Dem.
F.%33611.DF:z (4. ) R.y(4s[x)R.D. Rex.2Ra.yRa (1)
F.(1).%71'17.OF:Hp.Hp(1).D.2a=y (2)

Fo(2).%7117.D F . Prop
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%336156. F:«Cera.aea.d.d(4,[ k)=«
Dem.
F.*83611.0F: Red{(4slx).=.(gz). Rex.aRa 1)
F.(1).(%33001). D F. Prop

%336'16. F:aeconx‘v.=.aesTA k. 4,(x v Cnvéic) =Tk
Dem. .
F.%331'1.%33612.D
Fraecconxs.=.aesfTAk . Ak v A,Cnvéin = sT 1)
F.(1).%3722.DF. Prop

v

—
#33617. F:ikeFMconxn FMtrs—1.P=§%;.D.4,“k=Py‘a
Dem.

« — —
F.%334'1418.DF: Hp.D. Pyfa = Plav I[ sT“a
[%331:22:23] —ia
[#336:12] =A% :DF.Prop
%3362, F:ixkeFMconx.aesd«.D. 4, kel—1
Dem.
F.%33614.DF:Hp.D. 44 x.e1Cls @
F.%336'11 . DF:Hp.o (Aol o) L.a(Aole)M.D. L Mek, .xLa.xMa.
[%331:42] Dd.L=M (2)
F.(1).(2).2F.Prop
%33621. F:xeFM.a=init'cs.D. 4, ke(s*TA“k)m
Dem.
F.%3362. DF:Hp.D.4,Tkel o1 (1)
F.%33515.%33612. DF : Hp.D. DA, [ = s @)
F.%336°15. DQF:Hp.D. A4, k=« 3)

F.(1).(2).(8).2F.Prop
%33622. F:xeFMinit.D. (sA“)sm x [#33621]

%33623. I-:xeFMconx.aes‘([“x.)\.=xlnz(ae([‘ll).D.
A, re(sdc)sm A

Dem.
F.%336:2. DF:Hp.d. 4, rel o1 @)
F.%336'11.DF:Hp.D.DY4, PN =2 {(gL). Len.zLa)
[Hp] =2{(gL).Lex. .zLa}
[%331-4] =0 (2)
F.%33611.0F: Hp.D.A{4a ) = L (@) . Ler. aLa}
[Hp] =2 3)

F.(1).(2).(3).DF.Prop
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%33624. F:Hp%33623.D.(sU)sm A [%33623]

%33625. F:keFMconx.a,besfd“. A=k.nL(aed‘L).
p=kn M (be@M).D Asmu [#33624]

%33626. F:xeFM.aeconxc . A=rkvCnvR (Rex.aeD‘R).D.
AaPhe(s'Tk)FmN  [33623 . %331'48]

%3363. F:kC1—Cls.D:R(k145P)S.=.R, Scx.(Ba) P (Sa)
Dem.

F.%15011.3F: R(k144P)S.

[%336°1]

F.(1).%7136.DF.Prop

i

(Fz,y)- B, Sex.x4,R.yA,8.zPy.
«(dz,y). R,S e« .xRa .ySa.zPy 1)

i

33631, F:xeFMconx.aesTk.D . kyC D] dii%s)
Dem.
F.%3363.D
FeHp.D:Re Dk Agi%;). = (59, T). B, Sex. Tery. Réa= TS (1)
F.%33122.0+:Hp.Rexy.D.Rewy. I sU“kex . R'a=RI [ sA“k)‘a.

(1] . ReDk] Agiks): D+ . Prop

%336:311. F: ke FMconx —1.aes .. I} @ e Q] A 55%;)

Dem.
F.%3363.D
FaHp. D:Se¥x]Addé%;s) .= - (R, T). R.8ck. Tex,. Réa= TS
[%331:22) D1 4 [ sUek e Ak 1 A 3i%;5) - = . (gR, T) - Rex. T ez . Ra=T'a.
[%330°52] e (1)
F.(1).%33418.2}F.Prop

%336:312. F:xe FMconx—1.D. 0k As%;)=r [¥336:31:311]

%336:313. F:xe¢ FMcoux n FMasym.aesd“k.D. D« fza;sl‘xa) =Ky
Dem.
F.%3363.D

b Hp.D: IPs‘Tk e Di(k ] doish;) . = . (g8, T) . S e k. Te kzoa= TS (1)

Fo(1).%3345. Db:Hp.D. ITsU% ~ e DY ] das*;,) (2)
F.(2).%336:31. 3 F. Prop
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#33632. F:ceFM.ueconse. x=xnﬁ(weD‘R). J.
C4l(x v Cnvk) 1 Agisc;} = k v Cnver

Dem.
b, %33616 . %33418. D F : Hp.D. 0%k, = T4(x v Cnviu) ] Aq .
[¥150°23] 3. 4k v Cnv¥e) 1 A ik ,;) = D v Covee) 1 4,
[%336:15711] =k v R{(gz). ReCnvc.zRa)
[Hp] =kv Cnva: Dt . Prop

¥33634 F:eFM.a=inite.D. (k1 Az5%,) smor (;)
Dem.
+.%33621.DOF:Hp.D.xk14,e1>1.0%%14,=0%%;:DF.Prop
¥336:35. FixeFM.acconxe.D. {(xvCnviie)]d i) smor (sky)
[¥336:2:16]

%336:361. F:xe FM conx.aesd“c.D.(x1 Ea;é‘xa) smor (§c5) [ Ao«
Dem.

F.%3362. DF:Hp.D.k1dgel 1 1)
F.15087 . Dkt Hp . D . k1A%, = k1 Ad(5%;) [ Aatn @)
F.(D)(2).2F. Prop

%*33636. |-:.xeFMconx.L,Mex‘.a,be(I‘Ln([‘M.Tex'.D:
La=TMa.=.Lb=TMb: L‘a=TMq .= . Lb=TM%

Dem.

F.%1312.2F:.Hp. Nex..a=Nb.d: Liag=TMa.=.L*Nb = T“M‘N°b.
[%330'63] = .NLb = NTMb.
[%7156] =.Lb=TMb (1)
F.(1).%3314.DF:. Hp.d: Léa=TMa.= . Lb=TMb 2)
F.%71362. DF:iuHp.D:La=TMa.=.Ma=TL.

[(2) %{['7{4—;] =.Mb=TL.

[¥71:362] =. L%b=TM% 3)
F.(2).(8).DF.Prop

%33637. FikeFMconx . L, Mek,.a,be T LadM.D:

(Lfa) ($°¢3) (Ma) . = . (Lb) (s¢;) (M*D)
Dem.

F.%33636.D
FeHp.D:(qT).Tex,. L'a=TMa.=.(§T).- Texy. Lb=TMb:.D}+.Prop
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%336:37TL FikeFMconx L. Mew oo el LndM.D:
LV, M. = . (La) () (Ma)  [#336:37 . (x33601)]
%33638. F:.weFMconx.P,Qex.a,bes A . D
(Péa) (3k5) (Qa) - = . (P*B) (5%g) (QD)  [336-37 . %331 24

%3364 F:keFMconx.aes0«.D.U, = IA)Q {P,Qex.(Pla)(5x;) (Qar))
Dem.

F.%336'38.D

FrHp. D :best@ . (Pb) (5y) (@) - = . b e 5@k . (P4a) (5%5) (Q“a) «

[¥10:11-281. Hp] D : (b) . b e sk . (Pb)(§k5) (QD) - = - (P*a) (5 )(Q%a) (1)

F.(1).(%x336011).D}F . Prop

¥336'41. F:xeFMconx.d. U, =PQIP,Qex:(qTl).Texy. P=T)Q)
Dem.

F.x41'11.0F :Hp.aes‘A“k . P, Qex.Texy. P =TQ.D.(P‘a)(s',3)(Qa) (1)

F.%41'11.0F :Hp . a e s*A““k . (Pfa) (8%} (Q°). D (A T). Te xy. Pla=TQa.

[%331'32:33-24] 3.(qT).Texs. P=T|Q (2)

F.(1).(2).%336'4.2 F. Prop

%336'411. F:. ke FMconx.s%|“4«Ck.D: PUQ.Rex.D.(P|R)U.(Q|R)
[%336°41]

%336:412. | : Hp*336411.P,Q, Rex.(P|R)U(Q|R).D.PUQ
Dem.

F.%336'41.DF:Hp.Dd.(qT).Texy. P{R=T|Q|R.

[%330'5] 5.(al).Tews . R|R(P=R |R|T|Q
[¥330°31] >.(ql).Ten, . P=T Q.
[%336:41] 3.PU.Q:DF.Prop
336413, F:. Hp#336'411.P,Q Rex.d: PUQ.=.(P|R)U.Q|R)
[%336411'412)

%33642 F:ice FMconx.aepD“k.D. Vo= LI (L, M ex..(La)(s*k5) (M )]
Dem.

F.%33054.2F:.Hp. L Mex..D:aedLndM:

[%8:6-37] D 1 (L) (5%5) (MDY . D . (L*a) (5°;) (M*a):

[(%336:01)] D:LV.M.D.(La) (5nz) (Ma) 1)

F.(1).(%83601).D k. Prop

¥336:43. F:re FMconx . aesiTk.D . U= k] dds%;
Dem.

F.%3364101.2F:Hp. D .U.= PO (P, Qe x. (4 P) (5%;) (42°Q)}
[%357 | = PQ {(4ul £°P) (5%5) (Ao £Q)}
[%150-41.%3362] — k] A, : D F. Prop
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%336'44. F:xe FMinit.D .U, smor (§«;)
Dem.

F.%33641.DF : Hp.a=init’.D. U= £ ] A ik, )
b.%33621.9F: Hp.a=init’.D. k1 dgc 1 o 1. Ak g =A%  (2)
F.(1).(2).%33419.F. Prop

%33645. F:keFM.acconx‘s . A=xn IA%(a eDit,. 0.

VL (kv Covéar) = (k v Cnviie) 1 4 gie;
Dem.
F.%41°11.(%33601).D
Fo P (VL (kv Cnvér)} Q.=: P, Qex v Cnvéri(ge, 7). T'exy . Pla=T‘Qz (1)
F.(1).%33636.DF: Hp. D

PV, [(kvCnvr)Q.=:P,Qexv Covih:(gT) . Texz. Pla=TQ:
[*14-21.Hp] =:P,QexvCnv¥c: (§T) . Texy. Pla=TQ
[%41°11] =:P,Qex v Cnvin. (Pa)(scy) (Qa):

[%336-3] =: P (kv Cnve) ] Agéz} Q12 D F . Prop

%33646. F:Hp%33645.D .V, [ (kv Cnvér)smor (§x;) [%336:452'16]
%386'461. F:xe FMconx . aesdc. D .U, smor (5ky) [ (4.5c)
[%336:351°43]

%336:462. F:xe FM conx n FM trs.a es‘0%c. P = $Kge D U, smor P E‘I_?.*‘a)
[%336°461°-17 . %334-17]

%33647. F:xeFMconx.D.x;CDU, [%336°3143]

#33647T1. ke FMconx —1.D.x=CU, [#336:312-43]

%336472. F: ke FM conx n FMasym . D .k3=DU, [%336'31343]

%33601. F:keFMsr.R Sex.veNCind—1¢“0.D:
(Ra)(s‘c5) (8¢a) . = . (R*"a) (§°k3) (S*“a)
Dem.

F.%333'42 . ¥334'32 . %330°57 . %331'42.D

F:Hp.D:Teky. Ra=TCa.d. Ra=T"S"a.

[%334131] d. (R*a) (5%5) (S**a) @
F.(1).%41°11.D F:. Hp . D : (Rfa) (8'%;) (S“a) . D . (R¥“a) (§k5) (S**a) (2)

L@, Ok Hp. D1 (S9) (ip) (RUa) . 3 - (8a) (k) (R'a)  (3)
F.%33142. DF: Hp.D:R‘@=58.d.R" a=_8"a )
F.(8).(4).%3343.3
FoHp. s e (R (%p) (Sa)) + D .~ [(R¥4a) (5%5) (S*ar)) (5)
F.(2).(5).DF. Prop
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*336511. F:.ec FMsr.y e NCind—10.3: RUS .= RUS [#336514)
¥33652. FixeFMoonx.Q RS Tex.oed(Q|R)na(S|T). D

(QIR)V(S|T).=.(8Rw) (5;) (QT*x)
Dem.

F. 336871 .
b Hp.D:(Q|R) V(S| T).=.(@P). Pexy. QRw= P T (1)
F.%33056.3F 1. Hp. Pexy. Dt QRw=PSTw.= . (Riw= S PeTe,

[¥71:362] = . Ria= QP T,
[%330'54'56) =. Rw=S‘QPT.
[¥71362.%330'5] =.8Rw=PQTw (2)
Fo(1).(2).2 F.Hp.D: Q| R)V(S|T). = . (@P) . Pexy. SRz = PQ<T.
[%41-11] = . (8Riz)($°5)(Q T x):.D }. Prop

¥33653. F:ceFMconx.M,Nex.D: MV.N.=.NV.M
Dem.
F.%330:554. D
biHp. QRS Tex. M=Q|R.N=8|T.aes'@%.a=QRSTa.D.
E!M%.E!Nw.Et Ms.E1Nw (1)
F.(1).%33652. Dk Hp(1).D: MV.N . = . (SB%) (k) (Q“T') «

il

[%330°5] = . (R*8%z) (3;) (T°Q*z)
[%33652] =. (Vi] S)V. (R|Q).
[Hp] =.NV.M (2)

F.(2).%331'12.D F. Prop
%33654. F:xeFMconx.D¢¢=T.D.
Ve=MN{MNex:(qT).Texy. M=T|N}
Dem.
F.%33446 .OF:. Hp. M, Nex..D:
@l z). Texy. Ma=TNzw.=.(qT) . Texy . M=T|N (1)
F.(1).(%33601). D} . Prop
%3366. F:keFMconx.D.V,CJ
Dem.
F.%33123.DF:. Hp.D: MV .N.D.(qw) . Mz 4 N‘z:. D} . Prop

Observe that, by the conventions explained in %14, “ Mz + Nz " implies
E!M‘z.E!N‘z. From “(qz).~(M‘z=N‘z)” we cannot infer M+ N.

R. & W, 111,
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#33661. F:xeFMconxtrs.D.V,etrs
Dem.

F.%830612.0F:Hp. L, M, Nex..d . qIAILadMnandN @
F.%3363871.0F:Hp . LV.M . MV N.aeTLadMadN.D.

(L) (5%;) (Ma) . (M) (5%;) (N“a) -
[%334-14] J.(Lfa)(8cy)(Na).
[(%336-01)] >.LV.N 2)
F.(1 .(2).DF.Prop

%33662. F:xeFMconnex.D .V, econnex
Dem.
F.%33061.DF:Hp. L, Mew,.d.q AL ndAM N
F.%33424.DF:.Hp. L Mex,.aeTLadM.D:
Léa=M‘a.v.(La) (§cz) (M‘a) . v . (M¢a) ($c3) (L¢a) :
[%331'42.(%33601)]D: L=M .v.LV.M.v. MV L )
F.(1).(2).2F. Prop

%33663. F:ceFMsr.D.V.eSer [#33666162]
%33664. F:xeFMsr.D.U,eSer [%336:63)]



%337. MULTIPLES AND SUB-MULTIPLES OF VECTORS.

Summary of %*337.

In this number, we are concerned with the axiom of Archimedes and the
axiom of divisibility. If « is a family of vectors, « obeys the axiom of
Archimedes if, given any two points z, @ in the field of «, and any vector
R which is a member of «, there is some power R* of R such that R*‘a is
later than @#. That is, ¥ obeys the axiom of Archimedes if, starting from
any given point in the field, a sufficient finite number of repetitions of any
given vector will take us beyond any other assigned point. A sufficient
hypothesis for this is that « should be serial and Cnv‘4‘c; should be semi-
Dedekindian (cf. #214), ve. we have

%33713. FiweFMsr.P=i%,.PesemiDed. Rexy.aeCP.D:
zeCP.D.(gv).veNCind — ‘0. 2P (R*a)

The hypothesis P = §‘k;, which appears in the above proposition, is often
notationally convenient. It will be observed that é‘x; gives us the series
in the opposite order to that in which it is usually wanted ; hence the intro-
duction of the above relation P tends to avoid confusions.

A family « is said to obey the axiom of divisibility when, given any
member R of «, and any jnductive cardinal v other than 0, there is a
member L of «x such that L*=R. When this axiom holds, every vector
can be divided into any assigned finite number of equal parts. We shall in
the next Section (%351) define a family for which this holds as a “sub-multi-
pliable family,” denoted by “ FM subm.” For the present we are concerned
to find a hypothesis as to é‘c; from which this property can be deduced.
The hypothesis in question is that Cnv‘‘c; is serial, compact, and semi-
Dedekindian; t.e. we have

#33727. t:. ke FMsr.Cnv's*cyecomp nsemiDed.D:

Sex.veNCind~¢0.D.(gL). Lex .S=L"

The proof proceeds by taking two points a, # in the field of «, of which a is
earlier than «, and considering the class

A=Kzn R {(R*“a) Px},
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t.e. the class of vectors such that v repetitions of them, starting from a, do
not take us as far as @#. It is easy to show that, when P is compact, this
class has no maximum (%337'23), and therefore, wheu P is also semi-Dede-
kindian, has a limit, whose vth power is the vector which takes us from a to
« (#337°26). Henoce our result follows.

»x337-1. l':xeFM..\I’)=é‘xa.ltexa.aeC‘P.D._I_ﬂ)*‘aCP“R’*‘a

Dem.
F.%90'16.#41'141 .DF : Hp. xBya.y=R‘z.D .yeg*‘a.xPy.
[%371] D.ze PByfa:dF. Prop

v - -
#337'11. F:keFMconnexasym.P=§%y. Rexy.aeCP.D.seqp* Ryfa=A
Dem.

F.%206°15. JD+:Hp.Dd. s;(;p‘—l_ﬂ)*‘a =p‘(}3“_ﬁ*‘a - ;“p‘$“ﬁ’*‘a 1
F.%330'542 . %4061 .DF:Hp .= ep‘(—ﬁ“_l_%)*‘a, .D.xeD'R.

[Hp] J3.(qg¢).x = B'c.cPx 2
F.%90172. dt:c e—ls*‘a .J.R% e_k)*‘a 3)
F.(3). Transp . #200'5.%334'5. D F: Hp(2).4=R%.D .c~ e_l;’;‘a )]
F.%371. JF :ceP“R’*‘a'.D.(gb).be}ﬂ’*‘a. cPb (5)
F.(5). #2082, F: Hp.ce P“Rya.o=Ric.D.(qb).be Bya. P (RD).
[%90'172] >.ze P“Rya (6)
F.(6). Transp . ¥200'53 . OF:Hp(2).2=R%.D .c~eP“§’*‘a )
F.(4). (7). %202:502 . %334'24. D+ : Hp(2) .2= R%c. D . ce p“iﬂ"‘l_z;‘a (8)
F.(2).(8). SHiHp(2).D .z Pp PeRyta (9)
F.e(1).(9).DF. Prop

v -
#33712. F:keFMsr.P=4%,.PesemiDed. Rexy.aeC*P.D.P“Ry‘a=C‘P
Dem.

e
F.%3871. DF:Hp.D.NE{!m_a.’xP‘R*:(_z).
[%205°7] D~ g lmaxpfPByla )]

- -
F.(1).%206:33 . 33711 . D F: Hp. D .~q 1seqp PRy (2)
F.(1).(2).%2147 . D F . Prop

%83713. FikeFMsr.P= §c; . PesemiDed . Rexz.aeC‘P.D:
z2eCP.J.(qv).veNCind — 0. 2P (Ra) [%337°12 .%301'26]
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#33714. Fike FMer. P=it,. P esemi Ded. D . U, e semi Ded
[#336°462 . %21474°75]

#3372, FixeFMconx.LU.R.R+I}e@%.D.LU.(R|L)

Dem.
F.%33641.DF:Hp.D.(gT).L,Rex.Texz . L=T|R-
[%330°31] >.(qT).Texy. R|L=T.L=T|R.
" [%13195] >.R|Lexy. L=(R|L)|R.
[%3305.433641]  D.LU.(E|L):DF.Prop

#83721. tF:xeFMconxn FMtrs. Rexz.ve NCind - ¢0—~¢‘1.D . R'UR

Dem.
F.%334°162.%30123.0F:Hp.D.R*=R*-!|R )

F.%334131. dk:Hp.D.R, B, R—lexy (2)
F.(1).(2).%33641.DF. Prop

*33722. I-:xeFMsr.ﬁ=.§‘xa.Pecomp .aPz.veNCind —¢0.D.
(gR). Rex .(R*“a) Px

Dem.
F.#27011.DF: Hp.D.(qy) . aPy .yPx.
[%41°11] J.(gR,y).Re«y.y=Ra.(Ra) Pz 1)

I-.(l)%iq.D F:Hp.Rewyz.(R*a) Px.D.(g8).Sexy.(S‘R*a) Px  (2)
F.%33664.DF:.Hp(2).Sex;.(S‘R“a)Px.D:R=8.v.RUS.v.S8U.R:
[%336:5611'4] D: R=S.v.(R*t1a) P(S*R*a).v.(8"*lq) P(S‘R*a) (3)
Fo(2).(3).%3348.DF: Hp(2).D.(@S)- Sexy. (S**+1a) Px (4)
F.(1).(4).Induct.DF.Prop

%33723. +:Hpa33722. A =x; n R (Ba) P} . D A= U
Dem.
F.%336:511.0 F: Hp. Rer.SU.R. D . (&%) P (R*a). (R*a) Pa.

[%334:3.Hp] J.8ex 1
F.%33722.3F: Hp. ReX.D.(qS). Se ky. (S*Rra) Pa.
[#330°57'5.%33413] >.(@S). B|Sery. [(R| Sy} Pa.

[%336:41] >.(wS). B|Sexy. (B|S)a} Px. RU(k|S).
[%371) 3. ReUsn @)

F.(1).(2).2F.Prop
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%33724 F:Hp%33723. L=tl(U)N.D .~ {(L*a) Pa}

Dem.
F.%2062.2F:Hp.D.L~el,
[Hp] d.~{(L*a) Pz} : D+ . Prop
%337:241. F: Hp%337'24.D .~ |aP (L*‘a)}
Dem.
F.%337223.DF:Hp.ReX.D. RlLek
[%332:53:241.%334°131] d. R Len. (R| Ly = B {Lv.
[Hp] J. (R"‘L"‘a) Pz.
[%71-362.%4111] J.(L*a) P(R*x) (1)
F.%33723.DF:Hp.Rexz—Ar.D.~{LU.R}.
[%336:511] d.~{(Rfa) P(L*a)} .
[%330'5. Hp.%334:14] d.~{(Rrfa) P (L)) (2)

F.(1).(2).2F:Hp.D.~(qR). Rexy.(R"“z) P (L*a).
[%337-22.Transp) J.~lzP(L*a)} : D F. Prop

¥33726. t:Hp#33724.D. L = 1A,
Dem.
F.%33724241.DF:Hp.D. L*a =2: D }F. Prop

33726, F: Hpx337:23. PesemiDed . D. [t (U)A} = x 1 4o
Dem.

F.%3837-21. JDF:.Hp.D: Rex P (R‘a) Pz:
[%336-4] x‘]A ‘e pt U “n (1)
F.(1).%337-2314.D+: Hp. D . El t1 (U)A (2)

F.(2).%33725.DF. Prop

%33727. b xe FMsr.Cnv's‘cye comp nsemi Ded.D:
Sex.veNCind—10.D.(gL). Lex.S= L [%33726]



SECTION C.

MEASUREMENT.

Summary of Section C.

In this Section, the “pure” theory of ratios and real numbers developed
in Section A is applied to vector-families. A vector-family, if it has suitable
properties, may be regarded as a kind of magnitude. In order to derive from
the “pure” theory of ratio a theory of measurement having the properties
which we should expect, it is necessary to confine ourselves to some one
vector-family; that is, instead of considering the general relation X, where
X is a ratio, we consider the relation X [ «, where « is the vector-family in
question; or sometimes we consider X [ x,, or sometimes X [ (x v Cnv‘).

Concerning ratios with their fields thus limited, which are what we may
call “applied " ratios, we have to prove various propositions.

(1) No two members of a family must have two different ratios. This
is proved, for an open and connected family, in %*350'44.

(2) All ratios except 0, and  , must be one-one relations when limited
to a single family. This is proved, for an open and connected family, in
%350'5; with the same hypothesis, 0, is one-many (¥350°51).

(3) The relative product of two applied ratios ought to be equal to the
arithmetical product of the corresponding pure ratios with its field limited,
te. if X, Y are ratios, we ought to have

Xbe | Yle=Xx, ]«

or XL |Ya=(Xx V)] «.

That is to say, two-thirds of half a pound of .cheese ought to be (2/3 x,1/2)
of a pound of cheese; and similarly in any other case. For any open connected
family, we have (¥350'6)

Xl |YLaCX xY)[x,

but in order to obtain an equation instead of an inclusion, it is necessary
(#351-31) that x should be “submultipliable,” 7.e. that if R is any member
of k, and » any inductive cardinal other than zero, there should be a member

of x whose vth power is R. The class of such families is denoted by
“FMsubm,” and considered in %351.
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(4) If X, Y are ratios and T is a member of the family «, we ought
to have

X)) (YL eT)=(X +:Y) [ T,
that is, two-thirds of a pound of cheese together with half a pound of cheese
ought to be (2/3+,;1/2) of a pound of cheese, and similarly in any other
instance. This property is shown, in ¥351'43, to hold for any open connected
submultiphable family in which all powers of members are members. In any
open connected family, if R, S, T'ex, we have

RXT.SYT.D.(R|S)(X+: ¥)T (%350:62).

The remainder of the hypothesis of %351:43 is required in order to prove
(a) that X [«‘T, Y[ «‘T and (X +,Y) [ x‘T exist, (b) that (X [«‘T)| (Y [ «T),
which is the R|S of %350'62, is a member of x. As applied to «,, we have
to take the representative (cf. ¥332) of the relative product; if L € «,, we have
(%35142)

repe{(X L kL) (V] D)} =(X +, V)] L,

provided « is open and connected and submultipliable.

The fact that the above propositions can be proved for suitable vector-
families constitutes the reason for studying such families, as we did in
Section B. The proof of the above propositions, together with other
elementary properties of applied ratios, occupies the first two numbers of
this Section.

We proceed next (%352) to consider all the ratianal multiples of a given
vector in a given family, t.e. all the members of a given family x which have,
to a given vector 7, a ratio which is a member of C‘H’, or, alternatively, all
the members of «, which have to T a ratio which is a member of C“H,. It
will be observed that, in virtue of %307, if R and S have a ratio X which is

a member of C*H’, R and 8 have the corresponding negative ratio X |Cav.
The members of x which have to T a ratio which is a member of C*H’ are
those vectors R for which we have

(AX). X eC‘H'.RXT,
t.e. using the notation of %336, those for which we have
(X). X eC‘H'. RA X.
Thus they constitute the class
kn A C°H'".
Assuming that Te, the vector which has the ratio X to 7 is x1A4,°X.
This is the vector whose measure is X when 7'is the unit. Thus 14, C*H’

is the correlator of a vector with its measure. It is easy to prove (¥352'12)
that «{ Ay C‘H’ is one-one.
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We can arrange the vectors which are rational multiples of 7' in a series
by correlation with their measures, putting vectors with smaller measures
before those with larger measures. The ordering relation is 7, where

T=x1A4,H Df
Similarly the members of «, which are positive or negative rational multiples
of T may be ordered by the relation T, where

T“=IC,,1AT;H9 Df.
We prove that change of units makes no difference to T, e if S is any

member of x whicl: is a rational multiple of T then S,= 7, (%¥352:45). The
corresponding proposition holds for T, if S has a positive ratio to 7' but if S

has a negative ratio, S,, = i‘ (%352:56'57).

If « is a serial family, T is the converse of U, (cf. ¥336) with its field
limited to rational multiples of 7' (%35272). This proposition connects the
generalized form of greater and less represented by U, with the form of
greater and less derived from greater and less among the measures of vectors,
since it shows that, in a serial family, the vectors which have greater measures

~/
come later in the series U,, and those with smaller measures come earlier.

We next proceed (%353) to consider “rational” families. These are
families in which every member is a rational multiple of some one unit 7,
t.e. In which

(AT).Teny.c CACH'.
It is obvious that, given any family, the rational multiples of one of its
members constitute a rational sub-family. In a rational family, rationals
are sufficient for measurement, and irrationals are not required. If the
family has connexity, it will be serial; in fact, if 7 is one of its vectors and
a is a member of its field, we have (cf %353:32:33)

U= ApH . $y=A e A H'.
Thus both U, and §‘%; are ordinally similar to f}/EAT“K. If « is sub-
multipliable, U, is ordinally similar to H’ (x353-44).

We proceed next (%354) to consider “rational nets,” which are important
in connection with the introduction of coordinates in geometry. A rational
net is obtained from a given family, roughly speaking, by seleciing those
vectors which are rational multiples of a given vector, and then limiting their
fields to the points which can be reached by means of them from a given
point. In order to make this more precise, we proceed as follows: Let us
define as the “connection” of a with respect to x the class 4,«,, t.e. all the
points which can be reached from @ by a member of «,. We will now define
as the “a-connected derivative of x ” the class of relations obtained by limiting

27
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the field of every member of « to the connection of a with respect to . This
class of relations we denote by cx,‘«, putting

ex‘e =0 (4,k)“« Df.

Instead of », we take, in order to obtain a rational net, all the rational
multiples (in x) of a given member T of «, t.e. C‘T,. Then cx,CT, is a
rational net, namely the rational net associated with the origin a and the
unit vector T

In proving propositions concerning the rational net cx,‘C‘7,, we often
require the hypothesis that « is a group. In order to avoid having to make
this hypothesis concerning our original family, we construct a closely allied
family, which is always a group when « is connected. This family, which we
call g,, is obtained from « by including the converses of those members of «,
if any, whose domains are equal to their converse domains, t.e. we put

kg=rv Cnvi(x n‘ﬁ‘s‘q“x) Df.
Then if « is a connected family, x, is a connected family which is a group
(#354'1416), and (xp). = «, (¥354'15). Then putting A = x,, we take cx,CT
rather than ¢x,‘C‘T, as the rational net to be considered. If «is an open
and connected family, this rational net is a family which is open, connected,
rational, tranusitive and asymmetrical (%354-41).

We proceed next (¥356) to the application of real numbers to vector-
families. For the application of real numbers, it is essential that our family
should be serial. Given a serial family in which a given vector S is the limit
(in the series U.) of a set of vectors which are rational multiples of another
vector R, it is natural to take as the measure of S, with the unit R, the limit
of the measures of the vectors whose limit is 8. It is convenient to take our
real numbers in the relational form given in %314, v.e. if £ is a segment of H,
we take §f as the corresponding real number. Thus positive real numbers
are the class §C*0, while positive and negative real numbers together with
zero are the class $C‘Q,. If £eC*O, a vector which has to R a ratio which
is a member of £ has a measure which is less than §6. The class of all such

. .—’ . . . - _’ - . -
vectors 1s §6°R, e if X =3€ it is X‘R. The limit of such vectors in the
series U,, if it exists, will naturally be taken as the vector whose measure is
X. Remembering that U, proceeds from greater to smaller vectors, we see

—d
that the first vector which is greater than every member of X‘R will be the
_’
lower limit of X‘R with respect to U,. Hence, if we write X,‘R for the
vector whose measure with the unit R is X, we have
_’
X R=prec(U)XR.
Hence we may take as our definition of X,

_’
X,=prec(U)| X[« DL
Then X, is an “applied” real number.
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The properties to be proved concerning applied real numbers almost all
require that the family to which they are applied should be serial and sub-
multipliable, and most of them also require that Cnv‘‘x, should be semi-
Dedekindian. Assuming this, we can prove that, if X, Ves“(‘®, X, P is
one-one, and, with varions hypotheses,

XL (YL o) =(Xx, V)L r (x35631),
X | Ve=(Xx, V)  (%356:33),
(X R) (YR = (X +, V)R (%356:54).

These are the essential properties required of measurement, as in the
analogous case of ratios.

We might proceed to consider “real” multiples of a given vector, and
“real” nets. But these subjects have less importance than in the analogous
case of rationals, and are therefore not discussed.

The Section ends (¥359) with a number on existence-theorems for vector-
families. The most important of these are derived from rationals and real
numbers., The family whose members are of the form (+,X)[ C*H’, where
X e C‘H’, is initial, serial, and submultipliable (¥35921). The family whose
members are of the form (+,u)[ C‘®’, where peC®’, is initial, serial, and
submultipliable, and has Cnv‘é‘ag = @', so that Cnv‘$‘c; € semi Ded (%359°31).
Finally we prove that the properties of families are unaffected by the
application of correlators, whence it follows that, given any series P whose
relation-number is 147, or is & where ¢ +1 =20, there is an initial serial
submultipliable family x such that Cnv‘é%ez;=P. Such a family way be
used for the measurement of distances in P.

It is of some interest to observe that, given a suitable family «, ratios
with their field limited to «; form a family whose field is «;. In this family,
the zero vector is (1/1)[ »5, and the family is connected if « is a rational
family. If we wish to obtain a serial family, we must limit ourselves to
ratios not less than 1/1, 7e. to

L
Lo Hy(1/1).
This family is serial, and if we call it A, we have (with a suitable hypothesis)
[S"‘Xa = UK t ICa.
It is necessary, however, if we are to obtain a family, that our original family
should be submultipliable, since otherwise we do not necessarily have

‘X[ xy=x;. For this reason, we cannot use the family of ratios without
a frequent loss of generality in the resulting theorems.

The theory of measurement developed in this Section is only applicable
to open families. The application of ratio to cyclic families is more complicated
and is considered separately in Section D.



%*360. RATIOS OF MEMBERS OF A FAMILY.

Summary of %350.

In this number we introduce no new definitions, but merely bring together
the propositions of %303 on the pure theory of ratio, and the propositions of
%333 on powers of vectors in open connected families, especially %*333:47-48,
We thus find that, if « is an open connected family, and g, v are inductive
cardinals which are not both zero,

M{pv)l e} N.=. M Nex, .0 M* AN+, (%3504)
=.M,New. .rep M =rep N+ (%35041),
while if R, T are members of «,
R(uw)T.=.Rv =T+ (%350°43).

We prove also, by means of ¥333:53, that if L and M are members of &, other
than I ['s‘U“,, they cannot have more than one ratio, 1.e.

%35044. F:ne FMapconx.X, VeCH .1 X[nyh Yhy.2.X=7

We next prove that any ratio other than 0, and o , becomes one-one when
its field is limited to «, (%350'5), while 0, becomes one-many (%350-51) and
@ , becomes many-one (¥330'511), 0, being in fact the ratio of the zero vector
IT 50k to any mewmber of «,, and w , being the converse of 0,.

We consider next the multiplication and addition of ratios, but in this
subject we cannot obtain some of the main theorems without the hypothesis
that our family is submultipliable (introduced in %351). In the present

number, we prove that, if « is an open connected family,and y, v are inductive
cardinals other than 0,

il

WLkl e C@mle  (x35053)
AL /DT ee=(u/v)] . (%350'54),
WL e D) = [ 5] Lo (535055),
and (l/y,)[ ko, (1/v) [ eo=1{1/(u X, v)} t k. (%350°56).

Hence we find that, if X, ¥ are ratios other than 0, and w0,
X [ w, Y[ w CX x, Y)[ K. (%350°6),
while if 22, 8. T are members of «,
RXT.SYT.D. (RS X +. V)T (%350:62),
and if £, M, N are members of «,

LYXN.MYN.D . 0ep (L M)L(X + V)N (x35063).



SECTION C] RATIOS OF MEMBERS OF A FAMILY 413
We then prove similar results for subtraction, and thus arrive at the following
proposition concerning generalized addition of positive or negative ratios:

%36066. F:xeFMapconx.L, M, Nex,.X, YeCH,,LXN.MYN.D.
rep (L | M) =(X +, ¥)[ N

%3601. F:xeFMap.D.x, CRelnumid. «y; CRelnum

Dem.
F.%333101. DF:Hp.Lewy.D.Lel—>1.L,CJ )
F.(1).%3003.DF:Hp.D.x;CRel num (2)
F.%3331101. DF:Hp.Lex,—k3.2. LCI.
[%300-325] J.LeRelnumid (3)

F.(2).(3). DF. Prop
%3602 F:xeFMapconx.qlx;.D. Infinax

Dem.
F.%330624.%333:15.0F:.Hp. Lex;.D: A~efinidL:
[%121-11-12] J:veNCinduct.D,.(qa,y) . L(e—y)ev+,1:
[%1203] J:Infinax:. D k. Prop

%36021. F:g!FMapconx —1.D.Infinax [%334'18.%3502]

#36031. F:ixeFMapconx.u,veNCind—10. M, Nex;.D:
M(uv)N.=.q'M"A N+
Dem.
F.%3031.. (#302:02:03).%113602.D
FaHp. Dt M(u/v)N.=:(gp,0,7).pPring.7e NCind — 0.
pU=pXeTev=0XeT. I M ANr.pF0.0540:
[%333-48]=: (gp, o, 7). pPrm o . 7e NCind — 0. pF0.0%0.
R=p X Tev=0 XTI M" AN
[#113:602.(%302:02:03)] = : (4p, o) . (p, o) Prm (o, v) s iy t MY A N :
[%302-36] =1 M*AN+2: D, Prop

%350:32. F:. Hpx35031.D: M (p/v) N.=.rep M =rep N*
[%350°31 . %33347]

%350-33. }':.xeFMapconx.p,veNCind—L‘O.M=Irs‘C[“:c.Nex‘. p
Muv)N.=2.M=N.=.g! M AN+
Dem.
F.%3013.%33832.2F:. Hp.D:0eNCind—¢0.>. M =M N
F.(1).%3031.3

Fe.Hp.D: M (u/v)N.=.(gp,0)-(p,o) Prm (u,v) . q 1 M A NP
[%333:101] =.(gp, o) -(p,0) Prm (p,v) . M= N,

[%302-36] =.M=N. (2)
[(1).%331°42] =.q! MY AN (3)

F.(2).(3).DF.Prop
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%350331. F:.xe FMapconx.pu,ve NCind— 0. Mex, N=1[sUT%.D:
M(uv)N.=.M=N.=.qq!M*A N+ [%35033.%30313]

%35034. F:.xeFMapconx.ve NCind - ¢0. M, Nex,.D:
MOWN.=.M=1[sd“

Dem.
F.%303151.DF:.Hp.D: M(0/») N.= . MCI.q!C‘MnCN.
[%330°43:61] =.M=1I[sd“k:.DF.Prop

%36036. t:xeFMapconx.veNCind—t0. M, Nek..D:
MOWN.=.q! M*AN®

Dem.
F.%3012.DF:. Hp. D:qI M*AN .= qI M AT sA%.
[%333'101.%331°12] =, M=1[sd“ 4))
F.(1).%35034.DF . Prop

%360'351. F:.xe FMapconx . ue NCind —¢0.D:
M(u/O)N.=.N=1I[sUT“ [%35035.%30313]

#3604, FixeFMapconx.u,veNCind.~(p=v=0).D:
Mi(uv)L el No=. M, Nex .op M? A N+ [%350:31-33-331'35:351]

%36041. F: Hpx3504.3:M{(u/v)[ w}N.=. M Nex, .rep M =rep N*
Dem.
F.%332:243.%301'3. D F:Hp. M =1 sk . D .repM =M (1)
F.(1).%35033:331'32.D }. Prop

35042, F: Hp#3504.Q. RS, Tex.Ds
QIR (uv)(S|T).=.Q"|R*=5» | Tv [%35041.%33253]

#36043. F:. Hp*3504.R,Tex.D:R(u/)T.=.R*=T*
ITsd, ITsd%
T
*36044. }‘:xeFMapconx.X,YsC‘H'.[i[!th‘af'\th‘a.D.X=Y
Dem.
}‘.*350‘4.DF:Hp.3.(5{L,M,,u,y,p,o’).L,Me/c‘a.
HiLoaMe . gt LAMe . X =p/v.Y=p/o.
[%333-53] D.puXso=vX,p. X=pfv.Y=pla.
[%303:39] 2.X=Y:DF.Prop

[*350‘42
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*x3806. F:xeFMapconx.yu,ve NCind— 0. Do(u/v)frel—al
Dem.
F.%35041.D+F: Hp.D:
L M,Nex.. L(ufv)N.M(u/v) N.D.rep L' =rep N+ =rep M~

[%33341] d.L=M (1)
F.(1). OF:Hp.D.(u/v)[ x.e1>Cls (2)
Similarly  F:Hp.D.(u/¥)] #. eCls—1 3)

F.(2).(8).DF.Prop

*36051. F:xeFMapconx.veNCind-1¢0.D.
(0/v)[ x.e1 > Cls. AWO/v) [ k.= r. . DO/v) [ k=T [ s°Ah [%35034]

¥360°511. F: Hp#35051..
(v/0) ] x e Cls = 1. Dw/O) [ k= #, - Aw/0) [ #,= ¢ [ 5T
[%350'51 . ¥303°13]

#36062. FixeFMapconx. X eCH.D. X[k el—o1
[%350'5 . x304'34 . x3332]

%360621. F:xe FMapconx.XeC‘H'.D. X[ xe1—Cls
[%350'52'51 . %308°1]

%3503, F:Hp#3505.2. {(w/1) L «} | {(1/»)[ % € (up) [ k.
Dem.
F.%350:4.0F:Hp. L{(w/)L «} M. M{A/»)[ &} N.D.
LM Nex. gt LAaM .0 UNAM.

[%333:48] D.LM New iyl Lr A Mexov g U NkA Me>ev,
[#333-47)] D.L, M, Nex,.rep L =rep, Mu*er =rep, N+
[%350°41] D.L{(u/v)[ #jN:DF.Prop

%35064. F:Hp#*350:5.D.{(1/»)[ «}| {(w/D] »} =(ufv)]
Dem.
F.%350°41 . %332:241.D
beHp. D LIAMT | (/D1 N =
(gM).L, M, N ¢ x, . rep,*L* = M = rep N+ .
L, Nex, .repL*=rep,N-.
L(uv)N:.DF.Prop

[

[%332:22]
[%350°41]

i
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%350'55. F:Hp#*3505.2. {(u/1)] a}l{(v/1)[ x)={(px.v)/1} [ x.

= (/D] x| {(u/1)[ xf
Dem.

F.ox3504.DF 0. Hp . D : L{{(w/ D[ e} {(v/ D] x}IN.=.

(AM). LM New,. J'LAM g ! MA N>,
[%333'47] (gMY . LMNe . .q'LaM-. M=repfN .
[%333:21] =L, New.. 'L n(repsN) .
[%33347] « L, New . L=repF{(rep. Nvyj.
[*333-24] L, New .L=rep(Nv)y.
[%350-41.%301°5] L[ %o w)/1} L 6] N (1)
F.(1).%11327.DF. Prop

il

1

1Ml

*350'56. F:Hp*3505.2. {(1/u)] w} | {(1/p) T k)= {1/ %, )} [ #.
={(Lv)L k)| (L) [ ) [#350'55 .%303:13]

%3506. F:xeFMapconx.X,VeCH.D. (X[ wk)| (Y[ w)CX x,Y)[ «
Dem.
F.%x304:34.D
F:Hp.D.(qu,v,p,0) . u,v,p,0 e NCinduct — 0. X =pu/v. Y=p/o (1)
F.%350'34.DOF: ke FMapconx . u,v,p, e NCinduct — ¢¢0.D.
)Lt {(efo) e ={Am L ad /DT e} [{(1/o) L {(p/1) T <

(k35053 54] & L ) 1Y) Dl /D e (/)
[¥350°36'55] C{l/(v X )} [ &] {(1 Xep)/1} T .

[%350'54] @ {(4 e p)/ (0 %0 ) L

[%305°14] Clulv xspfa} | x. (2)

F.(1)-(2).DF. Prop

¥35061. F:xeFMapconx.XeCH.D:M=(X[r)N.=.N=(X[ )M

[*330°52]

il

%35062. F:xweFMapconx.X,YeCH .R,S,Tex.RXT.SYT.D.

RIHX+, 1T
Den.
F.%35043.DF:Hp. X =p/v. YV=p/o.D.

R=1%.8 =Tr
[%3015] D . Rvxeo = Trxco | §vXco = Prxep
[%330-57] (R S)xes = Txeo)betoxcp),
[4350'41.%306:14]D . (B S)(X +, V) T': D F. Prop
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%36063. FixeFMapeconx. X, VeCH . LM, Nex, . LXN.MYN.D.
trep(L M)} (X 4, V) N
Dew.

F.o%35041.D
F:Hp. XN =pfv. V=p/o.Dd. repsL* =rep ' N¢ . rep Mo = rep, N,
[(#332:81] D rep, L7 =rep E Neneo rep LMY x? = rep, N vxee
[#332:33] D . rep,(Lroe7 | Mv*eo) = rep, NV w<ea coxen)
[#332:8] D.rep (Ll Myxo=rep  NExcatow e
[%332:82] D . rep.{rep (L { M )r*co = rep, N tereod e tnear |
[#350411D . {rep (L M)} [{( Xo 0) +o (v X p)} (¥ X 0)] NV .
[%306°14} D . {rep. (LI M} (X +,Y)N:DF.Prop

¥35064. F:Hpx35063. YHY.D. rep(L M) (¥ = X) N
Dem.
F.%332:1581.2F:Hp.D. repx‘\IJ/X“’ = Cnvé(rep Ly*eo 5]
Thence the proof proceeds as in %350-63.

35065, F: Hp#35062.. (R S)(V = X)T [#350%64.%30821]

%36066. F:xeFMaponx. L, M, Nex, . X, YeC'H. LXN.MYN.D.
rep (LI M) =(X +, V)| N

Dem.

F.%35063.2

FeHp. W=rep(LiM).D: X, YVeCH.D. W=(X+4, V)] kN 4]

F.%35064.DF:Hp(1). X eCH,. YeCH.D. W =(X 4+, [ ‘N (2)

F.%35063 . %3071, D F : Hp (1), X, Ye OH,.D. W= (X +, V)L kN (3)

F.%35034.2F:Hp. X=0,.D.rep(LIM)=M

[%308:51] =X+, [ ‘N (4)

Similarly F:Hp.Y=0,.2.rep (LI M)=(X +,Y)[ x‘N (5)

Fo(l).(2).(3).(4).(5). D F. Prop

R. & W. IIL



%351, SUBMULTIPLIABLE FAMILIES.

Summary of %*351.

A “submultipliable ” family is one in which any vector can be divided
into » equal parts (where v is any inductive cardinal other than 0), e in
which, if R e «, there is a vector S which is a member of « and is such that
8"=R. The definition is

*351'01. FM subm =
FMAnk{Rex.veNCind—10.2g,,.(gS).Sex. R=8} Df

In open families, such as we are considering in this Section, S will be unique
when R and » are given. But in cyclic families, as we shall show in
Section D, there will be v values of 8. For example, let « be a family of
angles. Then the vector-angle 2um/v has its vth power equal to 2w for any
integral value of y, since 2um is the same vector as 2w ; and 2um/v has v
different values, since, considered as a vector, any angle @ is identical with
0+ 2. In the present Section, however, these complications are excluded,
owing to the fact that we confine our attention to open families.

In virtue of %337-27, a family is submultipliable if it is serial and
Cnv‘s‘cy is compact and semi-Dedekindian (%351'11).

When « is a family which is open, connected, and submultipliable, if

Lex, and pe NCind -0, we have

(M) . Mex, .repMr=L (%3512).
Hence if X is any ratio (excluding o ,, now and always henceforth), we
have

E'X[wfL (%351°21).

In order to obtain the same result for x, we have to assume that all powers
of members of x are members of « (¥351:22), but we can obtain the sanie
result for x v Cové“x without this assumption (%351:221), because of %331°54,
which shows that in any connected family all powers of members of xvCnv‘‘x
are members of ¥ v Cnv‘x.

In virtue of the above propositions, the propositions on products and
sums of ratios, which in %350 only stated inclusions, now state identities.
Thus if X, YeC‘H’, we have

XLr)I(YLe)=(Xx, V) & (%351-31),
rep{(X Do L) (Y D efL)) =(X +:. V)L kL (%351'42),
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where L ex,; also
rep (X L L) (YL efL)} = (X =, V)P kL (¥351°45).

The corresponding propositions for ratios confined to « instead of to x,
require the additional hypothesis s‘Pot“x C x, because this hypothesis is
required in %351-22; on the other hand, in the analogue of 35142 “rep,”
does not appear, and we have (with the above hypothesis)

XLeRY(YLRy=(X+; V)[R (%351'43),
where Rex. For ratios confined to xv Cnv*‘x instead of to x, the corre-
sponding result can be proved without the hypothesis sPot‘“x C « (%351:431).
It will be observed that the hypothesis s*Pot‘‘x C « is satisfied if « is a group,
though it may also be satisfied when « is not a group. Since a transitive

connected family is a group, a transitive connected family always satisfies
8‘Poté‘x C k, as has been proved already (%334:132).

%x351'01. FM subm=
FMA%{Rex.veNCind —t0.2g,,.(gS).Sex. R=8*} Df

#3511, Fi.keFMsubm.=:xe FM:Rex.veNCind—¢‘0.Dp,, .
(@8). Sex. R=8 [(x351:01)]

¥351-101. F:q ! FM subm.D.Infinax [%351'1.%301:16.%30014]

*351'11. t:xeFMsr.Cnv‘cyecomp nsemi Ded.D . ke FM subm
[%387-27]

%x3612. F:xeFMapsubmeonx.D:pueNCind—t0.Lex.D.

(qM). M ek, .repMr=1L
Dem.

F.%8511.DF:Hp.ueNCind—10.Q,Rex.L=Q|R.D.
@S, T).8, Tex.Q=8.R=T+.
[%832:53] D.(gS, 7). 8, Tex.L=rep (S| Ty:dF.Prop
%35121, F:Hpx3512.XeCH .Lex,.D . B! X[ k‘L
Dem.

F.%351°2.%33261.D
F:Hp.yp,ve NCind — 0. X = p/v. D.(GM). M e, .rep Mt =rep, L*.

[%350°41°5] D.E1 X[kl ¢8)
F.%35034.0
F:Hp.p=0.»eNCind — 0. X=p/v.d. X[ w‘L=T[sUA% @

F.(1).(2).9F.Prop
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%36122. F:Hp#3512.sPots4kCr. X eCH' . Rex.D.EY XL kR
Den.
F.%30122.DF:Hp.p,ve NCind.v50.D.Rrex.
[%3511) 3. (qS). Sex. Re=5.
[%350-4,%331°12) 3.(q8) . Sex.S(u/v)R (1)
F.(1).%350521.2F ., Prop
%x351221. r:Hp*3512. X e C°H' . A=xvCnv%. Rer.D.E! X[ MR
[Proof as in %351'22, using %331°54]

%3513, F:Hp*3512.4veNCind.v£0.D.

(/DT b {(A/n) L = (u/v) L x
Dem.

F.%35041.DF . Hp.p$0.D:
Liu/v)b e N.=.L,Nek, .rep L’ =repNt.
[#3512) =.(qM). L, M,Nex,.L=rep M+ .rep L =rep Ne.
[%38324]=.(GM). L, M, N ek, . L =rep M. rep s M#xe¥ =rep, N~
[#33344]=.(qM). L, M, Nek, . L =repM*.rep M* =rep N .
(*35041]=.(gM). L {(u/D[ ) M. M {(1/v)[ x} N I
F.%35084.0F:. Hp.pu=0.D:
Liuw/v)bejN.=.L=I}sd“c.Nex, (2)
F.%350'34 . %351'21 . O F:.Hp.u=0.D:
Ll ed|{A/)be} Nz . L=I}sT“c.Nex, (3)
F.(1).(2).(8).DF. Prop

%35131. F:Hp*3512.X, Ve CH .OD. (XL k) (Y] r)=(Xx, V)]«
[Proof as in #3506, using %3513 instead of %350°53]

il

#3614 F:xeFMapsubm conx.pu,v,p,ce NCind.v40.040. Lex,.D.
rep[{(u/v) L afLi | {(p/a) L el L}] = (u/v +splo) [ L

Dem.
F.#%35041.DF:Hp.u40.p+0. M =(u/v)[ w*L.D.repM*=rep,L*.
[*333'4’4‘] p I‘ep,‘M”xc" = 1‘ep,,‘fl"x°" 1)
Similarly
F:Hp.pu$0.p+0. N=(p/o)[ xfL.D. repNv*? =repLrxee (2)

F.(1).(2). #3334 . ¥332:33 . D

F:Hp(1) . Hp(2). . rep, (M| N)xeo=rep{Luxcn | Loxew),
[%301:23.%33324] D. {rep,“(M | N)}**ee = rep,“Liuxca tcwxen |
[#306'14.%350'41] D.rep (M| N)= (u/v+5p/a)[ «‘L 3)
F.(3).%35121.%350'34.DF . Prop
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%361'41. F:xeFMapsubm conx.sPot“s Ck.
. v,p,0 e NCind.v40.040. Rex.D.

{(u/v) T &R} | {(p/o) [ R} = (u/v ++p/0)} xR
Dem.

F.%351-21-22.D

FeHp.D. (uv)L e‘B=(u/v)[ ‘R .(p/o) [ R =(p/o)[ xR 1)
F.(1),%332:241 ., %331-2433.D

FHp. D {(uf) L kR} | ((p/o) b xtR) = rop{{(u/n) L &R | (pfo) ] k4B)]
[(*351-4.(1)] =(u/v+sp/o) [ kR:DF.Prop

%361411. F: Hp*3514. A=k v Cnv.Ser.D.
(/) DAY {(p/o) D A8} = (ufv +4p[a) DS
[Proof as in %351°41, using %331°54]
%36142. FixeFMapsubmeonx . X, YeCH' . Lex,.D.
rep X Do LY (YL afL)) = (X 4+ V)L oL [%351°4]

%35143. F:xeFMapsubmconx.sPots“sx Cx. X, VeC‘H .Rex.D.
XL R (YLeRy=(X +, V)[R [%351'41]

%361'431. F: Hp#35142 . A=« vCnvik.SeNr.D.
(XIAS)(YEAS) = (X +: V)[ 1S [#351411}]
%36144. F:xeFMapsubm conx.
wv,p,oeNCind .v£0.040.(p/e)H (u/v). Lek..D.

rep.[{(u/v) § =L} | {(p/o) b LN = (uefv = plo) | L
Dem.

As in #3514,
F:Hp. M= (u/v)} x.‘L.N=(p/0')[x.‘Z.3.

(repe (M | N )jr = repye(Lwser | Lrxee) (1)
F . %301:23. %308'18 . D F : Hp . 7 = (1 X, 0) —¢ (v Xg p) » D -

7 ~/
‘.QPK‘{L“XN'E Lvch} =rep‘«{[1r§ LVch“LVXcP}

[#72:59.%332:25] = rep L (2)
Fo(l).(2).%350:41.D
F:Hp(1).Hp(2).D.rep (M | N)={7/(v X, 0)! [ «.‘L (3)

F.(3).%30824 .2} . Prop
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#351441. F:x e FM ap subm conx .
wpv,p,ce NCind.v#0.0%0.(ufv)H (p/o). Lex..D.

repeLi(u/v) [ fL {(pfo) L el Li) = (u/v = plo) L kL
F.#332:15.%303°19 . 0D
b+ Hp. D repTi(un) b eeL) [ (/o) b Ll =
CvtrepeTi(p/o) &L} | (o) | )]
[%35144] = Cavi(p/a —s p/v)g kL
[%303:19] = (p/o —s p/v) | L
[%308:21] = (u/v — p/o) | xL: D+ . Prop

#36146. F:xeFMapsubmconx.X,YeCH .Lek,.D.

repe{(X L D) (Y weL)} = (X = V) L oL
Dem.

F.%851-21 .%35034 .%308'12.2F: Hp. X =Y.D.
rep (X L kfL)| (Y afL)) = I P Q¢ = (X —, V)L oL (1)
k. (1) %351'44-441 . D F . Prop
#36146. F:xe FMapsubm conx.sPot“,s Cx. X, YeCH .Rex.D.
Cov'YL Ry (XL« R)en

Dem.
F.%351'22.DF:Hp.D. X[ «‘Rex. Y[ k‘Rex.
[%37-62] D.X[wRex.Cnv'Y [ x*ReCnvék: D} . rrop

%351-47. k: Hp#35146.3 . (Cov'¥ [ «‘R)| (X [ kéR)=(X -, V) xR
[%3514546]



%362. RATIONAL MULTIPLES OF A GIVEN VECTOR.

Summary of %352.

By a “rational multiple” of a given vector in a family x we mean, if we
are dealing with «, any vector in the family which has to the given vector
a relation which is a member of C“H’, and if we are dealing with «,, we mean
any member of x, which has to the given member of «, a relation which is
a member of C“H,. We will call the former “rational x-multiples” and the
latter “ generalized rational multiples.” It will be observed that if x contains
pairs of members which are each other’s converses, only one member of such
a pair can be contained among the rational x-multiples of a given member
of «, provided « is an open family. Hence the rational x-multiples of a given
vector all have one “sense,” even if this was not the case with the original
family.

Rational multiples of a given vector 7' can be arranged in a series by
correlation with their measures with 7" as unit. These measures are ordered,
in the case of rational x-multiples, by the relation H’, and in the case of
generalized rational multiples, by the relation ‘H,. Moreover if X is the
measure of a given member of x with 7' as unit, the given member of « is
k1 A;X; while if X is the measure of a given member of «,, the given
member of «, is x,1 A;X. Hence the rational x-multiples of T' are ordered
by the relation {1 4,5 H', and the generalized rational multiples are ordered
by the relation «, A H, These two relations, therefore, are the relations
we shall consider in this number. We put

%36201. 7. =«1ApH' Df
%36202. T.=x14,H, Df
We assume throughout this number that « is open and connected. In

dealing with 7., we assume Tex;, and in dealing with 7., we assume
Teky. We then prove the following propositions among others:

k] A PCH €11 (%35212),
k] Ar[ CHyel >1 (¥35215),

i.e. the relation of a rational multiple of T to its measure is one-one.
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T.,T.eSer (%352:16°17).

Observe that this requires only that « should be open and connected. The
serial property results from the correlation with H' or H,.

CT.=kn A CH . CTo=r,n ACH, (x3523:31).

If Sis any non-zero member of C¢T,, C¢S, = C“T, (%352'41), i.e. the rational
x-multiples of 7 are the same as those of any rational x-multiple of 7'; with
a similar proposition for C*T,, (352:42).

RT.8.=:RSexn Ap“C'H': (Fu,v)-pv e NCindop < v. R = Sn (%35243).
This is a convenient formula for 7', and leads immediately to
Ty= SH L)L (kv Ay CHY)  (%35244),
Observe that 71)"(1/1) is the class of rational proper fractions, including 0,.
By %352'44 and %352:41'3, we see that, if S I [s«d*x,
SeCT .D.8=T, (%35245),

‘i.e. the order of magnitude of a set of vectors which are rational k-multiples
of a given unit is independent of the choice of the unit.

In order to establish the analogous property for 7'.,, we first prove a
formula analogous to #352-44, namely

-
To=Covi{$HQ/DI L (k. n Ar“C°HY %
‘ -
FH QDT (ken Ap“C°H') (%352'54).

Here the first term gives the. series of negative multiples of 7, while the
second gives the series of positive multiples of 7' (including I ['s*d““k).

From the above formula it follows, as in the case of 7', that if S is a
positive multiple of 7' (not including I [ s‘d¢“k), S, = T,., while if § is a
negative multiple of T, S. = T\ (*352'56'57).

Finally we deal with the relation of U, to 7,. Here we have to assume

that « is a serial family. We then find that U, with its field confined to
rational x-multiples of 7' is the converse of 7, 7.e. we have

~

¥36272. FixeFMsr.Texs.d. ULOT. =1 ApH =T,

¥36201. T.=x1Ap H  Df
¥36202. T.=« 147 H, Df
%3621, F:# RT.S.=:R Sex:(qX, V). XH'Y . RXT.SYT [(%35201)]
¥35211. F: RT.S.=: R Sen:(RX. V). XH, V. RXT.SYT [(352:02)]
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*36212. t:keFMapconx.Teny;.D. k14, CH el >1
Dem.

F.%336'1. DOF:R(k14,CH)YX.=.Rex.XeC‘H .RXT (1)
F.%350521. DF:Hp.R,Sex. X eCH . RXT.SXT.D.R=8 (2)
F.%35044. DF:Hp.Rex;.X,YVeCH .RXT.RYT.D.X=Y (3)
F.%350:344.D
F:Hp.R=1[s0“k.X,YeCH .RXT.8YT.2.X=0,.Y=0, (4
F.(3).(4).O+:Hp.Rex.X,VeC‘H'.RXT.SYT.D. X =Y (5)
F.(1).(2).(5).DF. Prop
*36213. F:xeFMapconx.Texry.D .0 Ap“C°H Ck,
Dem.
F.%3504.JF:Hp.Rex,n 4,C°H.D.
(Fu,v) o, ve NCind — 0.5 RV A T
(%333101) D.Rexy: Dt . Prop

¥352131. F: Hp#35213.D . ko n A,5C“H, = Cov:¥(x. n A;“C°H) [%307-1]
¥362'132. | : Hp#35213.2 . kon A,C°H, Ck, [%35213131]

*36214. F:keFMapconx.Texy. D nn Ap“CH n A C°H,= A
Dem.
F.%307'1.%350'4.%352132.0+: Hp.R,Sex.. Re A;“C°H,.8e A*“C°H’.D.
(Ap, v, p,0) s pt, v, p,0 e NCind . vF0.p+0.05F0. Rex.

rep,‘é” =rep T . repS” = rep, 1% .

[#33344] D.(qp,v,p,0) s p,v,p,0e NCind.v+0.pF0.050.Rex ;.
rep,fé"xw = rep < Thxer = rep,So7# .

[%33347] D.(gE ). EqeNCind. E+0. 51 REA S . Rewye

[%71192] D.(qE %) . EneNCind . EF0. I A RIS, Rexy,.

[%333:101.Transp}D . R4+ S: D+ . Prop

#362:15. F:xeFMapconx.Tex;.D. .61 A7 CHyel 51
Dem.
F.%3361.0F:Hp. R(x, 147 CH)X . R (k1A CH) Y. O,
Rew . X, YeC‘H,,.RXT.RVT (1)
F.(1).#35214.3F s Hp(1).D: |
Rew,.X,YeCOH .RXT.RYT.v.Rex .X,Ve(H,. RXT.RYT:
(%307 1.%350°44.%352:13-132] D: X =V (2)
F.#3361.0 F: Hp. R(e ] Ar P OH) X .S (k] Ag [ CH) X D
R Sewx,.XeCH,. RXT.SXT.
[%350-521.%3071] D.R=8 (3)

Fo(2).(3).DF . Prop
28
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%36216. F:xeFMapconx.Texn;.D.TeSer [%352'12.%304°48]
%35217. t:ixeFMapconx.Texy.D . T eSer [#352:15.%307°45 . %304:23]

#36218. F:xe FMapconx.sPot“n; Cr;.n50 Coviiez=A.Tex;.D.

K AT“C‘Hn = A
Dem.

F.%35043.D
FiHp.pveNCind— 0. X = (4/»)|Cnv.Sek.D: SXT.=. 8" =Te,
[Hp] J.8%ekyn Cnvéing 48]
F.(1).Transp. DF:Hp.D .~ (gX,8). X e C°H,.Sex.8XT: D} . Prop
¥352181. F:xe FMinit. Texs.D.xn A CH,=A [¥352'18 . %33521]

#3622. F:xeFMapconx.Texy.D.(I[sUd)T, T

Den.
b.%350:34.%33122.DF: Hp.D. (L [ s* %) 0, T (1)
F.%350'31. DF:Hp.D.TQ/HT (2)
F.%304:45:48 , >F:Hp.D.0,H (1/1) (3)

F.(1).(2).(3)-%3521L.DF. Prop
%36221. t:xeFMapconx.Texy.d.(I}sdA“)Te T [Proof asin %352:2]
%36222. t:xeFMapconx.Texy;.D.q! 1, [%352:2]
%36223. F:weFMapconx.Texy. D ! Te [%352:21]
%3623. F:xeFMapconx.Texy.D.CT . =xkn AC°H’

Dem.
L %350:31 . %304°48 . D

FiHp. X eCH . X+1/1.0. X (Bl v H)Q/1). T(1/1)T.

[%3061] >. X e(H' v H')d, (1)
F.%350'34 . ¥331°22 . #304:45:48 . D

FeHp. X =1/1.2. XH'0,.(I}s@*x) 0, T .1} A% e x.

[#3061] 3. X e H'“d i (2)
F.(1).(2). DF:Hp.D.CH C(H v H)*“Arx (3)
F.%150201. 0 F s Hp.D. OT, = k1 Ay “(H' 0 H'Y A ;%% .

(3] D.x14,4CH’ COT., (4)

F.(4).%150:202. D F . Prop
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%36231. F:xeFMapconx.Te Kged OToo=x.0 A;C°H,
Dem.

As in %3523, FiHp.D.OH C(H,w H)“A (1)
F. 35031 . (¥307°05). D F: Hp. X e C“H,,. . X H,(1/1). T (1/1) T.

[%3361] 3. X e Hf “Ap 2)
Fo(1).(2). SFiHp.D.0H,C(H, o H) A, (3)

k. (3).%150201-202 . D F . Prop
¥352:32. F:. Hp3528. X, VeC‘H .R=X[x'T.S=V[«T.D:
RT.S.=.XH'Y [%3521.%350:521)

¥352:33. +: Hp#35281.X, Ve(H,. R=X[ xT.8= Y[ xT.D:
RT.S.=.XH,Y [%3521115)

¥352:3¢ F: Hp%3523.2:RI.T.=.(yX). XH' (1/1). R=X [ &T
[%352:1 . x350:52131]
¥352:341. 2 Hpx3523.2: TT.R.=.(gX). (/) HX . R=X [ «‘T

¥35235. b : Hp#35281.D: RTT.=.(qX). XH,(1/1). R=X [ &7
[%352:11°15]

¥352:351. F:. Hp%35231.D: TTR.=.(gX). (/1) H,X . R=X[«‘T

I

!

—
%362:36. +: Hp*3523.sPot“,s Ck.D. Pot T — !\ TC LT

Dem.
F.%35043.DF: Hp.re NCind~ 10— ¢41.D . T* (v/1) T
[%304-4.%352:341] 3.TT.T*:2F.Prop

—
%362:37. F:Hp*35281.7cxvCnvih.D.Pot‘T — ‘T CT.T

Dem.
F.%3312454.DF:Hp.D. Pot*T C,

Hence as 1n %352:36.

P
%362:38. F: Hp*352:81.D.rep“(Pot‘T— ‘T) C 1T

Dem.
F.%332:61.2F: Hp.D.repf(PotT — ¢‘T) Cx,

Hence as 1in %352:36.

%35241. bF:xeFMapconx.S,Texy . SeCT.D.
C8=CT.=xn AC°H =xn ASCH
Dem.
F.%3523.%35043. 3 F: Hp.D. (qu v) wve NCind — 0. Sx =7, (1)
[#352-3] D.TeCS, (2)
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F.(1).#3523.%35043.DF: Hp. Re 08, .D.

(qp>v,p,0) - p,v,0 e NCind — t0.p e NCind . S¥=T". R*=S°.
[*301:504] D .(qu,»,p,0) . p,v,0 e NCind —1°0.p e NC ind . RoXer = Trxep,
[#352:3.%35043] D . ReCT, 3N

F.@).(3) 5 Dbt Hp. ReCT,. DL ReCvS, 4)
F.(3). (4) . %3523 . D F . Prop

%x36242. tF:ixeFMapconx.S8, Teny . SeCT.3.08=0CT,
Dem.

F.%352:8 . %3504 . %307°1. D

FoHp.D:(gmv)ip veNCind - (0: 187 A T .v. i1 8% A Tu: (1)

[%852:81]D: Te (8., (2)

Fo(1). %3523 . %3504 . %3071 . D

F:.Hp.ReCS,..d:(qu,v,p,0): p,v,0e NCind —¢°0.pe NCind :
G1S*ATH.v. 1 S ATe: it R ASe v it R A S

[%333:48] D:(qmv,p,0): pv,0e NCind — 0. pe NCind :
7 P
G Roxem & Tvxer, v gt Roxen i Toxee s
[%352:31] D:ReCT,, (3)
Fo(@2).(3) 2O F i Hp. Re (T D . Re O, (4)

F.(3).(4).2F. Prop

%35243. F:ikeFMapconx.Tex;.D:.
RT.S.=:R Sexn Ay “CH' : (u,v) e p,v e NCind . p < v . R* =S¥
Dem,
F.o#3317 . D+ : RTS.=. R, SeCT,. RT.S (1)
F.o(1).%352:31.%35043 . DF:: Hp. D
RT.S.—:R,Sexn A, C°H': (q4p,0,Em).0,Eme NCind—10.pe NCind .
pXen< X, E.R=Tr.8"=T*:
[(¥33353]=: R, Senn A;“C*H': (qp,0,En).0,Eme NCind — 1‘0.peNCind.
pxn<o XcE. Roxet = Tloxel == Spxemy
[(%12614] D: R, Senn oA, “CH': (qu,v) . p,ve NCind. p<v. R =8+ (2)
F.%35043 . %3044.D
!‘:.R,SEKAAT“C‘H’:(Q{,u,v)./.c,szCind.,1,<1/.R"=S":3:
R Sexn ApC“H’ : (g X). XH' (1/1). RXS:
[%336:1) D: R, Sex:(qX, V,Z). XH (1/1). YV, ZeC*H'.RXS.RYT.SZI':
[%3506.%30571'51] D: R, Sexn: (qX,2) . (X <. ZYH'Z.R(X x. Z)T.SZT:
[%3521] >: RT.S (3)
F.(?).(S).DF.Pmp
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%35244. t:xeFMapconx.Texz.D. 1= {é‘l-?"(l/l)} Pen A CHy
Dem.
F.%85243.%3044.DF:: Hp.D:.

RI8.=:R 8exn ApCH’: (gX ). XH'(1/1). RXS:: D} . Prop
%36245. F:xeFMapconx.S,Texy . SeCT.D.8 =T, [%352:44°41]
%35256. F:ixeFMapconx.Texy.d.C% A H =k.n 4,5 C°H’

[Proof as in #352:3]
%35261. tixkeFMapconx.Tex;.D.Cx 1 ApiH,, =k n A C°H,
Lem.
F.%150202.0F:Hp.D.C% 14 H, Con A“C°H,, ¢))
b.¥352181. 3 b Hp Bewn A “CH,.D (@ X). X ¢ C'H. Rex.RXT (2)
F.%30423. DF:Hp.XeCH—1(1/1). Rext RXT d.
X(Hv H)(l/l) Re;c‘ RXT. TA/NHT.

[%3071.%336°1] 3. ReOw 47 H, (3)
F.%35288. DF:Hp.X=1/1. Re;ct RXT.D. R(/c“]A sH) (repT?).

[%3071] D.ReCx 14, H, (4)
F.(3).(4). DFiHp.XeCH.Rex,.RXT.D.ReCx 1A H, (5)
F.(2).(5). DFiHp.D.xn A, CH,C %A H, (6)

F.(1).(6).DF.Prop
35252, FixeFMapconx. Tenged. Ta=rldiH, 2 e 1A H’
—Cnvik A ApH 2 e AP H'
Dem.
F.%16043 . (%307°05).D
k. T’“ = K'-1 AT;E[n v ’4‘.1 AT;H’ v (’c“‘ AT“C‘HH) T (IC,, 1 AT“C‘H,) (1)
F.(1).%352551 . %3071 . . Prop
%36263. F:xeFMapconx.Texy.D
B d
AP H = (SH (1)} [ (kon A74CH’) [Proof as in ¥352'44]
~ «
%352:531. : Hp%35253.D. k140 H = (§H (/)] [ (k. n As“C*H)
[Proof as in %352-44]
e
%36264. F:Hp#35253.D. 7. =Cnvi{§H(1/1)|L(kn A “CH) %+
—
SH (YD (o n Ap“C°H’)  [%352:52:53'531]
%3562:55. F:weFMapconx.S Teny.Sen.n A CH.D.

ke nASCH =k, n A5 CH .k, nAfCH=rx.na Ap**C°'H
[Proof as in %352-41]
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%356266. t:ixeFMapconx.S, Texy.Sex.n A CH.D.8.=T,
[%352'54'55]
35257, FixeFMapconx.S, TengeSenn Adp“CH,.D . Su="T.
[%352:54:55 . ¥307°1]
%3527 tirxkeFMst. X, YeUH . Tex,.P,Qex.PXT.QYT.D:
PU.Q.=.XH'Y

Dem.
F.x352:18. SF:Hp.GIPex;.D.Q| PeedCH,.
[¥350°65 5. X - YeCH 1)
F.%350'52. SF:Hp(1).D.X 4V )
F.(1).(2).%33641.D F: Hp. PU.Q.D. X —, YeC'H.
[%30812:19.Transp] >.XH'Y 3)
b . %336°64. DFuHp ~(PUQ.D:P=Q.v.QU,P:
[%35044.(3)] >:X=Y.v.YH'X:
[%304-48] >~ (XH'Y) (4)

F.(3).(4).Dt. Prop

#36271. bixeFMst.Tex,. P,Qe(T..D: PU.Q.=. P(APH"Q
[%352°7°3)

¥35272. bireFMsr.Texy.D. Ul COT.=x]AdpiH' =T, [%35271]

*35273. ki xeFMsrsubm.X,YeCH .Texy.D:
(XLwT)U (YL Ty, 5 XH'Y [%3527 . %351:22]



%3563. RATIONAL FAMILIES,

Summary of %353.

A “rational family” is one which consists entirely of positive rational
multiples of one of it members. We denote rational families by “FMrt”;
the definition is

%36301. FMrt=FMnk{(yT).Texny.« CA“C*H'} Df

It is obvious that, if « is any family, x n 4,“C*H’, which we considered
in the last number, is & rational f'amily. If k is a connected family, it does
not follow that kx~ A“C*H’ is a connected family, but the proofs of its
properties, as we saw in %352, make use of the fact that it is contained in
a connected family. Many of the most important properties of connected
families hold equally of sub-classes of connected families, notably the property
that two members of « or «, whose logical product exists are identical
(*331'42:24). In dealing with rational families, a good many propositions
can be proved by merely assuming that they are contained in connected
families. We put

¥35302. FMcx=FMna) {(qx).-xe FM conx . A Ck} Df
%356303. FMrtex=FMrta FMcx Df

We will call a family “ sub-connected ” when it is contained in a connected
tamily. When & family « is open, rational, and sub-connected, any member
of x; may be taken as the T of the definition %353:01 (this is proved in
%35318) ; and if S, T are any two members of «;, some power of S will be
identical with some power of 7' (¥35312). An open rational sub-connected
family is asymmetrical (¥3532); no power of a member, and no product of
two members, is the converse of a non-zero member (¥353'22:23). Hence by
%331°54°33, if the family is connected, and not merely sub-conuected, 1t 18
a group and transitive (¥353:25°27).

If % is a family which, besides being open and rational, has connexity,
then if @ is a member of the field and 7' e x5 we shall have

ing= AN APH . Uv=21ApH" (x3533233).

That is, the series of points in the field and the series of vectors are both
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ordinally similar to part or the wlole of the series of ratios; they will be
similar to the whole if A is submultipliable (#353'44). But when A is
submultipliable, a smaller hypothesis suffices, for in that case we can prove
that if A 1s connected, then A, =X v CnvéA (¥353'41),80 that A has connexity,
and is serial (#35342). Thus we have

%x35344. F:xeFMapconxrtsubm.D. s, smor "
%356345. . FMapconxrtsubm CFMsr

%3530 FMri=FMaR{(qT). Texy. « CAL“CH'} Df
¥35302. FMox = FMax{(ge). e FMconx.ACx} Df
*35303. FMrtex =FMrta FM cx Df
¥3631. FrkeFMrt.=:xe FM:(qT). Teny. c CACH  [(%35301)]
%36312. F:xeFMaprtex .8, Terg NC A C°H .D.
(g v) e, veNCind v 0.8 =T+ [%350'43]
#36313. F:xeFMaprtex.Ter;. D ACAfCH’
Dem.
F.%35312.DF:Hp.Sex, . A CA&CH . Rer.D.
(A v,p,0) v, v,p, 0 NCind.p$0.v%0.040. R*=8, =8¢,
[%333'5]
d.(qApn.v,p,0) . p,v,p,0e NCind.p+0.v$0.04 0. Rv*ee = JuXer = Txer,
[#35043] D.Red “C°H':DF. Prop
*35314. F:Hpx35313.D. 20, C A, C‘H,

Dem.

F.%35313.DF: Hp.R, 8erx.D.(qX,Y). X, YeC"H . RXT.SYT.
[%350'65] D.(RIHY -X)T.

[%308-2] D.R|8eA*“C*H,:DF . Prop

*35315. F:iweFMconx.Teny.D . kn Ap“C‘H ¢ FMrtex
(#3531 . (%35502)]

*3632. FineFMaprtex.D.n AGpvir,=A .\ e FY asym
Dem.

FLok3531213.D

FeHp. R, Rex; . (quv) . uve NCind — 0. Re = R (1)
F.(1).%30123. 2 F: Hp(1). D+ (Fp ) o v € NCind — 190 Re+er €1 (2)
.%333101. D F:Hp(l).D.Pot‘RCRIYJ (3)
F.(3).(2). Transp . (%334:05). D} . Prop
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%35322. F:Ho#*3532.D.sPotNyaCnviir,=A
Dem.

F.%3531213 . %3015, F: Hp.o e NCind— 10, B, R7e);.

(Ap, v) « p,ve NCind — 10 . ﬁ”“" = Re,
[%301:23] D.(qu,v) . u,ve NCind — 150 . Brte(exen) G J (1)
F.%333101.%33023.DF:Hp.Rery . D. Pot‘RCJ . A~ePot!R  (2)
F.(2).(1).Transp. DF:Hp.ReX;.3.~q!Pot‘RnCnviA:DF. Prop

#356323. F:Hp#3532.2.(sN[“U)nCnviAz=A [Proof as in %353:22]

*36324. F:Hp*3532.xe FMconx.D.sPotN CN [%35322. %331'54]

%35326. F:Hpx35324.D.5N “ACA [%353:23 . %¥331'33]
»

%35326. |: Hp %35324 .0 . S‘)\,a; “7\,6 C 7\,8

Dem.
F.%3531213.DF:Hp. R, Sex;.D.(qu,v). p,ve NCind -0 . R¥ = S»,
[%330-57] D.(Fu,v) e p,ve NCind = 140, (R| Sy = Swter,
[#333°101] D.q ! Pot“(R|8) a RI*J.
[#301°3.Transp.*331-23] J.R[SeRlJ [¢))

F.(1).%35325.2 . Prop
%*363:27. F:Hp%35324.D .0 e FM trsasym [%353'26:2.%334°13]

%3533. F: Hp*3532.r¢ NCind — 10.5Pot*A C1.D: RUL\S. D . R*U,S"

Dem.
F.o%33641.DF:Hp.D.(q7).Ter; . R=T]|S.

[%330°57] >.(gT). Texy. Ro=Tv |8,
[%336:41.Hp) 3. RUS :DF . Prop

%36331. F:xeFMaprtconnex. R, Ser.veNCind —1°0.J:
RU)\S- =, R"U)\Sv

Dem.
F.%33662.0F:Hp.R+S.~(RUS).D.8U,\R.
[*353:324] J2.8U,.R".
[%3366:61.%35327] D.~(RUSY) 1)
F.%3366. DF:Hp.R=8.3.~(R'US) (2)
Fo(1).(2).2F:Hp.~(RUS).D.~(RU.S) 3)

F.(3).%3533.DF. Prop

R. & W, IIL
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%353-32. F:XeFMaprbcunnex.Texa.D.UA=K1AT;FI’

Dem.
b.%35312:13.%3505.DF:Hp. R, Sex. R+8.D.
(s ¥y 0) o 1y pr 7 € NCind v 40,040, R=Te. 87 =To. ufod plo (1)
Fo(1).%35043.2 F . Hp(1). D: RA1ASH) S .v.S A APH) R (2)
F.%3015.D
FeHp(D)epv,p,0 e NCind.v#0.0+0. R =Te.8=T?. ux,0 <vXcp.I.

Rrxeo ! Spxco = TiwXcpl —clwXca (3)

k. %334-21 .3I-:Hp(3).3.}§|Se>\uCnv“x.

[%331'54.%332241] . (R| Sy =rep AR} Sy*eo

[*332.53_(3>] = TWwx:p) —cluxco) (4)
F.(4).#353242.0F: Hp(3).D. B[ Sen.

[%336:41] S>.SU.R (5)
F.(1).(5).%3044.DF: Hp. R(A 1 A5 H)S.D. SU.R (6)
F.(2).%3044.DF: Hp(1).~ (RO1APSH)S] . D. SO dgH) R

[(6)] D.RUS.
[%336:6'61.353-27] .~ (SUR) (7
F.%3366.DF: Hp.B=S.3.~(SU.R) (8)

Fo(6).(7).(8).DF. Prop
¥363:33. F:Hpx33332.aes AN D . 5Ny = AN ] A5 H’
Dem.
F.x33643.  DF:Hp.D.U,=211 AJin, (1)
F.(1).%3362. DF:Hp.D.éNg= AU, (2)
F.(2).%35332.DF. Prop
%35334. F.FMaprtcomnex CFMsr [%353:27)]

%3563 4. F:xeFMaprtex.sPot“NCN. Leny.D.

(go) .o e NCind — ‘0. reprLo e A v Cnv A
Dem.

F.%3531213.2

FiHp.D.(qu v R.8) ., veNCind. R, Ser. L=RIS. udv. Rr=85s (1)
F.%30123.D
FeHp.uveNCind . R Sex. Ro=S0.D:p<v.D. R |8 =8 .
[%332:53] d.rep RISy en  (2)
Similarly +:. Hp(2).D:p>».D. rep,‘(EESYeCnv“x 3)
F.(1).(2).(3).DF. Prop
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%36341. F:xeFMapconxrisubm.D. A =2 v Cnvia

Dem.
F.%3534.D
F:Hp.LeX;.D.(FR,0). RexvCnviA.0eNCind — ‘0. rep, L7 = Re.
[%333:41] D.LexvCuv¥a:DF. Prop

¥36342. F:Hp#35341.D. e FMsr [%35341. %334:26 . x353-27)

%36343. F:AeFMapexrtsubm. ey, PotidTCA.D. C‘H’CZT‘%
Dem.

F.%351'1.DF:Hp.pu,ve NCind.v#+0.D.(gS).Ser.Sv=17w.

[%350°43] 2.(4S). Sex.S(u/n)T (¢))

F.(1).%3361.DF:Hp . X e CH'.OD.(gS).Ser.SA,X :DF. Prop

%36344. F:X\eFMapconxrt subm.D.sN;smor g

Dem.
FLox3534233.  ODF:Hp.aesdn.D.i%N = A A145H (1)
k. %35343. St:Hp(1).D. CH CACAIN] 4p) ()

F.%3362.%35215.0F: Hp (1).D. A, A 14, 1 CH el >1  (3)
F.(1).(2).(8).DF. Prop
%35846. +.FMapconxrtsubm CFMsr [#35342]



%354, RATIONAL NETS.

Swmmary of %354.

The subject of “rational nets,” which is to be considered in this number,
is of importance for the introduction of coordinates in geometry. We have
three stages in the construction of a rational net. First, taking any vector
T in a family &, we construct C“7, 7.e. the positive rational multiples of 7,
as in ¥352. The result is, as a rule, a family which is not connected, even
when the family « is connected. For if there are in « any vectors other
than C¢T., any point of the field which is reached from a given point a by
one of these “Iirrational” vectors cannot be reached from a by a member of
C¢T,, though it will be in the field of C*T,. Thus in order to obtain from
CT, a connected family, we shall have to limit the fields of its members to
the points which can be reached from a given point a by one or more
rational steps backwards or forwards, i.e. to the points Az(C“T).. It will
be observed that whereas, in the construction of C*T,, only positive vectors
are used, negative vectors, i.e. the converses of positive vectors, are also
admitted in constructing what we may call the “rational points” with
respect to @ and 7. Having constructed these points, s.e. the class
A CT,). we then proceed to the third and last stage in constructing a
rational net, by limiting the field of every member of C“T, to 4,(C*T\)..

Many of the propositions concerning rational nets require the hypothesis
that the family concerned is a group. If this is not the case with the
family « from which we start, we replace x by x,, where «, is formed by
adding to « the converses of those members of « (if any) whose domains
are identical with the common converse domain of members of x. The
definition is

%36401. «,=« v Covi(x n(ﬁ‘s‘([“x) Df

We put also
%36403. FMgrp=FMn /?(s‘x’i,“/c Cx) Df

We then easily prove that if « is connected, «, is a group (%354'14), and
if « is open and connected, «, is open and connected and a group (%354°17).

If « is connected, (k,). = «. (¥354°15), so that properties only dependent on
«., like that of openness, always hold for «, when they hold for «.
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Next, we prove that if « is open, connected, and a group, C“7, is open,
rational, sub-connected and a group (%854-22). Hence if « is open and
connected, and N =«,, C*T, is open, rational, sub-connected and a group
(#354-24).

The “rational points” with respect to @ and 7" are 4,(C*T,).. In order
to study them, we consider 4,\,, where \ is a family concerning which we
make hypotheses which will be fulfilled in the case of C*7.. We prove that
if X is a family which is a group, and SeA . a es“T““A, then

AN, C 84, N, (%354:31),
whence ST (AaN) = (AN 18 =8P (4aN)  (x354:312).

Next we prove that, with the same hypothesis, if b is any other member of
4,N,, then

AN = Aph, (%354-33).
Thus the rational points with respect to ¢ and T are the same as the
rational points with respect to b and 7, if b is one of these rational points.

The “rational net” is the family [ {4 (C*T.)}“C‘T.. Writing A for
C‘T,, this becomes [ (4,*A)N. In order to obtain the properties of the
rational net, we therefore continue to consider a family A, concerning which
we make hypotheses which are verified in the case of C*7,, and we put

%36402. cx,A=[ (4, N)N Df

Thus cx,‘C¢T, is the rational net defined by «, T, and a. We prove
(%354:4) that if A is a group, cx,*A is a family whose field is A “A. We
prove that if A is a family, and ¢ a member of its field such that any
member L of A, for which L‘a exists is a member of A v Cnv ‘A, then e is a
connected point of cx,A, ..

#364'32 F:AeFM.aes TN ANnT4,Ch v Coviir. D, aecongicx,“A

The hypothesis A, n @4, CA v CovéA would be verified if A were a
connected family and a were a connected point of . But we want to be
able to replace A by C*T, which is in general not connected. The above
hypothesis, unlike A ¢ FM conx, is satisfied by C*7, provided « is open and
a group and @ is a connected point of « (¥354-34). Hence it follows that if «
is a family which is open, connected, and a group, and a is a connected point
of «, cx,*C*T is open and connected, and « is a connected point of cx,C¢ T,
(¥354:401). Again, in virtue of 354312, if A is a family which is a group,
and a is any member of its field, cx,‘\ is a groap (%354:313); hence when
« is a family which is open, connected, and a group, ¢x,C*T, is .a group
(%354:402); and it is easy to prove that it is also a rational family
(%354:403). Hence, by #%35327, cx,*C‘T, 1s a family which is open,
connected, rational, a group, transitive, and asymmetrical (¥354-404). If our
original family is open and connected but not a group, we only have to
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substitute x, for «, i.e. putting A =«, we only have to take cx,‘C*T,, in
order to obtain a rational net with all the above properties. This is stated
in the proposition

%36441. tixeFMapconx.Texry.aeconx‘ec . A=1xy.2.
cxo*C*Tx e FM ap conx rt trs asym

&
%36401. «,=r v Cov(x n D) Df
%36402. cx, A=[ (4. “N)N Df
%35403. FMgrp=FMn i (s¢|“c« Ck) Df
2

%*354:1. F:.Rexg.s:Relc.v.fiex.ﬂ‘R=s‘C[“x [(%354:01)]
%35411. F:weFMconx. R, Sex.d.R|Sex, [%331-33 . %354°1]
435412 F:Hpx35411. DR =s¢.D. R|S=8|R.R|Sex,
Dem.
F.%33052.0F: Hp.aeconxe.D. B! RS% . A(R|S) = s
[%8311142] 3. R|8exvCoviie. A(R | 8) = T
[%354°1.%330'561] >.R|Sex,. S| R=R{S8:DF.Prop
35413, +:Hp#35411 . D‘R=DS=sUA%%.D. R|Sex,
Dem.
|".*331'33.DF:Hp.D.IVE!;‘equnv“x ¢))
F.%37-323.0 k1 Hp.D. AR|8) = s*T* 2)
F.(1).(2).%354'1.D F. Prop
#364'14. F:xeFMconx.D. -s‘xy,f’“/cg Cr, [%3541112131]
#364'16. FixeFMconx.D. (k). =x,
Dem.
Fox3541.0F:0. Hp. R, Sexy.D:
R,SEK.V.IVE,S'EK.V.R,gex.v.}\é,gex.C[‘R=q‘S=s‘C[“x )
F.x3304. ODF:Hp.R Sex.d.R|Sex (2)
|"-*331'33'24.D'F:.Hp:iB,Sex.v.R,g'ex:D.IVE[SGA:‘ 3)
Fox35412. DF:Hp.R Sex. TR=AS=sT%.J.R|Sex. (4
F.(1).(2).(3).(4). D F. Prop
%354'16. F:xeFMconx.D.x,e FMconx [#354'1°12]

#36417. F:xeFMapconx.D.«x, e FMapconxgrp
[%354:16:15°14 . %333-101]
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#354'18. F:xeFMgrp.

#l

tkeFPM: R Sex.Dp 5. B|Sex [(%354:03))
#36419. FixeFMgrp.D.s'Pot“n Cx [#354:18. Induct]

#3642, F:ceFMapconx.Texy.D.0Tce FMaprtcx
[%353:15. %3523]
%35422. F:xeFMapcouxgrp. Texy.D.CT e FMaprtcx grp
Dem.
F.%35062.%35418.0F: Hp. R, 8, Tex. X, Y e C‘H' . RXT.SYT.D,
(RIS X+ Y)T.R|Sex.
[%30667.%3523] J.R|SeCT, e
F.(1).%3523.DF: Hp. R, Se(*T..>. R|S e C“T, (2)
F.(2).%3542.D F. Prop

%36423 ticeFMrtconx.Tewy;.D.CTi=« [%35313.%352:3]

%35424. F:xeFMapconx.Texz . A=x,.D.CTye FMaprtexgrp
[%3542217]

#3548 b in e FMgrp.aes@n.Seh.D. Agh CSUA N
Dem.

F.%3361.9F: Hp.Dsze dar. D (qP, Q). P.Qex o= PQia.

[%330-56] 3. (P, Q). P,Qex. Sw=PSQa.
[%354'18] 5.(gP.R).P,Rex.S%=PRea.
[%3361] 3. S8%e AN, .

[%37-106] 3. me 84N . Dk . Prop

%354:311. F: Hp#354:31.D .84 N C 4N [%35431]

¥354:312. F: Hp#354:31. 2. ST (AN = (Aa*A) 18 = S| (Aa\)
[%354:31'311]

%364313. Fire FMgrp.aes*dN.p=cx,A.D. s‘p,L“p Cu
Dem.
F.o%354:312.D
F:Hp.R Ser.D.[RL(ASM)HST (A2 =(R|8)[ (4fN) (D
F.(1).%35418. D
FrHp. R, Ser. DR (AN ST (Ao M) eex A DL Prop

%364'32. FineFM.aes* TN n n(TFA, CAvCnvia. D . aeconxfex, A
Den.

Fox3361 .0k Hp.Dize A N .D.(qL). Ler .a=Lia. Le/l‘4,.

(Hp] D.(gL). Lerv Covir.z= La.

[%330-43] D.(qAM). M ecxAvCavécx,A.a=Ma:

[%331-11] D :a econx‘ex, A:. D . Prop
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%#36433. F:neFMgrp.aes‘T*A.bed N. D AN = A\
Dem
F.%336°1.D

FiHp.ceAfn.D.(qP, QR S). P,Q, R Secx.c= RSPQa.

[%330'56] 3. (P, Q. R,8).P,Q R Secx.c= RPSQu.
[%354'18] S. (M NY. M, New.c= MN .

[%3361] 3. cedf, @
Similarly F: Hp.ce 4,*\,. D.ce 4,5\, (2)
F.(1).(2).DF. Prop

%36434 ‘F:xeFMapconxgip.Tex; . A=0CT,.aeconxx.D.
An T4, CA v Cnviia

Dem.
F.%35422. DF:Hp.D.AeFMaprtex.
[%353:14] DA (kv Cinvie) CA v Cnviin (1)
F.%331'1132.DF:Hp. Lean (‘4,.D. Lex v Cnv¥ie.
[(1N D.LexvCnv¥A:DF. Prop

%36435. F:xeFMapconx.Ter;.p=ry. A=CTp.aeconx’c.D.
An T4, CAvCnvh  [%354:34°17]

%3644 FineFMgrp.aes@A.D . cx,Ne FM. s A ex, A=A\,
Dem.

F.%33052. DF:Hp.D.cx,ACl— 1 (1)
F.%354:811.OF:#Hp.D:Rer.D. (I'R= 4.\ .D‘RCA‘R (2)
F.%354'312.2F:Hp. R, Se M. D {RL(AS AN HSE (A M)} =(R | S)P(Aa )
[%380'5°52] =(8 R)[ (AN

[%354°312) = (ST (AN} (R (AoN)) (3)
F.(3).%330'5.DF: Hp.D.cx, A € Abel (4)

B (1).(2).(4).%330'52. D+, Prop

*364401. F: ke FM apconx grp.aceconx‘c. Teky. D .

7]
ex,fCT' € FM ap conx . a e conx“ex 0T
Dem.

F.%354422. Dt:Hp.D.cx, 01 e FM (1)
F.%35434:322.DF: Hp.D. aeconxfex, (“7, (2)
F.(1).(2).%333101.DF. Prop

364402, F: Hp*354:401 . D . cx, (“T,e FM grp [#354:313-22:401]
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%364:403. F: Hp%354'401 .2 .cx, C“T, ¢ FM rt
Dem.
F.%353'12.%354'2.D
F:Hp.SeCTe A=CT,.D.(gp,v) o p,ve NCind . v 4 0.8 =Tw,
[#354-312.Induct] d.(qp,v)» u,veNCind . v+0.
(SE(Aa Al =8 (Aa“N) =TT (A N) = [TT (A “D)je.
[#350'43.%354°401]

D.(Guyv) s uve NCind . v£0. [SL (4N} (uh) (T [ (ASN) (D)
F.(1).%3531.0F . Prop

%364'404. F:xe FMapconxgrp.aeconx‘e . Texy.D.
cxo‘C*T e FM ap conx rt grp trsasym  [%354:401'402:403 . %353:27]

#36441. F:xeFMapconx.Texz.acconx‘s . A=xy.D.
ex, C*T e FM ap conx rt trs asym  [%354°17°404]

29



%366. MEASUREMENT BY REAL NUMBERS.

Summary of %356.

In this number we consider the application of real numbers to the
measurement of vectors in a family. The principle of this application is
as follows: If a given set of vectors, all of which are rational multiples of a
given vector R, have a limit with respect to U,, and if their measures
determine a segment of H, then we take the real number represented by
this segment as the measure of the limit of the given set of vectors.
For the sake of homogeneity with rational measures, it is wéll to take our
real numbers in the relational form given in %314 e if £e C“®, we take
§°€ as the corresponding real number. With a suitable hypothesis, the
result of the above principle for applying real numbers is, where rational
multiples of the unit R are concerned, to replace the ratio X by the

rational real number é‘ff)‘X, as the measure of the vector X[ «‘R
(cf. ¥356:63). Then the measure of the limit of a set of rational vectors
will be, by our principle, the limit of their measures. Thus our principle is
conformable to what is required for an application of real numbers.

It should be observed that, if any application of irrationals is to be
possible, it is necessary that the vectors of the family concerned should
have a serial or quasi-serial order, independently of the order generated by
their measures. The order generated, among ratfonal multiples of T, by the
ratios which are measures of these wultiples, is 7, (cf. %352). A vector
which is not a member of C*T, cannot be the limit of any set of vectors
with respect to T,. But we saw (%352'72) that if « is a serial family,

Te=U.[ CT..
Hence when « is a serial family, a vector which is not a member of C*7
may be the limit of a set of members of C*T, with respect to U,. It is the
existence of an independent series U, not generated by measurement, which
makes the application of irrationals as measures possible.

The following phraseology may be found convenient. Taking a unit 7'
in a family «, and an origin @ in its field, if X e C‘H" and S= X [ «*T and
w=_8% = (X[ «T)u, we call X the “rational measure” of S and the
‘rational coordinate” of 1. We have, in the same circumstances,

S=x1ArX .0~ A, S=A,c14,X.
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We will call S the vector of X, and z the point of X; and the same
phraseology will be employed for the vectors and points obtained by
measures which are real numbers. We may now state the principle
according to which we apply real numbers as measures as follows. Given
a segment £ of H, take all the vectors of £'s: these form the class «x n 4,4¢.
Then the real number §¢ is to be the measure of the limit (with respect
to U.) of the class x n 4;“€.  Since U, has the opposite sense to that of 7',
te. U, proceeds from the vectors with bigger measures to those with smaller
ones, the limit we shall have to take will be the lower lim. with respect to
U.. Thus the vector whose measure is §¢ will be

prec (U ) (ke n 4,5E).

—>
Now if we put X =4¢ 4,6 =X‘T, and X is a relational real number.

—
Hence using %206°131, the vector whose measure is X is prec(U,)‘X*7T.
Hence if “ X, ‘T” represents the vector whnse measure is X (unit 7)),
we put

—
¥35601. X, =prec(U)| X1« Df

Assuming now that « is a serial submultipliable family, in which we take
R as the unit and « as the origin, and putting, for notational convenience,

(%)

P= U‘.Q’:.S."Ka,
we have first a set of preliminary propositions (¥856:1—191), of which the
most important are
H =(CH) 1A P=(CH)1 A3 A,5Q  (%35613),
PLCR.=«14pH (%356°14),
giving the relations between the series of ratios, the series of their vectors,
and the series of their points.

We proceed next (¥356'2—26) to the proof that X,[xel—1. This
requires, in addition to our previous hypothesis, that @ should be semi-
Dedekindian. With this hypothesis, we first prove that if X, ¥V are
relational real numbers,

X =AYV, =x5: X, =V,.=2. X =7 (x35621).
We then prove, by the help of some arithinetical lemmas, that the lower
limit of the submultiples of a given vector is the zero vector, t.e.

S (Ser:(qr). R=8}=T]CQ (¥356:22).

Hence we easily prove that, if R is any non-zero vector, and A is a class
of vectors having a lower limit L, the lower limit of the relative products of
R and members of X is the relative product of R and L, ¢.e.

ACk.L=tlA. Rexy.D. RIL=tI,5R|“N (%356:221).
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Remembering "that the relative product is represented arithmetically by
the sum, we may express the above proposition by saying that the limit
of the sums of a given vector and a set of vectors is the sum of the given

vector and the limit of the set. From this proposition we easily deduce that
if RPS, X.*R 4 X ‘S, whence it follows that

X.[rel>1 (%35626)

Our next set of propositions (#356:3—'33) is concerned in connecting the
relative product of X, and Y, with the arithmetical product X x, ¥, where
“x,” has the meaning defined in #314. Here we only require that « should
be serial and submultipliable, and we obtain

X Ve=(X %, V) (%35633).

This proposition is the analogue of ¥351'31 (except that «, is replaced by «);
it has a similar importance, and calls for similar remarks.

Our next set of propositions (%356'4—43) is concerned in proving that
the limit of the points of a segment of ratios is the point of their limit, in
other words, that the limit of a set of points whose coordinates are a segment
of rationals is the point whose coordinate is the limit of the segment. Here
we again require that our family should be semi-Dedekindian; then if £ is
a segment of ratios, and X = §°E, the above proposition is

o 2
(X R)Y'a=seqo‘d,“Ap“E =seqe'd,“X‘R (%35643).
-
Here X, ‘R is the vector of X, (X.‘R)‘a is the point of X ; Ap“¢f=X‘R,

and each is the class of vectors of members of £; and 4,4 ,*“€ or Aa“}"R
is the class of points of members of £ Moreover X is a relational real
number. Thus the above proposition states that the point of X is the
segment (v.e. the limit) of the points of the ratios contained in X ; +.e. of the
ratios which may be considered less than X.

We next proceed (%356:5—54) to connect the relative multiplication of
vectors with the addition of their measures. Here we require that « should
be semi-Dedekindian as well as serial and submultipliable. We then find
that if X, ¥ are relational real numbers, and R is a non-zero vector,

(XER)Y (Y RY=(X +, V)R (%356:54).

This proposition is the analogue of %351'43, and calls for similar remarks.
The proof proceeds without much difficulty by means of %356°43.

Finally we have a set of propositions (356:6—63) to prove that the real
number which measures a rational vector is the real number corresponding
to the ratio which is its measure; 7.e. if X is a ratio, the vector which has

4
the ratio X to the unit has the real number §*HX for its measure. It is to
be remembered that rational real numbers must not be identified with ratios,
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any more than integral ratios (i.e. ratios ot the form »/1) must be identified

with cardinals. The real number corresponding to a ratio X is a"‘;{)‘X ; this
is what we call a “rational real number,” In measurement, when we are
measuring by ratios, if B is our unit, X will be the measure of X [ «‘R; but
when we are measuring by real numbers, the measure of X[ «*R must be a
real number. The real number which is the measure of X | «‘R will, by our
definition, be a real number Z such that

4
X[ k'R =nprec(U)ZR.
Thus we have to prove that, if X is a ratio, the above equation is satisfied if

)
we put Z=4H‘X. This requires that « should be serial, submultipliable
and semi-Dedekindian ; we then have

—
XeCH.D.(GHX) =X« (%¥356:63).
—
Thus although the “pure” real number #H‘X is not identical with the

“pure ” ratio X, yet the “applied” real number (é‘f{)‘X )« 18 identical with
the “applied ” ratio X [ . This fact explains why the results of the habitual
confusion between a ratio and a rational real number have not been even
more disastrous.

—’
%36601. X,=prec(UJ)| X[« Df
4

%3661, F:i Rex.D:8=X,‘R.=.8=prec(U)X‘R [(*35601)]
%36611. F:Rex.D:S=(sE)R.=.S=prec(Uc)Ap"“E

[%356°1 . %336:12)
%366'12. t:i.xe¢FMsrsubm.

X, YeCH .RexzyoaesTA.Q=5z. P=U,.D:

XHY.= (X[ &RYP(Y[&R).=. (X ] «*R)a] Q{(Y] «“R)al

[%352:73 . ¥336°4}
%366'13. tixeFMsrsubm.Reny.aesd. é:é‘xa.P= Ucs.D.

H = (CHY A P=(C-HY 1 A 4,5Q [%35612]
*36614. +:Hp#35613.0.PLC‘R.=x1ApiH [%35272]
- - -
%35616. F:Hp*35613. A CCH.X =§A.D . maxp'X‘R=1r"1Ap maxy L
Dem.
— -
F.%35241. DF:Hp.D.kn XRCCR,. X‘R= Apa ¢))
- — - —
F.(1).%356'14. D F:Hp.D.maxp* X‘E =max (P[ C‘R)‘X‘R
R 4

[%856:14] =k 1 Ag‘maxyA: D . Prop
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%356'16. F:Hpx35613.0¢ C@. X'=5A. . maxpX‘R=A [%35615]
_)
%x356'17. F:Hp»356'16.0. X, =ltp! X[ OL [%356'16]

*356'18. F:xeFMceonnex.d. X, el - Cls
[#206161 . %336°62 . (%35301)]

#35619. FixeFMse.P=U,D:1ZeCH.D.ZL 5P CP
Den.
F.%336'511.0F:. Hp. K, Sex.p,veNCind—10. Z=pfv.D:

RPS.=.RePS+.
[(%35043] D: RPS. M =(p/v)[ xR . N = (u/v)} «S.D.M*"PN*.
[%336:511) D.MPN:. D} . Prop

%356'191. F: Hp%356'19. X e $“C'®.D. X[ x| PCP|X [«
Den.
F.%356'19.2
FeHp.D:NeCO. X =5N.ZeN.D.Z k| PCP|Z[k:.DF.Prop

—
%3562 F:Hp*356:16.ueC@. Ler—pu.D. x| A Lep‘P“A“u
Dem.
—
F.%31011.DF: Hp.D. Lep‘H .
e
[%206-6.%352:12] Dk 1ApLep'eApH AR u .
—
[%356:141 D.46 14 LepPCAg“u:dF. Prop
%35621. F:. ke FMsesubm . Cnvée; esemi Ded. X, Ves“C®.D:
X =AY, =x;: X, =Y,.=.X =Y
Dem.

F.%356°16. %2147 .
FiHp A pe(*®.X =¢n. V=6u.Reny. D.E1 X R.EVYV R (1)

F.o(1).#3562. DF:Hp(1). P=Ucogin—p.d. (YR PXSR) (2)

Similarly F:Hp(1).P=Uc.qlu—r.D. (XSRYP(YER)  (3)
Fo(1).(2).(3).2F: Hp(1). X R=Y.R.D . A= pu.
[Hp] >D.X=7 ©

F.(1).(4).DF. Prop

*356'211. F:0,7e NCind —t0.»¢ NCind — t0—¢“1.D.
(0' +c T)v > 0¥ 4, (V Xe are! X T)
Dem.
F.ox113'4366 . %11634.DF . (0 X, TR=02+(2 X, 0 X T) + T (1)
F.%1265.OF:.Hp.d:(o 4+, 7)" > 0"+, (¥ X 07 X 7). D,
(0' +. 'T')"+°] > ot o (¥ X 0¥ X, T) +e ("'v Xo T) (2)
F.(1).(2).Induct.dF. Prop
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#356212. F:p>0.p0,leNCind.D. (). »eNCind.p* > " x_ ¢
Dem.

FLox356211.D

FeHp.reNCindip=04,7.2.p" > 0" X [0 4o (v X T)] (1)

Fo(1).%12651.0F: Hp (Dao 4, (¢ X, T) > 0 X, . D . p" > 0¥ %, ¢ (2)

Fo(2).%11343 . %120416. %126'5.D

FeHp (D) o x7> 0 %, (§—41).D.p* > 0% %, £: D F. Prop

%*356°213. |':p>o’.p,o’,f,neNCind.n+0.3.

(gr) . veNCind.p* Xo > 0¥ x &
Dem.

F.%356:212.3F:Hp. D (gr).» e NCind. p* > 0" x. E: Db Prop

*356214. F:p,0 e NCind—1t0.p>0.XeCH.D.
(qv) . ve NCind.(p/o)yHX [%356:213)

%356'215. F:Ae(“®.p,0e NCind-1t0.p>0.D.

HX) . X er. X x;pfa~er
Dem.

F.x305142 . Induct . D F:. ACCH.g!A.ve NCind - ¢0:

Xer.D,. X xsp/an:D:Xel.Dx.X Xy p'loven:
[%356:214] d:H“N=CH 1)
F.(1).Transp.JF. Prop

%356:22. F: Hp*356'13 . Q esemi Ded . D,
oS (Sew:(qr). R=5" =11 0Q
Dem.
F.%336511.DF . Hp. L=tlS {(sv) . R= 8"} . p,ve NC ind — ¢°0 . D;
Sex.S**=R.D.LPS:

[*301-5] D:Tex.T»=R.D.L*PT:
[Hp] D:LPyL 4]
F.%33721.DOF:Hp.veNCind—t0—t1.Lex;.d. LPL" (2)

F.(1).(2).2+F:Hp.D.L~exy: DF.Prop

356221 F: Hp %356'19 . Q=s'%; . ACx . L=tlpA. Rexz. D
RiL=t R\

Dem.
F.%334:15.%336411 .2 F:. Hp.D:LPM.D.(RIL)YP(R|M):
(Hp] D:Men.dD.(RIL)P(R M):

[¥37-61] 3:R|“ACPYRIL) (1)
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F.%336'41.DF:Hp.(R|L)PM.D>.(gN). Nexs. M=R|L|N.

[¥330°31] >.(gN).Newg.R|\M=L|N.
[%336°41.%334'13] >.LP(R|M).R|Mery.  (2)
[Hp] S.(gN). Nen. NP(R|M).
[%336411.(2)] >.@N). Nex.(RIN)PM.
[%371] 5. Me PR | 3)

F.(1).(3).%20721.DF. Prop

%356:23. F: Hpx356:22. RPS.D.(qv).ve NCind - ¢0.| {(v+,1)/v} [ x‘R]PS
Dem.

F.%35622:221.DF:Hp. A=T{Tex:(gp). R=T"] . D.t’R|“A=R.

[Hp] D.(qT).Tex.(R|T)PS.

[Hp] J.(gv).v<NCind - 0. {R|(1/v)[ x‘R} PS.

[%350'62.%334:32] D . (gv) . » e NCind — 1°0. [{(v +, 1)/v}[ xR} PS: D F.Prop

%356231. F: Hp%35623.2.(qv).veNCind — 0. SP{{(v - 1)/v} [ «‘R]
[Proof as in %356:23]

%35624 F: Hp#%335623.X ¢$“C©.D. X,‘R¥ X.‘S
Dem.
F.%35623.0F:Hp. AeCO. X =4§N.D.
(qp, o) p,c e NCind —t0.p > . {(p/a) [ xR} PS.
[%356215] D.(gp,0,Y).p,ce NCinduct —t0.p>0c.Y el Vx,plo~er.
{(pfo)} x°R] PS. _
[%336°511] D.(Hp,0,Y).p,0e NCind—t0.p>c. YV er. Vx,p/c e p*HN.
(VD e4(pfo) L kB) PV x5S}
(%35131.4356-13] D.(@p o )« VL p/o)} xR e pPUXR n PEXCS.
[%356°1] D. X R+Y R:DF. Prop

35625 F:Hp35622. X ¢5C0®.D. X,'RC {

Dein.
F.#%356:'1'21 . DF:Hp.D. X ‘Rex; 0y

F.o(1).%41'13.DF . Prop

%356'26. F:Hp#35625.0. X, xel—1
Dem.
F.%35624 . Transp. D F: Hp. R, Sex;. X'B=X, S.D.R=8 (1)
F.(1).%356:1821.2 F. Prop
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%356-3. F:.xeFMapconx subm.sPot“.e Cx o pt, v e CO. K, Sex.D:
R($'u %, §%) 8= . R{($w) [« (5%)} 8
Den.
FLoa3l4 14, %313:21. Dkt Hp . D . x, 60 = 8% %, ““v (1)
3
F.).OF:Hp . D: R x, §Y)S.=.(AM,N). Mepu.Nev. R(Mx,N)S.
(%3513122] =. (M, N) . Mepn. Nev . R(MT x| N)S:.DF.Prop
%366'31. F.xeFMapconx subm . sPot“x Cr. X, Ves“C®. D,
(Xx, ML= (Y] x) [%5563)]
%35632 F:xeFMsrsubm.X,Ves“C@.Rex;.d. X, Y R=(X1Y)*R
Dem.
) — — -
F.ox356'191.DF:.Hp.D:Sexa Y'R.D.kna X'SCPXY.“R:
- -
[%37-63] D: XU n Y RYCP“XVSR (H
F.x3056. DF:Hp.Ae(CO.X=$N.Z,Zex.ZHZ' .D.
ZL 'Y R=Z'[«(Z|Z)V] ‘'Y R.

(¥35612] 3. 2L Y ReZ [ kP R.

[%35617] .20 YR Z [ x“P“V*R.

[%35610] 3.2} VR e PYZ'[ k“V'R.

[Hp] 3. Z[ Y Re PYX<V'R (2)
Fo(1).(2). DF:Hp.d.P<X<VR=PeXV R.

[%3561] S.(X|Y)R=XYSR:DF. Prop

¥366:33. F:Hpx35632.0.X, |V, =(X x, V), [#35631'32]

%3564 FixeFMconx.Q=Cnv’s%;. Sex.aCCQ.qla. Elseqea.D.
Sfseqofa = seqe S ‘a
Dem.

‘_ .\

t.%330563.DF: Hp.D. 8eqe‘aep‘Q““Sa (1)
v e
F.%371. DF::Hp.D: SceQ“pQS“a. =
(My)twea.dy. Soly s yYSz:

[%330°542] =:(gu)izea.d, . Sc Q@ Sw: Swq S :
[*208-2] =:(qw): w;e_a D oQwz wQz:
[%37-1] =126 Q“PQa (2)

~ L ~ L
F.(2).Transp. Dbk Hp. D1z~ e Qp Qe = . 82 ~ e Q“pRQ“S e (3)
F.(1).(3).%330:542. D k. Prop

R. & W, IIL
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¥35641. FrxcFMconxtrs. P=U,.Q=¢%;.aeCQ.ACr.q!r.Ds
N=seqprh.=.Nex.seqedsA=N‘a

Dem.
F.%*336:43-2. %20661 .2
F:oHp.D:N=seqrA.=.Nex. 4, N=seq (@[ 4o x) ‘AN (1)
F.%206211.DF:Hp.b=seq¢ds“A . D. (§R). ReX . RaQb.
[Hp] J.(q8).Sex.bSe.
[%336°11] D.bed, (2)

F.().(2)y.dF:Hp.D: N=seqpr.= . Nex.4,N=seqed,r (3)
F.(3).%336'11.DF. Prop
%356'42. F:Hp*35641.E!seqpN.D.(seqpA)a=seqe‘d, N [%35641]
%356'43. F:Hpx35622.£e0O. X =5¢.0c(Q.D.
e 4
(X RB)a=seqgd, “Ap“f =seqy‘d,“X‘R
[%356:42:11-21 . %336°12]
#3565. F:Hpx35622.
- -
X, YesC®.aeC'Q.Rex A=xa X‘R.u=xnY'R.D.
- —
(X RY(Y.“R)‘a =seqqy‘§Afseqe‘s‘u‘a

Dem.
-
F.*35643 .%336'12. D F: Hp. D . (X R) (V. R)‘a =seqy'sAN (Y ‘R)‘a
— —
[%356-43.%336°12] = 8eq¢‘§A‘seqeéu‘a t D k. Prop

#3561 F: Hp#356'5. 3. (X +, V)R =seqpsh | “u

Dem.
F.%35611.%31413. 0 F: Hp. £7eCO. X = 5. ¥ =i9.D.
(X +» Y),“R = SeqP‘AR“(f +a 77)
[#%31 2:32.%311-11.%30832] = Seqp‘AR“s‘E ;}’-8“77

[#33611] =seqp N (gL, M) . Lek.Men.N=(L +, M) xR}
[%351°43] =seqp' N (gL, M). Le& . Men. N=(LL «*R)[(M]} «*R)]
[Hp]  =seqpN{(gU, W).Uer. Weu.N=U|W}:D+.Prop
35652, F: Hp*3565. 2. (X 4, V). R)‘a =seqoi(¥N)“é*p‘a

Dem.
F.x356:51.0F: Hp. . {(X +, YV)“Ri‘a = (seqp‘s\ | “u)a
b2

[#356:42] = seqg‘ A “sA | ““u
3
[#83611) =seq¢@ {(@X, ). X ex. Vep 2= (X | V)q)
[%41:11] =seqe® {(X). X er.xe X“$ufal
—
[K4111] = seqq(8A)“s‘ufa s D F . Prop
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- - —
*356:53. F: Hp#356'5.D . seqo$A‘seqy‘s‘ue = seqy (V)5 u'a
Dem.

N — = — =
F.%356:16. O F: Hp. D . seqpféAfseqq's‘u‘a = ltg'sAfseqq‘s‘u‘a
-
[%41-11] = 14,2 {(g{L).LeX.w:L‘squ‘é‘;L__:u}
[%356°4] =lto2 {(FL)- L e\ .z =seqe L u‘a)l
e 4

[#356:16. Hpl=1to 2 {(yL) . Lex .z = th‘L::"‘p,‘a}
[¥207-55]  =1lte“s‘a {(32 Len.a= L% ua}
[¥41'11] = ltg(GN) %

-
[#356°16]  =seqo“(sN)“s‘u‘a: D k. Prop

%356'564. F:xe FMsrsubm.Cnvés‘c;esemiDed. X, Yes“C*®. Re KD
(XRY(YRy=(X +, V)R [%356°553'52]

x3566. FiceFMsr.Reny.P=U,.Q=s%;. X cCH.D.

- -
kn ApH X CPX[ xR
Dem.
——’
F.x376.OF:.Hp.D: Me AHX .=.(qY). YHX . MYR.
[*3527] D.MP(X[ «‘R):.DF.Prop

%356'61. F:Hp#*3566.xeFMsubm.QesemiDed.SP(X[«x‘R).D.
(gY). YHX .SP(Y [ «‘R)

Dem.
F.%356231.DF:Hp.D.(gr).»e NCind — ¢0. SP[{(v — 1)/v}| «*X | «*R]
[*351'31] D.(gr).veNCind —10. SP[{(» — 1)/v x, X} [ «R]
[*305-7151] D.(wY). YHX .SP(Y} «*R): D F.Prop

¥356:62. F: Hp #3566 . x ¢ FM subm . Qesemi Ded. .
— —
PIXLRCPUA“HX [%35661]
-
¥356:63. F:Hp#35662..(¢HX ) =X«
Dem.
-
bo356:6:62. 3 F: Hp. D X [ wtR = ltp<d < HX .
' —
[¥356'11] 3. X[ R = HX )R (1)
F.(1).%35621.DF. Prop



*3569. EXISTENCE-THEOREMS FOR VECTOR-FAMILIES.

Summary of *359.

In this number we prove that, assuming the axicm of infinity, there are
vector-families of the various kinds considered in previous numbers.

If P is any well-ordered series having no last term, the converses of the

interval-relations, i.e. the class ﬁnid‘I\’l, form an open family of C*P (%359°11).
If P is a progression, this family is serial and initial (%¥359'12).

The family consisting of additions of positive ratios to positive ratios
(including 0,), i.e. consisting of all terms of the form (+,X)[ C*H’, where
X ¢ C“H’, is initial, serial, open, and submultipliable (¥359-21), assuming the
axiom of infinity. The family consisting of generalized additions of positive
ratios to generalized ratios is serial, open, and submultipliable, but not initial
(%359-25).

The family consisting of multiplications of positive ratios not 0, by positive
ratios not 0, is open and connected, but not serial or submultipliable (¥359:22);
if we confine the multipliers to ratios not less than 1/1, the family becomes
serial (%359-25).

The family consisting of additions of positive real numbers to positive
real numbers (including t%0,) is serial, initial, and submultipliable (¥359-31);
the family consisting of generalized additions of positive real numbers (including
t°0,) to generalized real numbers is serial and submultipliable, but not initial
(%359'32). Similar propositions hold for multiplication, provided 0, is
omitted; but the resulting families will not be serial. In the case where
the field is confined to positive real numbers, however, the family becomes

e 4
serial if the multipliers are confined to such as are not less than H‘(1/1),
which is the real number 1.

The last set of propositions in this number (%359-4—44) are concerned
in proving that, given a family x whose field is B, it S is a correlator of
a and B, Stk is a family whose field is &, and which has the same properties
of being connected, open, etc. as the original family . Hence if « is a family
whose field is the real numbers, and we are given any class a similar to the real
numbers (in other words the field of any continuous series), if § is the correlator
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of this class with the real numbers, S+¢« gives a family whose field isa. Hence
from our previous existence-theoremns we derive the existence, for a, of an
initial serial family, giving us a system of measurement for a. Similarly
if & 1s similar to the rationals.

%3591, F:iPeQ.~E!BP.D.finid P eClex‘or‘CP

Dem.
F.%260-2328. 3 F: Hp. . finid P C1—>1 (1)
F.%121:302. DF:Hp.D.DP,=CP (2)
F.(2).%121°302'35 . 26028 . D
F:Hp.»eNCind.DP,=(“P.>.DP, = CP 3)
F.(2).(3). Induct. D F: Hp. RefinidP.D.D'R=CP  (4)
k. %121-322, St:RefinidP.d.ARCCP (3)
Fo(1).(4).(5). %3301 . D+ Prop

35911, F:PeQ.~BE!BP.D. finid PefmapC-P
Dem
F.%26028 . %121352. D F: Hp. D, finid*P ¢ Abel (1)

F.¥7119.  DF:Hp.ureNCind.q!PulP,AJ . Duu®s  (2)
Fox12185. DF:Hp@2).u>».D.P,|P,CP,_.,.

[%916.%121°36] 3. (Pu| Py CJ 3)
Similarly FeHp(2)ev>pd (Pl Py CJ 4)
Fo(2).(8).(4).DF:Hp. Le(fnid“P) ;.. Ly €J (5)

Fo(1).(8).%3591.DF. Prop
%3592, F:Pecw.c=finidP.D. ke fm srinitCP . %, =P
Dem

—
F.%26314:141 . %1221 .DF: Hp D E(BP=CP )
F.%26314:141. Dt:Hp.D.sk;=P. (2
[%334-31.%359°11] D.xeFMsr (3)

F.o(1).(2).(3).%33514. D F. Prop

%3592 t:Infnax.k=R|(gX).XeCH .R=(+ X)L CH'}.D.
ke FM . éxy=H'

Dem.
F.*306:54'25 . %30449 . DF: Hp.D.kCl1 1 1)
F.%30625.%30449. DF:Hp.Rex.D.A‘R=CH' .D'RCCH (2)
F.%3061131. Dh:Hp.R,Sex.D.R|S=8|R (3)
F.%306'52 . DF:Hp.D.é%,=H' (4)
Fo(1).(2)(3).(4).DF . Prop
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#3592, F: Hp#3592. . ¢ FM initsrsubm . iy = H'
Dem.
) —
F.%30624.DF:Hp.D.5%0,=CH’ (1)
F.%30641.D
FeeHp. X eCH' . pp,ve NCind — 0. S= [+, (X x, 1/)} L C°H' . D
88 = {45 (X X ufv)} L OH D80+ = {4, (X X pu+,1 /)| [ CH':
[Induet] D28k ={+,(X x,pu/v)}[ C°H':
[*80551]2: 8" =(+,X )| C‘H’ (2)
Fo(2).%35111.%3592. D F: Hp. D .k e FM subm (3)
F.(1).(3).%359'2.%334:31.D F. Prop

¥35922. F:Infinax.x=R (gX). XeCH .R=(+,X)[ CH,}.D.
ke FM srsubm . §x;= H,
The proof proceeds as in #*359-21, but in this case there is no origin.
Every member of « is a connected point, v.e. a member of conx‘x. This
results from %308:54. 1If, in ¥359-21, we substitute H for H’, the proposition
holds except that x has no origin.

%359-23. F:Infinax.x=R{(gX).XeCH.R=(x,X)} C‘H}.D.
x ¢ FM ap conx

The proof proceeds as in %35921. We have to take H instead of H’,
because (x,0,)[ C°H' is not 1—>1. We do not get x e FMsubm, because
not, every rational has a rational »th root.

#35924. F:Infin ax.
k=R{GX). X eCH,—10,. R=(x, X)[ (CH,—10,)} . D.
xe FM ap conx
The proof proceeds as in *359-23.
%35925. F:Infinax.x=R{(gX).(1/1) HyX .R=(x,X)} CH}.D.
ke FMsr.sey=H
The proof proceeds as in %359-21.
¥359:31. F:lnfinax.x=R{(gu). peC® .R=(+pu)[ C®}.2.

x € FM srinit subm . §x;= @&

Dem.
F.%31174. DF:Hp.D.xCl—1 (1)
F.%31127. DF:Hp.Rex.D.A‘R=C9.DRCC® (2
F.%31143.  DF:Hp.D.:10, (‘@ = init' (3)
F.%311'12121 .3 F: Hp.D.xe Abel (4)
F.*31165.  DF:Hp.D.iw;= (5)
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Fo(1)(2)+(3).(4).(3). DF:Hp.D.xe FMsrinit. =@  (6)
F.(6).%310:151.%351'11 . D F: Hp.D.x e FM subm (M
Fo(®).(7).DF.Prop

¥359:32. F:lInfinax.x=R{(gu). pe CO . R=(+,p)} CD,}.D.
k€ FM srsubm . §%; = ég

The proof proceeds as in ¥359:22. Similarly the analogues of ¥359'23:24-25
can be proved for real numbers; the resulting families, in these cases, will be
submultipliable, but it will be necessary to omit t‘0, from their fields,

%3594,  F:xeClex‘or'B.SeafmB.D.8+“keClex‘era
Dem.

F.%330'1.%71252.  DF:Hp.D.S8+“x«Cl—1 (1)
F.%15021-211 . %330-1. O F : Hp. Re 8+ . D . A‘R=8“8. DR CUA‘R.
[%73:03] 3.0‘R=a.D'RCa  (2)

F.(1).(2).%330:1.DF. Prop

%359401. F:xeAbel.SeCls—1.50A%c CAS.D. Stk e Abel
Dem.

F.%72601.0F:. Hp.D:P,Qex.D.P|S|S=P.Q|§|S=Q. (1)
[%1501] >.(8+P)[(St@)=S8|P|Q|8
[%3305] A
[(1)-#1501] =St QST P) (2)

F.(2).%3305. D F. Prop
%35941. F:xefm‘B.SeadmB.D.Stkefma [%3594401. %*330°51 ]

%359411. F:xe FM.aeconx‘n . Sel —1 .5 =TS.D.8econxSt
Dem.
F.%151111.DF:Hp. P=S3k.D.8e Psmor (§) .

[*151-33] J. _P-)‘S‘a v ‘F‘S‘u = S“s'—‘—;)c‘a v S";;Tc‘a,
[%3311] = 8445 (144
[%330-13.%150°211] =S5

[Hp] =der (1)
F.%15016.DF: Hp(1). 2. P =58+ (2)

F.(1).(2).%331'1. D+ . Prop
%359-412. F:xefmconx‘B.SeasmB.D .S+ ke fmconx‘a [#359°41411]
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%369413. tixe FMap.Sel 5 1.5T%% =T‘S.D.51+“ke FMap
Dene.

HoxT2601. DFiHp.P,Qex.D. (S5 P)|(8} Q) =8 (P\Q) 1)
Fo(1).%1504. Dk Hp(1). 5 1 (S5 P) (S5Q) A J.D. g{'P\QnJ
[¥333101] 3.(P1Q),.CJ.
[%200:21] >. S;(f'LQ),,OCJ
[%150'83] {S:(P\Q) WCJ (2
Fo1).(2). Db Hp.D: X, VeSHu.qtX YaJ.D. (X ¥)CJ (3)
Fox3394.  DF:Hp.D.Stewe FM (4)

F.(3).(4).%333101.DF. Prop

#369414. F:keFM.Sel —1.5U“c=TS.a=1nit'x.D .S =init‘S+«
[Proof as in %359-411]

%369415. F:xe FMsubm.Sel—o1.US=sUk.D .8+ e FM subm
Dem.

F.%301-21. Dt:Hp.VYex.veNCind.D.Yr+l=Y" Y (¢))
Fo(1).%72601.0F: Hp. S ¥ =(S5 Y. D. 85 Pret= (S5 Vy+l (2)
F.(2).Induct. DF:Hp(1).d. 8P =($ Ty (3)
F.%3511. ODF:Hp.veNCind—-t0. Xex.D. (V). X=V".Yex.
(3] D.(Y). Yex . SiX=(S 7y (4)
Fo(4) %3511 .%35941.DF. Prop

*35942. F:q!fmconxapsubm‘B.asmB.D.q ! finconxapsubméx
(%359-41-412:413415]

¥36943. F:Peidn.D.q! FMinitsrsubm n % (5%, = P)
[#359-4221414 . %2744 . %123'18 . %304-47 . #2734]

¥35944. F:Nr‘P41=0.D.51 FMinitsrsubm n 2 (§; = P)
[¥359-42:31414 . %2753 . x310°15 . %204-47]



SECTION D.

CYCLIC FAMILIES.

Summary of Section D.

The theory of measurement hitherto developed has been only applicable
to open families. But in order to be able to deal with such cases as the angles
at a point, or the elliptic straight line, we require a theory of measurement
applicable to families which are not open. This theory is given briefly in the
present Section.

When a family is not open, two vectors which have one ratio will usually
also have many others, 7.e. we shall not have ! X[xAY[k.D.X=7,
where X, ¥ are ratios. Also a ratio confined to the family will not usually
be one-one. Under these circumstances, it is necessary, if measurement is to
be possible, that there should be some way of distinguishing one among the
ratios of two vectors as their “principal ” ratio, and of then showing that, by
confining ourselves to principul ratios, the requisite properties of ratios re-
appear.

The case of angles will serve to illustrate our procedure. Considered
geometrically, not kinematically, a vector which is a multiple of 27 is identical
with the null-vector, and if @ is any angle, 8 = 2y + 6, where v is any integer
positive or negative. We are here considering an angle as a vector whose field
is all the rays in a given plane through a given point. Thus there will be two
angles which are half of the null-vector, namely = and 27, and four angles
which are a quarter of the uull-vector, namely /2, m, 3w/2 and 27 ; and
so on. The ratio of /2 to 7 is any number of the form (2u + 1)/(4v +2);
thus two terms may have many different ratios.

In order to evade this difficulty, we first arrange angles in a series ending
with 27, and having no first term, but proceeding from smaller to greater
angles. Then the angles which have a given ratio u/v to a given angle will
be finite in number, and therefore one of them will be the smallest. We take
this as the “principal” angle having the ratio u/v to the given angle, and
define “(u/v).” to mean the relation between two angles consisting in the
fact that the first is the “ principal ”.angle having the ratio /v to the second.
Then of all the ratios between the two angles, the ratio /v may be regarded

30
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as the “principal” ratio. It will be found that, with suitable hypotheses,
(u/v). has the properties required in order to make measurement possible.

In order to make the above method feasible, certain properties must be
assumed to hold concerning the family «. (These properties are all verified
in the cases that arise in practice.) We shall therefore only speak of a family
as cyclic when it fulfils the following conditions :

(1) It must be connected.

(2) It must contain a non-zero member which is identical with its
converse. This is the property which makes the family cyclic. In the
case of angles, the member in question is =

(8) It must be such that «;]U, is transitive. This is the property
which enables us to arrange the field in a series. It will be observed that
U, cannot be transitive, since, if K, is the member which is its own converse,
we have

I TsA“k) UK. K U] sA),
but we do not have (I ['s*U*x)U,(I [ s‘U*x), because U, is contained in
diversity (by %336°G). It is, however, possiblé that U, should be transitive
so long as we do not start from I ['s‘U*, and this we assume as part of the
definition of cyclic families.

(4) In order to avoid trivial exceptions, we assume that x does not have
only two members, since otherwise it might consist only of I ['s*d ¢k and X,.
We are thus led to the following definition :

FM cyel = (FM conx —2) n 2 {x;1 Uretrans : (gK). Kexy. K= K] DE.
We prove that there is only one such relation as X, and therefore put
K.=(0K)(Kerny. K=EK) Df.

Also for the sake of brevity we put
I.=1lsd% Dt
We then prove that « is a family having connexity, and satisfying the
condition
Dég =T,
ve. having the domain of = member always identical with the common
converse domain. Thus by %384:21, «, =« v Cnv e,

In a cyclic family, x v Cnv¢“k consists of two mutually exclusive parts,
namely «; and K, “«;. (In the case of angles, K,|R would be =+ R.
Thus «; would be the angles from 0 (exclusive) to o (inclusive), and K, | “k5
vould be the angles from m (exclusive) to 27 (inclusive).) Also K.|“x;
consists of the converses of x — ‘K.

We tak> np next (%371) the question of arranging « v Cnvx in a series.
For this purpose, in order to avoid circularity, we have to erect a barrier at
some point; we choose I, as this point. By the definition of cyclic families,
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k31 U, is transitive; bence, since the family has connexity, U,[ «; is serial.
This relation therefore arranges all the members of «; in a series, beginning
with K, and proceeding towards I,. In order to extend our series to
K, !“ky, we only have to make K,.|R precede K|S if R precedes S, where
R and § are members of x;. That is, we arrange K, ‘‘«; in the order
K, Ul «gz. This gives a series which begins
with I, and proceeds towards K, without
reaching it. Thus taking the sum of the
above two series (in the sense of %160), we
get a series whose fleld 18 x v Cnv¢, which W,

begins with ., uravels through K, |“«; to K., X / I,

LS

and on through «; towards I, without quite
reaching [, again. This relation we call W,;
the definition 1s

Wx=K,‘ ;U‘t/\’:a-@lf,txa Df K“\“K&

Taking an arbitrary origin, a vector may be indicated by the point to which
it carries the origin. Thus in the figure, I, is at the origin, K, is opposite
the origin; the upper semi-circle, including both ends, is «; not including
the right-hand end, it is «;; the lower semi-circle, including both ends, is
Cnvé«; including K, but not I, it is Cnv*‘ky; including I, but not K,
it is K.|“ky. Then W, starts from I,, and proceeds through the lower
semi-circle first, and afterwards through the upper semi-circle, stopping just
short of I,.

If & is cyclic, W, is a series. Under most circumstances, if Rex, we
shall have

PWQ.2.(PIR)W.(Q|R)
The investigation of the various cases in which this holds occupies a large
part of %371.

In the remainder of this Section, our work becomes more full of ordinary
arithmetic than it has been hitherto. We shall therefore, where cardinals
are concerned, abandon the explicit notation we have hitherto employed, and
substitute the ordinary notation. Thus we shall write u + v in place of u +,,
and wpv in place of ux,». We shall, however, retain u—,» for subtraction,
in order to avoid confusion with the sign of negation of a class.

We proceed next (#372) to consider what 1s in effect the class of vectors
not greater than the wth part of a complete revolution (eg. in the case of
angles, not greater than 2/v). We define this by means of the relation W,.
It will be seen from the figure that if R is a non-zero vector, we shall have
Re+ W, Re, unless B? belongs to the lower semi-circle and R7+! to the upper,
in which case R* W, R°+. The first time this happens is the first time that
R+t becomes greater than one complete revolution. Hence if, for every
namber o less than v and not zero, R+ W, R°, it follows that R* is not greater
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than one complete revolntion, and therefore R is not greater than the vth
part of a complete revolution. The class of such relations we call »,; thus
we put

ve= (kv Cnv¥e) n IAB(O' <v.c%0.D,. R°"W,R°) Df.
The main propositions to be proved in this subject are
Pev, .PWQ.D.PPW.Q"
and (what is an immediate consequence)
PQeu.D:P=@Q.=.P=¢Q.
This latter proposition is the foundation of the theory of principal ratios.

Another important property of v, is

v

W v Co,
so that v, is an upper section of W,.

We proceed next (%373) to consider submultiples of identity, z.e. vectors
R such that B*=1I,, where v i3 a cardinal. We assume here, and almost
always henceforth, that « is a submultipliable family. We first consider
vectors which can be reached from I, by successive bisections. We know
that K2=1I.; if R*=K,, then R4 K,, because K24 K,. Hence by con-
tinuing the same process we arrive at the existence of a vector ¢ such that

QF=I.:p<2".p%0.3,.Q°F1I,.

Hence we easily arrive at the result that, if v is any inductive cardinal,
there is a non-zero vector whose vth power is I,. (This does not follow
from «e FMsubm alone, because I,* =1,, so that from the definition of
FM subm we cannot know that there is any vector except I, whose vth power
is I,.) Thence we prove that there are non-zero vectors whose vth power is
I,, and which are such that no earlier power is I,, 1.e. we prove

(R): Rexy.R*=I,:0<v.0c#0.3,.R°%1,.

The class of such vectors we call (/., »). If R issucha vector, the number
of ditferent vectors which are powers of Ris ». Hence the powers of B have
a maximum in the order W,; since W, proceeds from greater to smaller
vectors, this will be the smallest vector, other than I, which is a power of R.
Concerning this vector, we show that it is a member of v, z.e. it is such that,
if o <v.040, R°**"W,R" Finally we prove that there is only one member
of v, whose pth power is I,. This will be what we may call the “ principal”
vth submultiple of I, ; in the case of angles, it will be the angle 2m/v. It
will be observed that 2aru/v always has identity for its »th power, and has no
lower power equal to identity if u is prime to ». Thus the uniqueness of the
“ principal ” yth submultiple depends upon the fact that it is a member of v,
so that, by what has been proved in the previous number, no other member
of v, has the same »th power.
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We next, in a short number (%¥374), extend the last of the above results
to any vector, proving that, if B 1s any member of x v Cnvfk, there is a
unique member of v, whose vth poweris R. We may call this the “principal ”
vth submultiple of B. We prove also in this number that, if Sis the principal
vth submultiple of I, v, consists of all vectors not earlier than S in the order
W,, i.e. of all vectors not greater than S.

Finally (#375) we define “principal ratios” and show that they are one-
one and mutually exclusive. We denote the “ principal rat"»” corresponding
to u/v by “(u/v)..” This is defined as the relation holding netween R and S
when the principal uth submultiple of R is identical with the principal vth
submultiple of §; that is, we put

(u/v)e=R8(@AT). Tepnve. R=Tr.8=T" Df

It is obvious that (u/v). C(u/v)[ «.; and there is no difficulty in showing
that principal ratios are one-one and mutually exclusive.

We have not thought it necessary to carry the development of this subject
any farther, since, from this point onwards, everything proceeds as in the case
of open families. We have given proofs rather shortly in this Section,
particnlarly in the case of purely arithmetical lemmas, of which the proofs
are perfectly straightforward, but tedious if written out at length.



%370. ELEMENTARY PROPERTIES OF CYCLIC FAMILIES.

Summary of %370.

In this number, after the definition of cyclic families already cited, we
proceed first to prove that only one non-zero vector is equal to its converse
(*370'23). This one we define as K,.. Next we prove that, if B i8 a non-
zero vector other than K,, R| K, is the converse of a non-zero vector, and

IE}K,‘ is a non-zero vector (%370:31'8311), whence it follows that
D‘R=T‘R=sU“ (%370-32),
whence further we obtain
Dfx = Uk . k e FM connex  (%370°33).

Hence further, since by definition «;1 U, is transitive, it follows that «;1 U,
is a series (#370-37). The remaining propositions (%370'4-—'44) are concerned
with the relations of the two semi-circles k3 and K, | ‘s, (cf. figure, p. 459).

We have
Conv¥e=K,|“k (*370°4),

ko Cov¥e =11, vi‘K, (%370°42),
K| “ky=Cnv¥c— 1K, (%37043),
and kgn Ko “kg=A (%370°44).

*37001. FM cycl =
(FMconx —2)n & (k3 Ucetrans : (K ). K e« K=I}} Df
*37002. K.=(K)(Kexy. K=K) Df
*37003. I =1lsU% Df
#3701, F:ixeFMcycl.=:
ke FMconx —2. k51U, etrans:(gK). Kexy. K= K [(*37001)]
#37011. F:xeFMconx.D.xz1UCJ [%336'6 . (%336°011)]

#37012. F:iweFMconx.xz1U, ~trans. R, Sexy. RUS.8SUT.D.RFT
[#370°11]

¥37013. FixeFM.Kex . K=K.D. K:=1, [%33031]
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8702, Fixe FMconx.xy] U, ctrans. K exy. K=K.D:
Rex;. R Kex.D.RU.(R|K).(R K)U.R
Dem.
F.%37013.  DF:Hp.D.R K*=R 1)
F.%336'41.(1).OF: Hp.D. RU,(R| K).(R|K)UR: D+ . Prop

%37021. +:Hp*3702.Rex;. R|Kex.D. R K=1,
Dem.

F.%370-12 . Transp. D +F: Hp. RU(R|K).(R|K)UR~D.R K ~ex; (1)

F.(1).%3702.DF. Prop

¥37022. F:Hp#3702. Rexy—1K.D. R|K~er

Dem.
F.%370'21.%330:325.DF: Hp%37021.>. E=K (1)
F.(1).Transp.2F. Prop
#37023. F:Hp#3702.Rex,. R=R.D.R=K
Dem.
F.%331'33. DF:Hp.D.R|KexvuCnvig 8]
F.%330'552. %342. D F: Hp.D. R| K = Cov¥(R | K) @)
F.(1).(2). DF:Hp.D.R|Kex.
[%370-22.Transp] D.R=K:2F, Prop
#%37024. F:xeFMcycl.D.E! K, [%370:1-23.(%37002)]

¥37026. F:.xeFMoyel.D: Rexy. R=R.=.R=K, [%370:24.(%37002)]
¥37026. F:reFMcycl.D. Koens. Ko= K. Kz2=1, [#37024:2513]

%3708, ‘tixeFMcyel . RUK..D.R=1,

Dem.
.%33641 Db Hp.D:Rew:(gS).Sex;. R=K. |8 (1)

.(1).%370-21:24. D F . Prop

T T

%37081. F:xeFMcycl.Rery;—t'K,.D.R K,eCunviix,
[%331'33 . 370:22]
#370811. F: Hp*370'81.0. R K.ex;
Dem.
F.%37081.0F: Hp.D. K. | Rex,.
[%330'5.%37026]  D.R|Keex, : DF. Prop
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#37032. F:weFMcycl.Rex.d . DR=U‘R=sU

Dem.

F.%50552. DF. DU =, =5« (1)
F.#%37026.%33052.0F:Hp.D. DK, =U‘K, =s*q*x (2)
F.#%37031.%33052.0F:Hp. Rewy— K. D . DY(R|K,)=sTAk.
[%330°52.%34:36] D.D‘R =sT% 3)

Fo(1)o(2).(3). D+ . Prop
#¥37033. F:weFMcyel.D.D =Tk, x e F'M connex
[#370-32 . %334-42]
#37034. F:xeFMecyci.D. Uceconnex [#370'33.%33662.(%336'011)]
#37036. +:Hp#37031.0.K.UR.~(RU.K,)
[%370-8 . Transp . %370°34]
%37036. F:xweFMcycl.D. k3] Uceconnex.C%3{ U=«
Dem.
F.%33641. DF:Hp.D.C%,1U.Cx 1)
F.%37034. DFuHp.R Sexz . R$+S.D:
R(xz1UNS.v.8(xz1UDR (2)
F.%33641. ODk:Hp.Rexy.8=I..D.R(x;1U)8 (3)
F.%33641. DF:Hp.Sexz-R=I..2.8(x31U)R 4)
F.(2).(3).(4).OF:. Hp. B Sex. R+8.D:
R(kzg1U)S.v.8(k31U)R (5)
F.(1).(8).DF.Prop
*37037. F:weFMcyel.D.kzq UseSer [%370'11'1°36]
¥37038. F:xeFMeyol . R Sex.D.R|S=S|R [#330:561 .%37032]

#3704  F:xeFMcyel . D.Cnvs =K, |“«

Dem.
b %37081 . %3305, D F: Hp. D K, | “(x— 1°K,) C Cnvéx (1)
F.(1).%37026. Dr:Hp.D. K. “xCCnvi (2)
F.x37081126. DF:Hp.Rex.D.RB|Kiex.
[%370-26] 3.(g8).Sex.R=8 K,.
|#330°5.%37°6] 3. ReK.|“% 3)

Fo(2).3).DF. Prop

#37041. F:keFMcycl.R Sex.D: (K| R)V.(K.|S).=.RUS
Dem.
F.%336:54.%37033.D
Fi.Hp.D: (K| R) V. (K. S).
[%330-5.%370-26]
[*336:41]

gLy - Tery. K. R=T|K,.|8S.
(qT)  Tewzg. R=18.
.RU.S:.DF.Prop

i

il

il
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*%37042. FixeFMeycl.D.knCoviine=1], v i‘K,

Dem,
F.%370:22. 0 F: Hp. Rexy— KD . R| K ~vex.
[#370'311.Transp] D.R~very— K, (1)
F.(1). DFuHp.D:R Rex.D.BevI,utk, (2)

F.(2).%37026. D F. Prop

¥37043. e FMeyel D K, | “ky=Cnvie — K, [%3704]

%37044. tFixeFMceycl. D ugn K, |“kg=A [#370°42:43]

R. & w. IIL



#371. THE SERIES OF VECTORS.

Summary of %*371.

In this number, we begin by defining the relation W,, which takes the
place, for cyclic families, of the relation V, defined in #336. The definition
is
#37101. W.=K,iU.Lk; 3 Ul x; Df

Then if «is a cyclic family, W, is a series (¥371-12), and its field is & v Cnv*‘x
(%371-14), which =&, since x« has connexity. It will be observed that V, is
not a series if « is a cyclic family ; we have e.g. [,V K, . K,V.I,. Theabove
relation W, is constructed so as to make a barrier at I,, thereby preventing
the relation W, from being cyclic.

If P, Q are both members of k5 or both members of K, | “«;,

PWQ.=.(qT) . Tery. P=Q|T (%37115151).
Most of the properties of W, depend upon the fact that k39 U, is transitive,
in virtue of the definition of cyclic families. If « is any connected family, we
have
k31Ucetrans.=:P,Q, Q| R, P|Q|Rexy. Rex.Dpgp.P|Qexy (%3712).
This proposition is required for most of the subsequent proofs in this number.
It leads at once to
%37121. F:xeFMcyel.P,Q,Q|R,P|Q|Rexy. Rex.D.P|Qex,

Most of the propositions of this number are concerned with the circum-
stances under which we can infer (P|R)W,(Q|R) from PW,.Q. We have

%37131. b:xeFMcycl.Renz: Penyg.v.P|Rvexy:D:
PW.Q.3.(PIRW.@|B)

Another useful proposition is
*37127. FixeFMeycl.P,Qexy.D: PW.Q.=.QW,P
*37101. W,=K.pUcllx, 32Uy Df
*371'1.  biokeFMcycl . D PW,Q.=:. P, Qe K, |“xy:
(R,S).R,Sex;- RUS.P=K,|R.Q=K.|S:v:
P Qery; . PUQ:v:PeK, ;. Qex;
[%202'55 . k37034 . (x371-01)]
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#8T1111. F:xkeFM.Kex.D.(K|))Ikel =1
Dem.
F.%33031.0F:Hp. R, Sex. KIR=K{8.2.R=8:J}.Prop

*371'12. b:ikeFMcycl.D.W,.eSer [#370:3744.%371-11. #204:21°5)
%*37113. F:xeFMeyel.d. . W=V, [ (Covie — 'K, )3 U, Py [%370:4143)
#371'14. Fike FMcycl.D.C'W, =k v Coviie =k, v K, | “x

Dem.
k. %202'55.%370'34 . %160-14.DF: Hp.D . C* W= K, | “kz v x,
[#370-43) =xvCnv¥c: Dt . Prop

*37116. FiweFMcycl.P,Qex;.0: PW, Q.=.(qT).Texy. P=Q|T
[#370°44 . %336-41 . (%371-01)]
%371'161. F:.xeFMcycl. P,OeK,|“ky.d: PW.Q.=.(qT).Texyz. P=Q|T
Dem.
F.%37044 .%33641 . OF:. Hp.D:
PW.Q.=.(gR,8,T).R,8,Tex;. R=S|T.P=K,|R.Q=K,|S.
[%370-26] (@Ty.Texy. P=Q|T:.0F.Prop

%371'162. F:veFMcyel . Pe K |“x3.Qexy. D . PW.Q [%3711]
37116 F:reFMoyel.Pexy. PW.Q.D. Qe [¥870:44 . ¥371°1]

%371161 F:xeFMcycl.QeK,|“kz. PW.Q.D.Pe K|k,
[%37044 . %3711
#3T1'17. F:xeFMcycl.Q Tex; . 0. (QIT)WQ.(QITYW.T
[%37115152]
=y -
¥3T118. FixeFMeyel.d . WK = K| “ng. WeKo= k5 — 1K,
[%37115152 . %370-311-22]
#%37119. F:keFMcycl.P+I,.0:PW.K,.=. K W.DP
[%371°18 . ¥370'43]
#3712 FuxeFMconx.D:xy] Ucetrans.=:
P,Q QIR P|Q|Rexy.Ren.Ddpozr-PlQexy

/]

Dem.
F.x33641. OF:Hp.D:T(,;1U)S.8(x31U)R.=.
(P, Q). P,Q,8,T'exy. Rcx . T=P|{8.8=Q|E (1)
F.(1).%1321.DF:: Hp. D ky} Ucetrans. = :
P.Q.Q|R,P|Q|Rexz. Rex.2pqrn-(PIQR)TR (2)
F.#%330:31'5. 2
b:Hp.P,Q Rex.Mex;. P|Q|R=M|R.D.P|Q=M 3)
F.(3).%33641.DF: Hp. P,Q, B, P|Q|Rex.D:
(P|QIR)UR.=.P[Qexz (D
F.(2).(4).DF. Prop
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%37121. F:xkeFMcycl.P,Q,Q|R,P|Q|Rexy.Rex.D.P|Qexy
[#371-2.%370°1]

#37122. F:xeFMcycl. PR, P|Rexy. PW.Q.D.Q|Rexy
Dem.

F.*3711516.2F: Hp.d.(gT).Q, Texy. P=Q|T (1)
F.Q). St:Hp.d.@T). QR T,Q|7,Q|T|Bex,-
[%371-21] J.Q|Rexz:DF.Prop
%3193, FieeFMeyel . TWS.D. I'W. (5| T)
Dem.
F.%330:31.%370'38.F: Hp.D. T=8|(S|T) 1)
F.(1).%3711516. DF:Hp.T,8|Teny. . TW (S| T) (@)
F.%3711516.  Db:Hp.Texy.D.8|Texy 3)
F.(2).(3). St:Hp.Teny.d. TW.(S|T) )
k. %371152. b :iHp.Trexy. S| Tery.d. TW. (S| T) (5)
b.x371151161. DF:Hp.S~eng.d. Trery. S| Tex, 6)
F.(5).(6). St:Hp.S~ery.D. TW. (S| T) (1)
F.(1).%371151. DF:Hp.T,8|T~erz-Sexs.d.TW.(S|T)  (8)
F.(5).(8). dH:Hp.Teery.Seky.d. TW.(S|T) 9)
F.(4).(71).(9).2F. Prop

*37124. F:xeFMcycl.P,R,P|Rex,. PW.Q.D.(P|R)W.(Q|R)
Dese.
F.%3711516.DF: Hp.D.(q7). P,Q,R,P| R, Texy. P=Q|T.
[%371-21.%330°5] >.(4T).P|R,Q|R Texy . P{R=Q|R|T.
[%371-15) D.(P|RYW.(Q|R): >} .Prop
*371241. F:xeFMcycl.P,Rex;. P|R~exy. PW.Q.D (P B)W.(Q|R)
Dem.

F.#%371-152.0F: Hp. Q| Rex;. D. (P{R)W. (¢ |R) 1)
F.%371'15.D
F:Hp.Q|R~exy.D.(qT).Tex;. P|R, Q| R~ex;. P{R=Q|R|T.
[%371:151) D.(PIRW.(QR) (2

F.(1).(2).DF. Prop

*37126. F:xeFMcyel.P,Rex;. PW.Q.D.(PIRYW.(Q|R)
[%371-24-241]
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¥3T1:261. b:xe FMoycl . R, R|Qexy. PW.Q.D. (R P)W.(R|Q)
Dem.
F.%371-25. Transp . %371'12.D

F:keFMcyel.P,Rex;. (QIRYW.(P|R).D.QW.P (1)

%37126. F:.keFMcycl: P,Qexy.v.P,Qvexy:D:
PWQ.= (K PYW . (K. Q)

Dem.
F.%37125.%37026. DF:Hp.Pexy. PWQ.D. (K| PYW . (K1Q) (D)
F.o*371251 . %37026 .0 F: Hp. Qexy. (K| PYW (K| @).D.PWQ (2
F.(1).(2). DF:Hp.P,Qexy. D: PW.Q.=. (K, PYW (K.|Q) (3)
k. (3)1{}151% € 43m114.2
FeHp.P,Qrexy;. D: PW.Q.=. (K| PYW, (K| Q) 4
F.(3).(4).DF. Prop
*37127. FixeFMeyel . P,Qexy.D: PW.Q.=.QW.P
Dem.
F.%371'15.DF:. Hp. D: PW.Q.=.(qT). Texy. P=Q|T.
[%370-33] =.@T).Tex;.Q=P|T.

[%37115119.4370°43] .QW.P:.DF.Prop

#3713, F:ceFMcycl.Rexy. P|Revexy. PW.Q.D.(PIR)W.(Q]R)
Dem.
F.*37127.3F: Hp.D.QW.P.
[%371251] S.(R|QW.(R|P).
[%371:27] >.(P|RYW.(Q|R):D+.Prop
%x37131. F:i.xceFMcycl.Rexy: Pexy.v.P{B~eky:D:
PW.Q.D.(PIR)yW.(Q|R) [*371:253]



#372. INTEGRAL SECTIONS OF THE SERIES OF VECTORS.

Summary of *372.

The subject of this number is that section of PT" which consists of
vectors not greater than the vth part of the whole circumference of the
cycle. This is defined by means of W,, as consisting of those vectors which
(taking W, as “greater than”) are such that B! is greater than B so long
as 0 <v. It will be seen that so long as R* and all earlier powers of B
do not exceed I., R satisfies this condition; but if R”e K,|‘k;, while
R*" e k;, we shall have R*W, R+, Thus our definition selects those vectors
which, starting from any origin, do not, by » repetitions, take us farther than
once round the cycle. The definition is

*37201. ».=(xvCnv¥k)n R(c <v.c40.d,. R W.B") Df

We then have 1,=xv Cnvék (%37211), 2,= x5 (*372:13), u <<v- D v Cpa,
1.e. v, diminishes as v increases (*372'15); » > 1.D.», Cx (¥372:16).

An alternative formula for v, sometimes more convenient than the one
given in the definition, is (assuming » > 1)

v,=xanﬁ(p.< veput0.Ptrexy, D,  Prexy) (x37217);

t.e. 8o long as u < v, either P* comes in the upper semi-circle, or P#+! comes
in the lower semi-circle; that is to say, the step from P to P« does not
cross I,. For an even number (not zero), this leads to a simpler formula,
namely

@h=ryn Pu<y. u40.D,. Prexy) (x87218).
We have next a set of propositions leading up to
%37227. F:ixeFMcycl.veNCind—¢0. Pev,. PW.Q.D:

. ) p<v.ut0.d.PrWQ
whence, since W, is a series, we obtain
#37228. F:ikeFMcycl.veNCind—t0.P,Qev,.D:Pr=Q'.=.P=(Q

It is largely owing to this proposition that ». is important. 1n virtue
of this propesition, there is in », at most one vector which is the yth sub-
multiple of a given vector. We shall show later that, if « is a submultipliable
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cyclic family, there is at least one such vector; hence there is a unique vector
in v, which is the »th submultiple of a given vector. This does not hold in
general for larger classes than v,.

A specially useful case of the above proposition is obtained by putting
v=2, which gives, in virtue of %372'13,
#37229. t:ikeFMcycl.P,Qexy.D: Pr=Q.=.P=Q

The remaining propositions of this number are concerned in proving that
V. 18 an upper section of W,, t.e.

37233, F:ee FMcycl.yeNCind.D. Wy, Co,

*37201. v.=(xuCnvk)a B(c <v.0%0.d,. R*VW,R") Dt

#3721 FiRew.=:RexvCnvkio<<v.0$0.D,. R*1'W, R
[(%372-01)]
#37211. F.1,=xvCnv¥ [%8721.%117-53]

%37212. t:xeFMcycl.ReK|“x;.D. RW R?

Dem.
F.%371152.0F: Hp. R*ex;.2. RW.R? D
F.#37044. DF:Hp.RP~ex;.D. R RP~vexy. Bexy. BE=R| R
[%371-151] D.RW R? ©))
F.(1).(2).9F.Prop

#372121. F:xeFMcycl. Rexy. 2 . R*W.R [*371-17]
%372122. b ke FMcycl.D:Rexy.=. B*W R [%372:12:121.%371'12]
#37213. bFikeFMcycl.D.2,=x, [*372:122]
%37214. F:xeFMcycl.d . K, ~¢e3,

Dem. F.%371152.DF:Hp.D. K2W,. K2:DF . Prop
#37216. Fip<v.D. v Cpu [%872:1]
%37216. F:xeFMcycl.v >1.D.» Cxy [%372:1513]
*37217. b:keFMcycl.v>1.D.

ve=nzn P(u<v.pu$0.Ptieny.dp. Prexy)

Dem.

F.%3721:16.%371:16.D
I-:Hp.D.v,Cxanﬁ(,u<v.p,+0.P"+‘exa.3,‘.P"exa) 1)
F.%37115. Dt:Hp.P,Pr, Pitrexy.d. Peti W Pr (2
F.%3711152. DJDF:Hp.P, Prexy. Prticvexy.d. Pe W, Pr 3)
F.%871151. DF:Hp.Pexy. Pe Putimex,.D. Pori W, Pr (4)
Fo(2).(8).(4).DF:.Hp.Peky: Preny.v. Pricveny: D. PR W Pr (5)
F.(5).%8721. DF:Hp.D.xzn P(u<<v.u0. Pericny. Du. Piek;)Crc (6)
F.(1).(6).DF. Prop
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%37218. FixeFMeyel.v>0.2.(2)=kzn P(u<v.p$0.Du. Preny)
Dem.
F.o3721.%37112.0F: Hp. Pe(20)..D. P* W, Pr.

[%372'122] 2. Prex, (1)
F.(1).%87217.  DF:Hp.D.(2)Cazn P(u<r-ut0.Du. Preky) (2)
F.%37115152. DF:Hp.D Pecxy.D. PeriW Pa (3)
F.(3).%37125. DF:Hp.P Pt Prexy.D . Puteri [, Pute (4)
Fo(4). DFtPenyiuKv.p+0.D,. Prexy:D:
ptl1<<r. p<Ky. D, . Prieti W, Prete:
[%117-561] Dic <L 2w.D,. PPHW, P
[%372:1) 2: Pe(2v) 6))

F.(2).(5).DF. Prop

%37219. F:xkeFMeycl.u,ve NCind — 0. Pe(puv)c. D . Prew,
[%372:1.%371'12)

%3722 F:xeFMcycl.reNCind. Pevep<v.o<p.c50.2.PrW P
(%3721 .%371-12)

%37221. t:xeFMcycl.veNCind.Pev, . 2u<<v.u$0.D.

Pm'WxP“' . P"' €Ky
Dem.
F.%3722.2F:Hp.D . P»W Ps, 1)
[%372:122] . Prex, (2)

F.(1).(2).DF. Prop

#37222. t:ceFMcyel .PW.Q.P,Peexy. PeW Q¢ .D . Peti W Qut?
Dem.

F.%37125.DF: Hp:D. PetiW, P | Qe (1)
F.%37116.2F:Hp.D.(Q*ex;.
[#371°25] D.P| QW ()

Fo(1).(2).%371'12.DF. Prop

%37223. F:xeFMcycl.vyeNCind.Peve . 2u<Kv.pu+0.PWQ.D.
Puerr W Qe+t [%872:21:22 . Induct]

*37224. F:.weFMcycl.ceNCind—1%0.Pe(20).. PW.Q.D:
P2 -u+0.D. PW.Q

Dem.
Fox3722128 . DF:Hp. <o <. D. P QFeny. PEW.QF . PPW.Q7.
[%871-25) D. PEnW P Qf, Pr| QEW, Q6+,

[%871-12] J.Pt+rWQt+7: D k. Prop
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%37225. F:i.keFMcycl.c e NCind—¢0.Pe(20+1).. PW,Q.D:
p<20.u50.D. PLW.Q¢ [%37224:15]
#37226. F:xeFMcycl.ceNCind. Pe(20 +1). PW,.Q.D. Pt Quh
Dem.
F.%372:25. Ot: Hp.Dd: PtW,.Qrt: (1)
[*3713] 3:P”+‘~Exa.3.P”+‘W,P’}Q‘+’ (2)
F.%871-31.(1). db:Hp: Pri@Qtmen; . v. e, .
Prlgra W+ (3)
F.%372:21.%371-15151152 . D b 2. Hp . D : Pr | Q1 W, P ;

[%371-16] D:Pr|Qten;. D. Q" ey (4)
F.(3).(4). JF:Hp.d.Pr|@rr W ot (3)
F.o(2).(5).%87112.0F: Hp. PvY~exy. D . Py Qo ()
F.%372:22. dF:Hp.P7exy.D. Pt )
F.%37116.43721. Dr:Hp. P"ek;.D. P¥ex, 8)

F.(6).(7).(8).DF.Prop
#%37227. t:keFMcycl.veNCind - ¢0.Pev,. PW,.Q.D:
p<v.opd0.D. PeW. Qe [%372:24:2526)
%37228. F:ikeFMcycl.veNCind—t0.P,Qev,.D: Pr=Q .=.P=Q

Dem.
F.%371'12.DF:. Hp. P3Q.D: PW.Q.v.QW.P:

[%372:27] D2:PWQ .v.Q"W. P :
[%371'12] d:PrQr 1
F.(1).Transp.2F. Prop

%37229. tieeFMcycl. P,Qex;.d: PP=@.=.P=Q [»372:2813]
#3728. F:xeFMcycl.ce NCind—t0.Pe(20),. PW,Q.D.Qe(20)
Dem.
F.%3721827.0Ft.Hp.D:p<o.u+0.D,. Preny . PrW.Q*.
[%371-16] O Qexy:
[%372:18] D:Qev . k. Prop
*x37231. F:.xkeFMcycl.ceNCind—10.Pexy.D: PW.P¥.D. Prtex,
Dem.
F.%371:16. DF:Hp.PW,P¥.,D.P7ex, 1)
k. %301:23. St:Hp.D.P=pw|prn @)

Fo(1).(2).%87115. 2 F : Hp. PW.P*.D. P+iexy: Dt Prop
31
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%37282. F:xeFMcycl.ceNCind.Pe(20+1). PW.Q.D.Qe(20 +1),
Dem.

k. %37231517. ShiHp.D:u<< 2 . Qheny.D. Qlek, (1)
F.%371:16.%37227'1.DF: Hp. @ ~ex;.D. P ~e k.

[%372:31. Transp] >.PeW,.P.

[%371:27] >.Q=W.P.

[Hp] D.Q*W.Q.
[%37231.Transp] D.@Q"H~exy €))
F.(1).(2).Transp. DJF:uHp.D:p<K20+1.Qeny. Do Qe teny:
[%372:17] 2:Qe(20+1):. 2. Prop

¥37233. F:xeFMeycl.»eNCind.3. Wen Cuv, [#372:332]



*373. SUBMULTIPLES OF IDENTITY.

Summary of %373.

The purpose of this number is to prove that, in a cyclic submultipliable
family, there exists a unique vector which is a member of v, and satisfies
R*=1,. This we call the “principal” »th submultiple of 7,. It is the
smallest vector (other than I,) which satisfies R*=1I,. The proof of its
existence proceeds by several stages; the problem is analogous to that of
the cunstruction of a regular polygon. Suppose the cycle divided into »
equal parts. Then a vector which takes us from any one point of division
to any other is a »th submultiple of identity. If v is prime, every such
vector will have every power less than the wvth different from I,; but if »
has factors, say p and o, if B*=1,, (R°)"=I,; thus Rr, which 1s one of the
vth submultiples of identity, has a power less than the »th which is equal
to I.. We define (I, ») as the class of those vth submultiples of I, which
have no power less than the »th equal to 7, ; more generally, we put

%37303. (S,»)=P(Pr=S:i0<v.040.,.P74+5) Dit

We then have first to prove the existence of «; n (I, ») when « is cyclic
and submultipliable. For this purpose, we put

*3730L. M, =QP(Qex;.Q"=P) Dft

Le. M,, is the relation of a vth submultiple of P to P, when the submultiple
of Pis a member of x;. It is to be observed that although « is submultipliable,
we do not know to begin with that 7, has submultiples which are members
of x5, except in the case of K,, which is half of 7,. Owing to this, we proceed
first by bisection, 1.e. by means of the relation M,. We prove that the
process of bisection can be applied endlessly to any member of «;, and always
gives new terms (%373:14:13), hence it gives a progression starting from any
member of x5 (¥373141), and therefore the existence of a cyclic submultipliable
family implies the axiom of infinity (%373:142); also we prove that » bisections
starting from a member of x; give a member of (2*+), (%373:15). Hence,
taking K, as the member of «; to be bisected, we arrive at

p=2"0 g kg a (L, p)  (R3T317).

In order to extend this result to numbers not of the form 2**, we have
3ly
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first to prove that there are uth submultiples of identity. This we prove
first for numbers of the form 2*+1, then for (20 +1)2*+1, and then for
20 (¥373'21:2223); hence it holds generally, i.e. we have

%37325. F:xeFMcyclsubm.peNCind —¢0—11.D.(gQ).Qexy. Q=1

Next, we prove that, if Rex; and Re=R*=1,, ther g, v have some
common factor p such that Re(l.,p), i.e. such that Rr is the earliest power
of R which is I, (#373'3). Hence if u is prime, and Re=1,, it follows
that no earlier power of R is I,, te. Re(l,pu) (%37332), and that, if
Re(l.,p) and Re=1,, then p is a multiple of p (%373:33).

We now make a fresh start with the general relation M,,. Owing to
%373'25, we know that I,ed‘M,,. Also since « is submultipliable,
k; CAM,,. Hence if a is any inductive cardinal, I, e M*M,* (%373404).
Also it is easy to show that if v is a prime,and @M, 1., @"* is the first power
of Q which is I,. Hence when v is prime, k3 n ([, v*) exists (¥373'43). In
order to extend this result to numbers which are not powers of primes, we
prove

%37345. FieeFMcyel.pPrmo. Re(I,,p).Se(l.,0). . R|Se(lL,po)
Hence by the help of a little elementary arithimetic we arrive at
%37346. t:xe FMcyclsubm.peNCind—¢0—t1.D .51 k5n (s, p)

Having now proved that there are vth submultiples ot I, which have no
power short of the vth equal to I, we have still to show that there is one
among them which is a member of »,. For this purpose, we take any one
of them and consider its powers. It is obvious that it has only » different
powers (¥3735), since after reaching I, the previous values repeat themselves.
It is this fact which makes it easier to deal with submultiples of I, than with
submultiples of other vectors.

Now let R be any vth submultiple of identity, and assume that S, 7" are
powers of R, but T is not a power of 8, and TW,S. Then 8|7 is a power of

R but not of S, and TW,(S|T) (*373:53). Hence T is not the maximum,
in the series W,, of the class Pot‘R — Pot’S. Hence by transposition, if T is
the maximum of Pot‘R — Pot‘S, we must have SW.7. Now since Pot‘R is
a finite class, Pot‘’R — Pot‘S must have a maximum if it exists; but since S
has the relation W, to this maximum, S is not the maximum of Pot‘R.
Hence by transposition, if 8 is the maximum of Pot‘R, Pot‘R —Pot‘S is
null, and therefore Pot‘R = Pot‘S (x373:54). Hence it follows easily that,
if Rexyn(l.,v), the maximum of the powers of R is a member of
30 (L, v) (%373:55), and further that it is a member of v, (¥373:56). Since
we have already proved (¥373'46) the existence of k3 A (I, v), we thus have

*3736. I-:IceFMcyclsubm.veNCind—L‘O.3.g!y,n§(SV=IK)
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The uniqueness of y,gng(S“zL) follows from %872:28, and thus the
principal »th submultiple of I, exists. Hence also it immediately follows
that the other vth submultiples of I, are powers of the principal vth sub-
multiple, and that the total number of yth submultiples is » (¥373:63:64).

¥37301. M, =QP(Qexy.Q*=P) Dft [%373—5]
%37302. Prime=NCindnfi(u=0x%x.7.Ds,t0=1.v.a=p) Df
¥37308. (S,1)=P(PP=8:0<v.c40.D,.P°+S) Dft [%373—5]

#3731 F:QM,P.=.Qex;.@*=P [(%373:01)]

%3731l F:xkeFMcycl .D. Myel—1 [%372-29]

¥37312. F:xeFMoycl.d. M, G W, [%372121]

¥3T813. FixeFMeycl.D . (My)yo G We. (My),o GJ  [#37312. 371-12]

#37314. F:xeFMcyclsubm.Pexy.veNCind — 0.2 . K M, »P

Dem.

b.%37229.%351'1. D k1. Hp.D: Qeny. . E1 M, P (1)
F.(1).Induct.Dt . Prop

v
#373141. F:xe FMcyclsubm. Pexy.D . M, [ (M) P e Prog
[%37311'13:14]
%373'142. F:q! FMcyclsubin.D.Infinax [%373'141]
%37316. F:xeFMcyclsubm.Pex;.veNCind. D MP e (2°),

Dem.
F.%378114. ODF:Hp.Q=M e “P.R=M>P.D>.@¢°=R* (1)

F.(1).%37218.0F: Hp(1). Qe(2).D:20 < 2. D . R¥ ex; (2)
F.(2).%3731. Db Hp(2).D:20<2.D. R*, R R, Rex;.
[%371°2] >. R¥+ex, (3)
F.(2).(8). DFuHp2).D:p<2.D . Rreny:

[%372:18] J: Re(2%), (4)
F.%37213. Dt:Hp.»=0.D.MPe2, (5)

F.(4).(3).Induct.dF. Prop

#37316. t:ixe FMcyclsubm.ve NCind. Q= M, *K,.D:
P =l:p<2.p%0.2,. %1,

Dem.
F.x3731. DF:Hp.D.@"=K,.
[%871-26] 2. =1, (1)

F.%37315.%3722.(1). Dk Hp.D:p <2t .p40.2. W1, (2)
F.(1).(2).DF. Prop
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#373'17. t:xe FMcyclsubm.veNCind.p=2"".D.q kzn (Lc, 1)
[%37816'14 . (+37303)]
37318, F:QeCnvie, . Q*=T1,.3.Qexy. Q=1 [¥50'551]
*37319. F:(gQ).-QexyvCnvéiny. @ =I..=.(gQ)-Qexy. Q=1
[%37318)
%3732, tiukeFMcyclsubm.veNCind. P =M, K,.
Selca.S’"+1=P.S’"+l=Q.J.Q’"+1=IR.Q=§=I,

Dem.
F.%301'5. DF:Hp.D.@Qv=P""=], (1)
F.%3731. DF:Hp.D.P*=K,|P.
[¥37022] >.Pru4p,
[Hp] 3. prag orn,
(%3037 >.P48 . @)
F.%301:523.DF: Hp.D.Q=(S)| S
[Hp] — P8
[(2).%372:29] 41, (3)

F.(1).(3).2F.Prop
#37321. F:keFMcyclsubm.veNCind.p=2"+1.D.
(HQ) - Qery. =1, [%373219]
#37322. F:rceFMcyclsubm.y,oeNCind.u=(25+1)2"+1.2.
(AQ) - Qery. Q=1
[The proof proceeds as in %373'2:21]

%37323. t:xeFMcyclsubm.oeNCind.py=20.D.(gQ). Qexy. =1,

Dem.
F.%37026.0F:Hp.D3.Kexy. K#=1,:DF.Prop

#373231. F:.7eNCind.D:(go):0e NCind:7=20.v.7=20+1 [Induct]

%37324. F:peNCind.p40.D.
(qv,0).v,0¢ NCind . 2p+1=(20+1)2"+1

Dem.
F.%117-661.D
FiHp A=3{(gr).7eNCind—t0.p=72"} . Diver.D.p>v» (1)
F.%116:301.DF: Hp(1).D.p=p2.
[%10-24) D.0ex (2

Fo(1).(2).%261°26 . %263'47 . F:. Hp(1).D:
({@v)iverip>v. D u~er (3)
F.%116562321 . D F:p=12".7=25.D.p=02"" (4)
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F.(3).(4).9F:&Hp.D:(gr,7):p,7e NCind. p=72": > v.D,.
~ (1) p=T2i~(Po)  T=20:

[%373-231] DJ:(gr,0).v,0eNCind.p=(20+1)2":
[¥11652321]D: (4%, o) . »,0 e NCind . 2p+ 1= (20 4+ 1) 21+ 1 1. D b, Prop
%37325. F:xeFMcyclsubm.pye NCind ~ 10— 11.D,

(HQ) - Qery. Q=1 [%37322:24:23141
#3733. tr:iveFMcycl.u+0.v40.Rexy. Re=R=1,. '.
(g{p,a,ﬁ).p+0.p+l.p,=ap.v=,3p.Re(I‘,p)

Dem.
F-%30023.0F:. Hp.D:(gp).pF 0. =L :0<p.0c£0.d,. R+ ], 1)
F.%3012. DF:Hp.Rr=1,.D.p%1 2

F.#%30225.0F:Hp.peNCind--¢0.D.

T8, 9,8 . u=ap+B.v=9p+8.8<Lp. 8K 3
F.%301-23504. P P pro<p (3)

F:Hp@). Br=I.p=ap+B.v=9yp+8.Re=R=1,.D. RF=R=1, (4)

F.(4).OF:.Hp(4):0<p.0c$0.3,.R°+1,:
p=ap+B.v=q4p+8:2.8=0.8=0 (5)

F.(3).(8).OFwHp:pF0.Rr=1,:0<p.040.3,.R°%1I,:D.

3 = V= 6
Fo(1)-(2). (6). (437303). D F . Prop @%y)-p=ap.v=yp (6)

*37331. F:xeFMcycl.Rexy.u+0.v+0."*=R =[,.d.~(uPrmp
[%373-3]

%37332. F:xeFMcycl.Rexy.pePrime. Re=1,.D. Re(l.,p)
[%373:31 . Transp . (¥373:03)]

We assume here that a prime number is prime to all numbers less than
itself except 1. This follows at once from the definition.

%37333. F:ceFMeycl. Rexgn (I p). Re=T.D.(gr).p=pr [¥373'3]
¥3734. F:QM,.P.=.Qexy. P=@Q [(%37301)]
¥373401. F:ce FMcyclsubm.veNCind — 0.3 . [, e d*M,,  [#373:25)
¥373402. b : ce FMsubm.ye NCind — 0. D . xy CA*M,, (%373:4]
%373403. F:»eNCind — 0.2 . DM, Cx, [%3734]

%373404. F:xe FMcyclsubm.y,ae NCind-10.D ., e ‘M,
[%373:401'402'403 . Induct]

%373405. F:p,ae NCind —10.QM,*,.D.Q" =1, [%3734.Induct]
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«373408. F:v,ae NCind—1°0. R e D‘M, .. M,R=R"
(%3734 . Induct)

%373407. F:v,0,7eNCind — 0. RM, =71, . D . R M, 21, [%373-406]
%37341. Fiva,BeNCind— 0. QM, I, . RM, I, .a <B8.D.Q+R

Dem.
F.%373405407403. D+ : Hp.D. Q" =TI,. R exz: D+ . Prop

%37342. F:xeFMcycl.ve Prime —¢‘1.aeNCind.
QM,,“I‘.0'<V“.0'={=0.3.Q"+IK

Dem.
k. %373:405 . %300-23 . D
Fe.Hp.D:(qp):pF0.r=1:0<p.c+0.3,.Q° %1, (1)
F.%373:33'405.D
FeHp:p+0.Qr=I:0<p.c$0.2,.@°%I,:D.(gr).v*=pr.
(Hp} 2.(aB).p=» (2)
F.x373407.0F:Hp.B<a.D.Q? 41, (3)
F.(2).(8). DF:Hp(2).D.p=»° (4)

F.(1).(4).OF. Prop
In obtaining (2) of the above proof, we assume that if » is a prime, and
pt is a power of », then p is a power of ». This is easily proved.
%37343. F:xeFMcyclsubm.vePrime—¢l.ae NCind —¢1.D.
Alegn (L, v?) [%37340440542]
#%37344. F:yPrmp.yPrmo.D.yPrmps
Dem.
F.%302:1. by Prmp.~(yPrmps).ceNCind.D.
(gm88).7eNCind- 10— ¢‘l.y=ar.poc=87 (1)
F.%30339.  DF:Hp(1).7eNCind—10—11.y=ar.ps=8r.D.

vip=ac/8 (2)

F.(2).%308341.0+:Hp(2). a0 PrmB.D.y=ao (3)
F.(3).%3021. JF:Hp(3).0%1.3.~(yPrmo) 4)
F.%113621. Ot:peNC.o=1.~(yPrmpo).d.~(yPrmp) (5)
F.(5).Transp. DF:Hp(1).D.ao%1:

[(4)] SF:Hp(3).D.~(yPrmo) (6)

F.%302:86.DF: Hp(2).~ (ac Prm 8).D.

(@En ). EPrmy.t+1.a0=EC.B=9¢ (7)
F.%303:39.3F: Hp (7). EPrmy. £41.a0 = 6. B=nL.D . ac/B=E/y .
[(2).%303341] d.y=F.p=1.
[Hp] D.apo=By=apfr.
[%126:41] d.o=tr (8)
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Fo(?)y.8)y. dF:Hp (M. 2. (qd).y=ar.ao=¢r.

[%302:1.Hp] d.~(yPrma) (9
Fo(6).(9). DF:Hp(2).D.~(yPrma) (10)
F.(1).(10). 2ty Prmp.~(yPrmps). ¢ e NCind . D . ~(y Prm o) (11)
F.(11). Transp.DF . Prop

#373441. +:. pPrmo: (q48).pB8=80:2.(g8)-B={o

Dem.
F.%12641.D
F:Hp.pB=8c.p=¢w.0=9m.EPrmy.D. (B =70 . Prmy. EPrmo.
[#37344] D.EB=no.EPrmys 1)
F.(1). Sh:Hp().E+1.D.E4 1. E=Ex,1.70=£x,8.
[%3021] D.~(£Prm o) (2)
F.(2).Transp.(1).DF:Hp(1).D.£=1 (3)

F.(1).(3).DF. Prop

37345, tixeFMeyel.pPrma. Re(l,p)-Se(l,a).d.R|Se(l., po)
Dem.

F.%37033.  DF:Hp.D.(R|Sy =1, )
F.(1).%37381.DF . Hp. (B8 =I..q+0.D:~ (y Prm po):
[%37344] di~(yPrmp).v.~(yPrma) (2)

k. *370:33 . %301:504. D
F:Hp(2).p=ar.y=Pr.D. [ =(R|S)# = Sesr = S8,

[%373:33] J.(q8).pB=20qc.

[%373:441] 2.(q8).B=¢c (3)
Fo3). OF:Hp(3).D.(R|S)P =TI =1,.

[%370:33] d.R=1,.

[%373-33] D.(qu). Br = par.

[Hp] do(agu) - y=pp-p+0 (4)
F.(8).(4).DF:Hp(3).2.(qv).y=vpo.v+0 (3)
Similarly F:Hp.~(yPrmo).d.(gv) . y=vpo.v+0 (6)
F.(2).(5).(6).DF:Hp(2).D.(q»). v+ 0.y=vpo (7)

F.(1).(7).%11762.D+ . Prop

%373451. t: pe NCind —¢0: ~(gv,a).vePrime.p=1v°:J.

(Fp ) pPrmy o p<p.v<p.p=py
Dem.

F.%26126.%26347.D
F:Hp.D.(qvy,a).yePrime.peDéx,y* . p~eDix, y*+ . p .
[#37344.Induct] D . (qy,a,3) .y e Prime.p=B.3Prmy*. 34+ 1:DF.Prop

R. & W. IIIL
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%373462. F:.vePrime.aeNCind.D, .. ¢ (»*): uPrmv.pu.¢r.D, ..
$(ur):D:peNCind —10.3,.¢ (p) [#373'451]

%37346. F:xeFMcyclsubm.peNCind —¢0 - ¢1.D.qlxyn (I, p)
[%3734345'18452]
#3735. FixweFMcycl.ve NCind.Rexyn (Ii,v).D.Pot‘Rev

Dem.
F.%302:25.%301-504 .2

*‘:Hp.aeNCiDd.3.(@5,1}).&=EV+7].1)<V,R“:R"l,

[%120°57] 5. NePot‘R < v )
F.%30123. OF:Hp.p<v.oc<p.D.R'|Rr=Rro.

(Hp] >.Re|Re1..

[%33032] >.R4R° @)
F.(2).Transp. Dt :Hp.p<v.o<v.RP=R°.D.p=v 3)
F.(3).%12057 .2 F: Hp.D. NePot‘R > )
F.(1).(4).DF. Prop

#3736, F:xeFMcycl. Rexgn (L, pv). D R e (I, v). Pot‘Rrep
Dem.
F .%301-504.D
FeHp.D:(Ry=1,:0<v.03+0.3 . (R 1, :.IF. Prop

#37352. F:keFMcycl.Rexzn (I, v) . puPrmv.D.
Rre(l,,v). Pot‘Re = Pot‘R

Dem.
F.%37333. Dk:Hp.Rre(ls,p).d.(T) pp=vr1.
[%373-441) 2.(40).-p=v¢ (1)
F.%301'504. DF:Hp(l).d.(R+y=1,.
[Hp] 2.pxv (2)
Fo(1).(2). dk:Hp.D.Ree(l.,v) (3)
F.(3).%37351.DF:Hp.D . Nc‘Pot‘R* = Nc‘Pot‘ R = “4)
F.%916. Jt:Hp.D.Pot‘Re CPut‘R (5)
F.o(4).(5).%120:426 . Transp.D +: Hp. D . Pot‘Rr = Pot‘R (6)
F.(3).(6).DF.Prop

373521 F: ke FM cycl. Re(kyv Cnvi*iy) . ve NCind . R*=1,.3. RePot‘R
Dem.
F.%3012. %1314 . D F: Hp.D.v$0 @)

F.(1).%30121. DF:Hp.D.R=R—:DF. Prop
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*373:522. F: Hp*373:521. &, I'e Pot'i . D. 5| I'e Pot‘R

Dem.
F.#373:521. D F: Hp.D. Se Potes.
[%91°6] 5. Se PoteR .
[%91-343] 5.8 TePot“R: D+ . Prop

¥37353. F:Hp#*373521. S, TePot‘R. T~e PotsS. TW,S. 0.
TW,(S|T).S|TePot‘ R — Pot‘S

Dem.,
k. %371-23. St:Hp.D.TW.(S|T) 1
F.x373522 . St:Hp.d. 9| TePot‘R @)
F.%91°36 . Transp. D F : Hp.D. S| I~ e PotéS (3)

F.(1).(2).(3)-2F. Prop
*373531. F:Hp#37353.D.~ {7 =max (W,)(Pot‘R ~Pot‘S)l [%373:53]
#373:632. F: Hp%373521.SePot‘R. T =max (W)(Pot‘’R —Pot‘S).D.
SW.T [%373:531 ., Transp . %371°12]
%373:633. F: Hp#373521.SePot‘R. E! max (W, ) (Pot‘R ~ Pot‘S).D.
~ {S=max (W, )Pot‘R} [%373'532]
%*37354. F:Hp#373'521.8 =max (W,)Pot‘R.D. Pot‘R = Pot‘S
Dem.
F.%373533. Transp . D F: Hp.D.~ E! max (W,)i{(Pot‘R — Pot‘S) (1)
F.(1).%373:35.%26126 . Transp. D F : Hp.D . Pot*R — Pot’S=A (2)
F.(2).%916.DF. Prop

#37365. F:xeFMcycl.ve NCind— 0. Renza(l,,v).
S=max (W )Pot’R.D.Se(l,,v)
Dem.
F.%373335. DF:Hp.D.(gp). peNCind — 0. Se(/s,p). Pot‘Sep (1)
F.%373545.0F:. Hp.D: Pot‘Sew:

[#100-34] J:peNC.Pot‘Sep.d.p=v (2)

F.(1).(2).2F. Prop
#373:56. F:Hpx*37355.D.8¢w,

Dem.
F.%20521. DF:Hp.QePot‘'BR—¢*S.2.QW.8 (1)
F.(1)-%30121. DF:Hp.aeNCind.S8148.3:81WS. 8 H=8[S:
[#871°15] D8 eny.D.Sexy (2)
F.(2).%37355. DFiHp.D:iat0.a<<v. 8" en;.0.8%€x; (R
F.%37116. DF:Hp.D.Sexy 4)
F.%3012.%1314.0F:Hp.D.v>1 (5)

F.(8).(4).(5).%372:17.D . Prup
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%3736. F:xeFMcyclsubm.ye NCind— 0. D . 5 tven S(8* =T,)
[*373:46'56'5 . %261:26 . #372'11]

¥37361. F:Hp*3736.D.0,n S(S =1)ecl [¥372:28.%3736]

%37362. +:Hp*3736.8¢r,.8°=1,.D.
Se(I,,v). Pot’S= P (P=I)n (kv Cnv¥c)
Dem.
F.%373555661.0F:Hp.D.Se(ls,v) 1)
F.%3785654. OJbF:Hp.Be(l,v)nr,. T=max(W,)Pot‘R.D.
87Te¢v..S8=T".RePot‘T.

[%372-28] 2.8=T.RePot'T.

[%13-12] D. RePotS (2)
F.%373-38. 3f‘:Hp.Re(IK,/.L)nxﬁ.R"=I‘.3.(5{7).V=;4'r 3)
F.x372:19. DFuHp.D:tv=pur.D.8"ep..

[(2)] D. RePotfS” (4)
F.(3).(4). DF:Hp(3).D.RePot‘S (5)

F.(1).(2).(5).dF. Prop
¥37363. F:«e FMeyclsubm.veNCind — 0. .
P(Pr=T1)n (kv Cnvie)=Pot{(18) (Sev.. & = I,) [%37361:62]
¥37364, F:xeFMcyclsubm.ve NCind—090. 3.
Ne{P(Pr=1)n (kv Cnv¥e)l=» [%873635]



#374. PRINCIPAL SUBMULTIPLES,

Summary of %374.

In this number we prove for any vector what was proved for I, in %873,
namely that, if » is any inductive cardinal not zero, and R is any vector,
there is just one member of », whose vth power is B. This one we call the
“principal " yth submultiple of £ The proof of its existence is as follows.

Assume R is a non-zero vector, and @ is a yth submultiple of R. (Q exists
provided we assume that x is submultipliable.) Let T be the principal vth
submultiple of I,, whose existence has been proved at the end of %373. We
wish to prove that there is a »th submultiple of B which is a member of »,.
By #372:33, Q is a member of v, if TW,Q. But if QW,7, then 7 must have
a last power 7 such that QW, 7T, and for this value of o we shall therefore
have T°'W,.Q. (We cannot have 77+ = (), because if @ were a power
of T, we should have Q*=I,, whereas by hypothesis @ =R.) Now if

THW,.Q.QW.T°, the vector f”} @ must be less than 7, 7.e. we shall have
TW.(T7]Q), and therefore 77| Q will be a member of »., by ¥372:33. More-

over since T =1I,, we have (77 Q)" = @* = R by hypothesis. Hence 77|Q is
a vth submultiple of R and a member of ».. In virtue of %372:28, it is the
only vth submultiple of R which is a member of ».. Thus the existence of
the principal »th submultiple of any vector is proved, assuming the family
concerned to be cyclic and submultipliable.

We prove also in this number that », cobsists of all non-zero vectors
not greater than the principal vth submultiple of I,, which is therefore the
greatest member of v, ; that is, we have

‘__.—.
%374'21. F:xeFMcyclsubm.D.v.=(W)x(OR)(Rev.. R =1,)

*%3741. ‘FinreFMcyel . R Qexy. Q@ =R.Tev,.T"=1..D:
TW.Q.D.Qev. [%372:33)]
The above hypothesis is not all necessary for the conclusion, but is

adopted because it gives the construction with which we shall be con-
cerned.



486 QUANTITY [PART V1

*37411. F:Hpu3T41.QW.T.3.(50). TP W,Q.QW,T°

Dem.
F.%3015043.0+:Hp.ceNCind.D.Q+T" 1)
F.%373625. Dt:Hp.D.Pot‘Tev.
(_
[%261-26] >.E!min(W)«PotTa WQ) (2

F.(1).(2).%3721.DF. Prop
¥37412. F:Hp37411. TonW,Q. QW Te. P=T¢|Q.D. Pev,

Dem.
b.%371-2316 . OF:. Hp. D : Pexy. Toexys
[%371-25] 2:PW.T.OD.P|T°W T+,
[Hp] D2.QW. T+
[Transp.Hp] 2:TW,.P:
[%372:33] J:Pev.:. Dt . Prop

%374'13. F:keFMcyclsubm.Rex;.Dd.(qP). Pev.. P’= R
Dem.

FL.x3741. St:Hp*3741.TW.Q.D.Qev.. Q=R (1)
F.x37412. OF:Hp%37412.0.Pev,. PP =R (2)
F.(1).(2).%37411.0 +: Hpx3741.3.(gP). Pev.. P*=R  (3)
F.%x3736. dt:Hp.d.(gT). Teve. T* =1, (4)
F.(3).(4).2F.Prop

#37414. t:xeFMcyclsubm.RexvCnvék.d.(gP). Pev.. PP =R
Dem.
b.x37413. %3736 .2 F: Hp. Sexy. R=5.2.
&7 Q.T,Qeve.T=I,.r=S.R=5.
[%372:27] >.@Q).T,Qeve-TW.Q.(Q| Ty=S=R.
[%37116.%37233] 2. (AT, Q). T, Qevs. Q| Te v . (| Ty =R (1)
F.(1).%374:13.%3736.DF. Prop

%3742,  F:ceFMcyclsubm.RexvCnvih.d.v.n P(P =R)el
[#374-14 . %372-28]

¥37421. F:xeFM oyl subm. .y, = (W1 R) (R eve. R*=1L.)
Dem.

F.#3742. ODF:HpP.D.EI(R)(Rev.. R =1L (1)
F.%37233. Db :Hp.Rev,. BP=1..D.(W. xR Cr, @)
F.*372'152.3l‘:Hp.Rev,.R"zI,.Pev,.D.R'(W,)*P'.

[x372.27] S.R(WouP  (3)

Fo(1).(2).(3). 2} . Prop



%*375. PRINCIPAL RATIOS

Summary of *375.

In this number we define a relation (p/v)., which is contained in
(»/v) «*, but has the advantage of being one-one, and of excluding (p/o),
unless u/v =pfo. The relation (u/v), is defined as holding between R and 8
when the principal pth submultiple of R is identical with the principal sth
submultiple of §, 7.e. we put

*37601. (uf)e=RS{(gT).Tepcnve. R="Tr.8=T" Df
(Here py n ve=pe if p v, and =, if v > g, by #372:15.)

The properties of (u/v), result from %374'2. We find that, except when
p=v=0or E=2=0,

plv=§ln.=.(u/v)e=(E/n) (¥375:27).

If u<, T(u/v)e =k v Cnvék (#375°141),
p—
and Déu/v)e = (Wos(w/v)'l.  (%37522).

The principal vth submultiple of S is (1/v)S, and its uth power is
(u/v)S. Also we have

UpLp)sS = (Upm)sS  (BT515),
Neve.d.(1/p)N e(pv)e (%375'16),

(u/v)e= (/1) | (1/v)x (%375:2).
The propositions
(w/2)e| (p/o)e = (wfv X4 po )
and {(u/v) B} | {(p/ o)< R} = (ufv +s plo) ‘K

do not hold without limitation. The former requires either
L=V V.0oZ=p,
or that the converse domain should be limited to

——
(Wox‘(a/p)eLe,
.6 t0 D(a/p)e.
The latter requires either
/J./l/ +s P/O' <r 1/1;
or ReAufv+,p/o).

* Except in the trivial case when u=0.r=0. In this case, {(ufv) [xL:—.[\ but (ufvhe=Tct Lx.



488 QUANTITY [PART VI
#3750L.  (u/v)e=RS(@T). Tepnv,. R=Te.S=T" Df
#3761, tF:R(uw)S.=.(qT) . Teuxnve.R=T+ S=T1T" [(::87501)]

*37611. btikeFMeceyel.u,ve NCind — 0.2 . (ufv)cel =1
Dem.

F.%372:28.D

F:Hp.RexvCovie . T, Wepnv, . R=Tr=Wr.D.T=W (1)
F.(1).%8751.DF: Hp. R(u/v)cS. R(u/v)S"-2.8="" (2)
Similarly b:Hp.R(u/v)S. R (u/v)cS.D.R=FR (3)

F.(2).(3).2+.Prop
#37612. F:xeFMcycl.~(p=v=0).D.(u/v).C(u/v)[ v [*370'33]

*37613. . (v/u) = Covi(u/v) [%3751]
*37614. F:p=v.xeFM cycl subm.D . D¥u/v)c=x v Cnv¥
[%374:2 . %372:15]

*376'141. F:u<v.xve FMcyclsubm . D . du/v). = c v Cnv¥c [%3751314]

%37616. F:xeFMcyclsubm.SexvCnv¥k.p,veNCind—1°0.D.

(1/p)E (1) = (1/pw)etS
Dem.

F.%37514.  DF:Hp.D. EY(1/p)(1/m)eS . E1(1/pv)e S 1)
F.(1).%3751.0F:.Hp. D : M=(1/p)(1/v) S . =

@AN) Nevi. Mep .N*=8.Mr=N (2)
Fo(1).%3751.0F0. Hp.D: M=(1/pv)S.=. Me(pv).. Me»= 8.

[%372:19] ;.Mep,( Meev, . (Mey=S.
[(2)] > M=(1/p)(1/v)S (3)
F.(1).(8).DF.Prop

#376161. FixeFMcycl.Nev..D. N=(1/v)!N* [*3751]

*87616. F:xeFMcyclsubm.Nevc.pe NCind — ¢%0.2. (1/p)NV e (pv)«
Dem.
F.%37515151. Dkt Hp. D . (1/p)N = (1/pn)eN* .
[%375°1] D.(1/p}Ne(pr).: D F. Prop
#3762. FixkeFMcycl.y,ve NCind—t0.2 . (u/v)e=(u/1)|(1/v).
Dem.

Fox3751. 0k Hp. D R{(w/D)e|(Q/v) S =
(qT). Tepenve- R=T¢.8=T":.DF.Prop
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*x37521. tireFM cyclsubm. it (/) A(pjod. D p/v=plc
Dem.
F.o%3751.0F:Hp. P(u/v) Q. P(p/o). @.2.
@S, T) . Sepcnve. Tepeno . P=Sr=Tr.Q=8"=1" (1)
Fo(1). %3742 %37516. Dk : Hp (1), D (R, 8, T)+ S € jte 1 v
Tepcnoe . P=8r=Tr.Q=8"=T17.8=R. Re(uo). n (vo),.
[%301:504] D . (HE, S, T).S e pe A v,
Tepcnoe. Re(uo)en (vo) . P=St=Tr=Rr",Q=8"=T7= R,
[%372:28] D.(R, S T).Seucnv,..
Tepcnoc. Re(uo)n (vo) . P=8Sr=Te=Rw , T=Rr.

[%301:504] D . (HR). R e(uo). n(vp)c. R =Rw 2)
F.%3722.(2).2F:Hp(1). uoZvp. D po=vp 3)
Similarly FeHp().vp=Zpue.d po=vp 4)

F.@3).(4).2F:Hp.D.po=vp:dF.Prop

37622 F:xe FMoyclsubm. oKy . . DY) = ( Won(ufv)el s
Dem.
FL.%3751.2
F:i.Hp.D: ReD!(u/v)..
[%37215.4212]

1

(A8, D). Tepnve . R=Tr.8=T".
(qTY.Teve. R=Tw.

[%374:21] =. (g8, 7). Seve. 8 =L, .S(W)y T .R=Tw.
[%372:27] =.(qS, T).Seve. S =1I.S* (W) T .R=Tr.
[Hp] =.(g8). Seve. 8 =I.. (Wi R.
[(%3751°11] = {(u/v) L) (W)g R 1. D F . Prop

‘_——
%375221. F:xe FMcyclsubm. w2 v. D A%u/v) = (Ws‘(v/p)‘Le

[*375-22 LR *375-13}

v

%37523. F:xeFMcyclsubm u, e NCind.~(u=v=0).D.9!(u/v)
[%37514141]
*37524. t:xe FMcyclsubm . (u/v)e=(p/o).D.ulv=p/c [¥3752123]

The cases when we do not have u,v, p, o e NCind — ‘0 require separate
treatment in obtaining %375°24, but they offer no difficulty.
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%375:25. F:xeFMcyclsubm.pPrino. u/v=p/oc.d.(u/v)c=(p/c)
Dem.

F.%303-39.%30235.DF:Hp.D.(g1).p=pr.v=0T )

F.%37219.OF:Hp.u=pr.v=or.Tepcnv. . R=T+.8=T".P=1".D.
Pepcnoc. R=Pe.S=P" (2)

Fo(1).(2).%3751.DF: Hp.D. (u/v) C(p/o) (3)

F.%37515.2

F:Hp(1).u=pr.v=cr.Pepino. . R=P . S=P . T=(1/7)P.D.
Teucnve. R=Tr.8=T" (4)

Fo(1).(4).%3751.0F:Hp.D. (p/o) C(u/v). (5)

F.(3).(8).2F.Prop

%37626. F:xeFMcyclsubm.~(u=v=0).~(E=7=0).uv=§/n.D.

(u/v) = (E/n)«
Dem.

F.%303:39 . %302:34.D
F:Hp.u,v,£&7eNCind.D.(qp, o) (p, @) Prm (4,v) . (p, c) Prm (€, 7).

[%375:25.%303-211] D.(%p. ) - (p/)e = (/) - (p)F)e = (E[T)x -
[%13171] . (u/v)e=(p/): (1)
F.%3751.%30311:14'182.D

F:Hp.~(uv,E9)eNCind. D.(u/v)e=A.(p/o)=A (2)

F.(1).(2).9F.Prop

*37627. F:ixeFMceyclsubm.~(u=v=0).~(E=9=0).D:
wiv=~Emn.=.(uv)=(Emn). [*37524:26]

#3763. F:ixeFMcyclsubm. y,v,p,0e NCind~10.D.

(40| (p/)e C (up/vo)e
Dem.

F.%3751.0F: Hp. P (u/n). Q. Q(p/o) R.D.
(E{S,T)-Se,u,nv,.P=S".Q=S".Tep,(n0',.Q=T".R=T" 1)
F.%375141-15.D
I':Hp.Se,u.f\v..P=S".Q=S“.Tep‘na',(.Q=TP.R=T".D.
(AM) . M=Q0/p)S.P=Mrw.Q=Mv=Te.R=T7.Me(up). -

[%372:28] 2. (gM). Me(up)c. P=Mwo . T=M*.R=T" (2)
F.(2).%3751.DF: Hp(2). pp=>vo.D.P(up/vo) R (3)
F.(1).(3). DF:Hp(D).up=vo.D.P(upjvo) R 4)
Similarly F:Hp(1).vo = pup.D. P(up/va) R (5)

F.(4).(5).D}.Prop
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#3763, Fike FMcyclsubm.py,v,p,0e NCind— 10t p=v.v.o=p:D.

(p/va)e=(u/v). | (p/o)
Dem.

If P(up/vo) R, we have
(AM). Me(up)cn (vo) . P=M+e . R= M.
The result follows by putting @ = M.
Without the hypothesis u v .v.o 2 p, we have
(up/vo)e R = (u)(pla)e R,
if R is sufficiently small to ensure (1/vo)R € (vp)., t.e. if
(o/p)ecLe (Woly R,
e it R e A“(p/o),-

*37532. F:ceFMcyelsubm. u/v+,p/c <, 1/1. Rex v Cnviis.D.
()< BY | ((plo)e BY = {(ufv +4 pfo )R}
The proof-follows immediately from the definitions.

The same result follows without the hypothesis u/v +, p/o <, 1/1 pro-
vided R is sufficiently small to ensure

(Lvo)e B e (up + v,
z.€. R e T(ufv +4 p/o)s-



